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PREFACE

The selection of subject matter and the manner of its presentation
are not issues on which there can be exact agreement, much less
so when the field in question is in the process of rapid and diverse
growth. Perhaps, then, it would be of interest for me to describe the
scope of this work, its rationale and some of the decisions and com-~
promises that I have made or accepted.

It is my intention to provide a basic foundation for the support
and promotion of research in rotating fluids. Because the subject
has so many separate branches, I have tried to concentrate-on those
topics which I consider fundamental, of central importance to
most, if not all, the areas of application. Practically speaking, this
has been translated to mean the study of rotating fluids in quite
ordinary circumstances, unembellished by very special and exotic
effects—the motion of a contained, incompressible, viscous fluid
such. as water in a simple controlled environment. Furthermore,
attention is focused almost exclusively upon primary phenomena,
those that occur only in a rotating medium. To restrict the length
of this monograph, I have also severely curtailed, and at times
omitted, the discussion of material which receives extensive
coverage in other books.

The amount of detail to be included in a theoretical develop-
ment is a problem having no generally satisfactory solution. What
is sufficient for one reader is inadequate or superfluous for another.
My policy is as follows. If the material is new, the topic pregnant
with possibility, or the methods basic, then the exposition is rather
complete. On the other hand, I have not hesitated merely to high-
light or to summarize, difficult, extended or inconclusive analyses,
taking care to cite all the pertinent references for those interested.
The intricate details of elaborate experimental and numerical
programmes are also omitted from the text. However, it is strongly
recommended that the serious student attempt, on his own, some
of the experiments which can be performed with a modest outlay,
and sufficient detail is provided for this purpose. These demon-~
strations really give the subject life and their role in developing
intuition cannot be overestimated.



xii PREFACE

I'have attempted to make as many sections as possible reasonably
self-contained. The basic equations of motion are repeated often
for this purpose as are certain important definitions and formulas.
I regard this duplication of effort a minor penalty for the afforded
convenience. ’

In all of this, there is the large undeniable element of personal
preference. This is an author’s prerogative even if it is, perhaps,
a challenge to some to exercise their own literary judgments,

H.P.G.
Cambridge, Mass.
1968




CHAPTER 1

INTRODUCTION

PART A

1.1. A few simple experiments

All fluid phenomena on earth involve rotation to a greater or
lesser extent. Those in which rotation is an absolutely essential
factor include the large-scale circulations in the atmosphere and
oceans, and so many small-scale flows that examples are unnecessary.

Though the variety of motions is
extensive, there are, however, com-~
mon processes at work. It is this
Lasic structure of rotating fluids
that is the object of study here.

The primary effects of rotation,
those which do not exist otherwise,
may be called remarkable without
qualm; moreover, they can be ob-
served in the very simplest of ex-
periments. The ease with which
important and extraordinary phe-
nomena are reproduced and de-
monstrated engenders a special fas-
cination for the subject.

Several interesting experiments
can be performed with elementary
apparatus consisting of a turn-
table, a light source, a transparent
cylindrical container and minor
subsidiary equipment. The closed
container is completely filled with
tap water into which a small

%
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Fig. 1.1. Schematic arrangement of
equipment: L, slitbeam light source;
O, observation direction.

amount of aluminium powder is suspeﬁdad by mixing it with
a little ordinary detergent. The tank is illuminated from the side
with a vertical slit beam and it is best viewed from a direction

GTO




2 THE THEORY OF ROTATING FLUIDS

perpendicular to the light source. The arrangement is shown
schematically in fig. 1.1. The light reflected from the randomly
oriented disk-like particles has a textured quality and the appearance
of an undisturbed uniform mixture is shown by the central core
region in fig. 1.4. A very slight shearing motion in any section of the
. tank is sufficient to align the metallic particles there, thus changing
the light intensity seen by an observer. This provides an extremely
sensitive indicator of relative fluid motion and is particularly
suitable for visual or photographic observation.

In the first experiment, a small solid object is fixed securely to
the bottom surface of the filled container and the entire system is
put into a state of solid body rotation. 'The rotation tate is then
changed a trifle, 0:5 %, at 16 r.p.m., so that the shell and the con-
tained fluid no longer have the same angular velocity. This velocity
differential persists for a substantial time span, much longer than
needed for the present demonstration. The essential feature here is
-the establishment of a fluid motion relative to the obstacle.

Fig. 1.2(a), a photograph of the flow, clearly shows a column of
fluid rigidly attached to the protuberance. All the fluid contained
within this vertical cylinder, which circumscribes the object, is
trapped there and must move with the body as a unit. The flow about
this cylinder is then much the same as if the entire pillar were an
impermeable solid, as seen in fig. 1.2(b). The implication is that
slow relative motion between a body and a rotating fluid produces
a columnar, or two-dimensional, flow pattern. This was first pre-
dicted theoretically by Proudman{z56] and confirmed experimentally
shortly thereafter by Taylor[zoo, 201, 203]. (To produce a relative
velocity, Taylor towed the obstacle slowly across the bottom of the
rotating tank; of course, the net effect is basically the same.)

This most striking and unusual rotational phenomenon occurs
frequently and in many equivalent forms during the course of this
work. Other demonstrations of Taylor-Proudman columns will be
described later.

"The strong tendency towards two-dimensionality that is observed
is really a special display of a more general property of rotating
fluids, namely, that rotation allows an incompressible liquid, such as
water, to support internal wave motion. This can be demonstrated
with the equipment described, by oscillating 2 small disk that is




(@

Relative uniform flow
3 4

()

Fig. 1.2. () A Taylor—Proudman column. (b) "This photo by D. J, Baker shows
the flow past a Taylor-Proudman column. The dye lines lie in a level plane well
above the cylindrical obstacle that produces the disturbance and the relative
motion is uniform and steady. In the absence of rotation, a dye line remains
straight (horizontal in the figure) as it passes over the body.

(facing p. 2)




Fig. 1.3. (a) Waves produced by an oscillating disk with ©/Q = 1-75. The half
apex angle is 50° and the theoretical value is 56°. (8) The apex angle increases for
@ farger value of wf(h
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placed in the midst of the cylindrical container, (Gortlerféyl,
Oser[140]). The disk executes ‘infinitesimal’ oscillations, at fre-
quency o, in the direction normal to its own surface and parallel to
the rotation axis. When the container is not rotating, the fluid
motion produced in this manner is quite ordinary in appearance,
a potential flow for all practical purposes. However, should the
apparatus rotate uniformly at frequency (), extraordinary effects
can be observed when @ < 2Q and these are shown in fig. 1.3. The
pattern, made visible by the thin, free shear layers in the fluid, is
certainly reminiscent of Mach cones in compressible aerodynamics,
even to the extent of multiple reflections off the lateral wall of the
cylinder. The internal boundary layers are actually viscosity modi-
fied characteristic surfaces typically found in hyperbolic or wave
problems. Taylor-Proudman columns correspond to the charac-
teristic surfaces at zero excitation frequency, w = o. As o increases
towards 2Q),the characteristic cones become more nearly horizontal
planes. Beyond that critical value, the wave system disappears
entirely and the flow resembles a potential motion once again. In
mathematical terms, a changeover from hyperbolic to elliptic
character must occur at the precise value w =20,

Once the existence of wave motion caused solely by rotation is
recognized, the subject must be accorded a status equalling that of
surface wave theory in hydrodynamics, or the theory of stratified
fluids. Indeed, these subjects are richly endowed structures for
precisely the same reason—both involve wave propagation (a gravi-
tational effect).

Another important process in rotating fluids concerns the manner
in which a secondary flow can significantly alter the primary motion
through a slight redistribution of angular momentum and vorticity.
The secondary flow is often produced by viscous boundary layers
and the control of the main motion is accomplished by vortex line
stretching and the conservation of angular momentum. 'This is the
interaction invelved in vortex decay, whether it be a hurricane
dissipating itself over land, or a stirred cup of tea settling to rest.
Indeed, the latter is a rather trivial ‘experiment’, accessible to all,
through which an understanding of this important mechanism can
be attained.

Casual observation discloses that motion in an ordinary teacup

Iz




THE THEORY OF ROTATING FLUIDS

ceases approximately one minute after stirring. Furthermore, the
accumulation of impurities at the bottom centre is a clear indication
of the presence of a secondary flow. The hypothesis that the vortex
decay in this instance is caused by viscous processes diffusing
across the breadth, 2L, of the cup, implies a characteristic time scale,
L3/, v being the kinematic viscosity of water. Any typical values for
Landv(say L = 4cm, v = 0-o1 cm?/sec at 100° C) lead to a dissipa-
tion time that is far too large—the hypothesis is clearly wrong. The
correct time scale turns out to be L/(Qv)%, (Q is the initial rotation

I

mo .

1I

(@

Fig. 1.3. Spin-up from rest: (¢) Drawing of motion at an early time showing the
Ek!nan boundary layer 1 (exaggerated), the light front II, and the almost
Quiescent core 111,

rate), and represents the time required for the secondary flow to
Move a fluid particle into the bottom boundary layer where its
€Xcess angular momentum is eliminated. -
) The opposite experiment, spin-up from rest (Wedemeyer [223]),
18 very revealing when performed with the techniques used in the
Preceding demonstrations. Boundary layers are seen to form on the
%10rizontal surfaces within the first few revolutions following the
mmpulsive start. Non-rotating fluid is sucked into these layers, spun-~
up by viscous action, and returned to the interior at the vertical
sidewall. Fig. 1.4 depicts the motion at two separate times; the
boundary layers appear as the thin dark ribbons adjoining the
horizontal surfaces. The original, undisturbed fluid occupies the




Tig. 1.4, Spin-up from rest: (b) Photograph of the flow at a later time
than that for (a).

(facing p. 4)
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ever diminishing central core and is a2 much stronger source of
reflected light than the spinning fluid returned from the boundary
layers. The almost perfectly vertical light front separating the two
interior regimes is convincing evidence that rotating flows have a
strong disposition towards two-dimensionality—even in distinctly
non-linear circumstances. This cylindrical front is the instantaneous
position of those fluid particles initially at the sidewall which are
all constrained by rotation to move inward as a vertical column. The
time scale of the spin-up process is the same as in the teacup problem
because the dominant mechanisms are identical.

This mechanism, involving the interplay of viscous boundary
layers, secondary flows, vorticity, and angular momentum, is so
fundamental that much of this book is devoted to its elucidation.
'The remainder deals with other processes really meriting equal
consideration for in part they produce flows as interesting and
remarkable. The atmosphericjet stream and the great ocean currents
are in this category.

The demonstrations presented here are intended as a very brief
survey of majbr effects. The complete analyses of these experiments,
and others, appear in subsequent sections.

1.2. Equations of motion

We are principally concerned with the motion of an incompres-
sible viscous liquid of constant material properties. The general
problem of this type is formulated first and particular reductions of
the theory are tlien discussed. Effects due to density stratification
are examined sufficiently often in the course of this work to warrant
the detailed development of an even more general theory. However,
this is presented in §1.4 in order to defer the introduction of
additional complexities for the time being.

The equations governing the motion of an incompressible viscous
fluid are those stating the conservation of mass and momentum;

V-q=o, (1.2.7)
aa_tq_i_%V(qq)_l.(V xq) xq+2ﬂ Xq—i-QX (S?.xt)

- _gvp +F-x(Vxq). (1.2.2)
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Here q is the particle velocity measured in a co-ordinate system
rotating with constant angular velocity & (= Qﬁ)l, andt,t, P, p, v
and § represent respectively, the position vector, time, pressure,
density, kinematic viscosity and body force per unit mass. The body
force is assumed to be conservative, § = VI, so that it and the
centrifugal acceleration can be combined with P to form the

reduced pressure
p=P+pA—-1p(Rx1) (R x72), (1.2.3)

which is used to simplify (1.2.2):
0
'Oth+q-Vq+252 xq = ——%Vp—vi(qu). (1.2.4)

The common form of the convective acceleration g - Vq is employed
more often than the invariant vector representation.

The equations of motion in an #nertial coordinate system are
obtained from the foregoing by setting Q = o. The formula

Qinert = £2 % LAt P

relates the fluid velocities in the inertial and rotating systems.

At solid impermeable surfaces, the viscous fluid must move with
the boundary, since no slipping or penetration can occur. If the
surface is permeable, the normal velocity component may be
prescribed but the requirement of no slippage or relative tangential
velocity stands. A common circumstance has a section of the
bounding surface rotating uniformly with angular velocity S2w.
With respect to the co-ordinate system rotating with angular
velocity &, the boundary condition on this sutface is

q=R2w—-Q)x1. (1.2.5)

The formulation is completed by prescribing the initial velocity
field

) q(t,0) = q(). (1.26)

The problem is then to solve equations (1.2.1) and (1.2.4) in a
specified domain subject to the boundary conditions of the type
expressed in (1.2.5) and (1.2.6). :

Let L, O, U characterize the typical length, time, and relative

1 If & is time-dependent, the term ——rxdit Q(t) must be added to the left-

hand side of (1.2.2).
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velocity of a particular motion. The replacement of the variables
t,t,q, 2, p bytheir scaled counterparts L, QO-1t, Uq, Qk, pQULp,
allows reduction of the problem to a dimensionless form:

. V-q=o, : (1:2)
a L [
.a_£q+gq-\7q+zk xq=—-Vp—EVxVxq, (1.2.8)

with prescribed boundary conditions. (The caret, ~, denotes a unit

vector.) 'I'wo important dimensionless parameters appear; the

Ekman number v

E= o (x.2.9)
and the Rossby number
U
€= 57 (1.2.10)

The former is a gross measure of how the typical viscous force
compares to the Coriolis force and it is, in essence, the inverse
Reynolds number for the flow. Likewise, the Rossby number,
a ratio of the convective acceleration to the Coriolis force, provides
- an overall estimate of the relative importance of non-linear terms.
The Ekman number is very small in most cases of interest where
primary effects of rotation are displayed. Practical values of 10-5
are usual and henceforth the assumption E < 1 is made without
further statement. The Rossby number, g, is of unit magnitude or
less; linear theories presume an infinitesimal value.
The dimensionless form of the vorticity equation in the rofating
frame is , :
7 B+Vx{(B+2k)xq} = —~EVxVx$B, (12.11)

where B=Vxq. (1.2.12)

The trivial solution of these equations, q = o, represents, of
course, the non-trivial state of rigid rotation viewed from the
rotating frame. In inertial co-ordinates, the corresponding scaled
velocity is simply g = K x 2. Obviously, a viscous fluid filling
a closed uniformly rotating container tends, in the course of time,

_to this natural state of rigid rotation. A great deal can be learned
from the manner in which this is accomplished and considerable
effort is expended in this direction in chapter 2.
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Perhaps some comments about notation are appropriate. No
special symbols are used to distinguish dimensional variables from those
made dimensionless. The context (i.e., the occurrence of parameters
like ¢ and E) affords sufficient means to avoid confusion. Although
the dimensionless formulation is favoured, it is not used exclusively.
Hereafter, the characteristic values of length, time and velocity
employed in any section will be indicated by a special notation,
[L,t, U], which in the present case is [L, O2,QL]. This should
permit easy reference and conversion to different schemes of dimen-~
sionalization when necessary. Other scaled variables will be defined
explicitly.

1.3. Theoretical survey

It can now be ascertained that this theoretical formulation is
sufficiently general to account for the phenomena described in the
first section. In fact, much can be inferred about the problems that
confront us from an almost superficial examination of the governing
equations.

Consider first the meaning of the very small Ekman number E
which multiplies the most highly differentiated terms in (1.2.8).
This is the formal criterion for the existence of boundary layers
somewhere in the physical domain. It is well known that thin shear
layers are located along the bounding surfaces and are the regions
within which the tangential velocity is adjusted to its proper wall
value by viscosity. However, viscous layers may also occur in the
flow interior to counteract any effect that tends to produce sharp or
even discontinuous velocity profiles. The structure of any boundary
layer depends on the underlying force balance and in general it
differs from case to case. It will be seen that boundary layer thick-
nesses LE}, LE}, LE? all occur in rotating fluid problems.

A concentration of viscous action into narrow layers means that
elsewhere the fluid behaves in an essentially inviscid manner, as if
E = o. Classical boundary layer theory or the method of matched
asymptotic expansions is surely designated as the analytical means
of connecting the various flow regimes (see Van Dykel213]).

Perhaps not so obvious or well known is the fact that there are
also boundary layers associated with a small Rossby number ¢,
called inertial boundary layers. Once again the mathematical
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criterion is present: when E is zero, e multiplies the remaining most
highly differentiated terms. Foro < E < € < 1 two boundary layers
should develop with a ‘wide’ inertial layer containing a thinner
viscous sub-stratum. The precise meaning of the inequality and
the relationship of the two parameters and their associated boundary
layers are matters for investigation. The exact nature of the rather
subtle force balance in a non-linear inertial boundary layer is taken
up in §5.4.

Consider the simple special reduction of the general theory in
which the motion is slow, € = o; steady, (¢/¢t)q = o; and inviscid,
E = o, The momentum equation is then

2k xq = —Vp. (1.3.1)

The cutl of this expression and use of (1.2.7) easily yields a profound
result known as the Taylor—Proudman theorem:

(f:-V)q= o. (1.3.2)

Hence, the particle velocity must be independent of the co-ordinate
measured along the rotation axis, z, under the prescribed conditions
so that q4=4q(x,y).

Moreover, since every particle in a vertical column of fluid has the
same velocity, the entire pillar moves as a single elongated vertical
fluid element. A column of given length, extending to solid
boundaries at both ends, is constrained to maintain the same
length as it moves about. For example, according to the theorem,
there can be no flow over the small mound in the configuration
shown in fig. 1.2 because such a motion would require a change in
column height. (The boundary condition of no normal flow at
impermeable walls, q-fi = o, implies that the vertical velocity com-
ponent is zero at the top wall but non-zero on the protuberance.
Since this component is independent of height, the contradiction is
evident and no flow of this sort is possible.} One alternative is for
the fluid to flow about the cylinder circumscribing the obstacle as
if it were a solid. This agrees with observation. However, other
possibilities exist because the original hypotheses are very restric-
tive. The contradiction need only mean that some assumptions are
violated in real flows. This requires study but for introductory
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purposes it is sufficient to note that experiments do indeed reveal
such two-dimensional flow patterns and that the theory can predict
their occurrence. The complete linear theory is developed in the
next chapter,

Finally, the linear, inviscid, time-dependent theory is shown to
possess wave-like solutions. With & = o, E = o and

— Oeit
: _ g:m:} (1:3-3)
the problem reduces to solving
V-Q=o, (1.3-4)
NQ+2kxQ = -V, o (13:3)
subject to the inviscid boundary condition
QA=o0 (1.3.6)

at the container wall (whose outwardly directed unit normal is fi).
In terms of the pressure alone, the boundary value problem is

vio—&-vpo-o, (1:3%)

with  ~A%h-VO 4 4(f-k) (k- VO) +2in(k x #)- VO = o, (1.3.8)

at the bounding surface. This complicated eigenvalue problem
admits solutions in closed domains for real values of A, [A| < 2, but
to prove this and many other interesting properties requires an
extensive analysis. Only the fact that (1.3.7) is hyperbolic in its
spatial dependence for [A| < 2 is especially relevant now. A govern-
ing equation of hyperbolic type means that discontinuities can occur
in the fluid across characteristic surfaces which are in this case the

cones (x2+y2)t + A4 —A2)~Ez = const. (1.3.9)

These are the surfaces shown in fig. 1.3; the experiments. of
Gértler[66, 671, and Oser[140] confirm the predicted dependence of
the apex angle of the cone on the oscillation frequency of the disk.
Note that the ‘sound speed’ is a function of the oscillation fre-
quency A so that the wave system is dispersive.
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This preliminary analysis indicates that some of the most im-
portant effects in rotating fluids can be accounted for by a simple
theory. Furthermore, the balance between pressure gradient and -
Coriolis force, with corrections for viscous action at the boundaries,
emerges as the backbone of the entire subject. The foundation for
all further study is set once these processes are thoroughly under-
stood. This is not to imply that other mechanisms are always of
secondary importance but merely that they come second in any
systematic exposition,

PART B

I.4. A formulation for stratified fluids

A more general formulation is needed to describe the effects of
compressibility and density variation on rotating fluid motions.
The combination of these two subjects, stratification and rotation,
can be expected to raise serious difficulties especially since both
individually are endowed with a particularly rich assortment of
complex physical phenomena, (see Yih [227], for a recent account of
stratified flows). In accordance with the aims set forth in the preface,
only modifications of primary rotational processes are studied and
the theory is developed to an extent consistent with these limited
objectives, o

Consider the motion of a slightly stratified Zquid having constant
material properties such as dynamic and bulk viscosities pyg, Py
specific heat ¢p; and thermal conductivity x. The equations
governing the fluid motion are those pertaining to the conservation
of mass, momentum and energy, supplemented by an equation of
state. With respect to a uniformly rotating co-ordinate system, the
dynamic equations are

F .
a—i +q-Vp+pV:-q =o, (1.4.1)

) | ,
p[gtq+-21~V(q-q)+(V ><q)><q+29><q]

=—VP—-pQ x{xt)+pF—pp VxVxq
Pyt VV-q, (1.4:2)

[y
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pep (%%HI'VT) — wV'T

+p[V?q-q+2V-(Vxq)xq—2q:VV-q
+Vxq Vxq—§(V-qf]+Bx(V-9)* (1.4-3)
where T is the temperature. The quantity

Lo (2

o aT\a 7Y VP)

that ordinarily appears on the left-hand side of (1.4.3), is neglected
from the onset because for liquids it is very small compared to the
other terms in the expression. This permits some simplification in
procedure at no real penalty. As a matter of fact, the viscous dissipa-~
tion term can also be neglected for the same reason but this may not
yet be obvious and it will be carried along for a while.

"The equation of state — o(P,T) (1.4.4)

is generally quite complex but for many liquids an excellent approxi- .
mation aver a wide range is

p = pm—0ts(T—Tnm) (14-5)

where subscript m denotes an average value and the coefficient of
thermal expansion oy is very small. For water, the density variation
is about one percent from o to 50° C and another three percent from
so to 100°C.

The class of motions of most interest to us concerns slight
departures from a state of equilibrium, or near equilibrium, in
which the body force is gravitational, § = — gk, and parallel to the
angular velocity vector, @ = Qk.

Static equilibrium, a state of no relative fluid motion in the
rotating frame, is not possible under the postulated conditions. (See
also Zeipel[228].) To prove this, assume that ge = 0, where the sub-
script ¢ signifies an equilibrium variable. It follows from the
momentum equation (1.4.2) that

VPe = —pe 0%k x (& x t)— pegk. (1.4.6)

The curl of this expression results in the following equation (in
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cylindrical co-ordinates) for the axially symmetric equilibrium
density distribution,

g 63—9: +r(2 33% =o,
which has the general solution
Q%2
Pe = Pe (Z - Zé_) . (1.4.7)
The pressure and the temperature Te, which is obtained from the

2.2
state law (1.4.4), must also be functions of (z—%) . However,

under all these constraints, the energy equation reduces to
V¥Te =0 (1.4.8)

and this has no non-trivial solution of the required form

This contradiction proves the assertion-—some convection is
necessary in the steady state. However, states of near static equi-
librium can be established that persist almost unaltered for much
longer than the lifetimes of many rotational phenomena to be
studied. For example, if gravity is much larger than the centrifugal
acceleration and the width and height of the container are com-
parable, then 02
<Lz
28

and p,, Te, etc. are essentially functions of height only. In this case,

Te & Ty +2zAT, (1.4.9)

is an exact solution of (1.4.8) and represents a state of approximate
equilibrium for small Froude number, Fyp = Q?L/g, with an in-
curred error of order Fg.

Media possessing extremely small values of thermal (or saline)
diffusivity also exhibit near static equilibrium conditions. Diffusion
effects are often completely negligible because the underlying
stratification changes little in the duration of the main action. There
may even be a substantial time interval when a ‘steady’ state is
almost achieved before the neglected processes contribute sig-
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nificantly. In other words, the diffusion time scale for temperature
(or salinity) can be an order of magnitude larger than that charac-
terizing the motion. The near equilibrium distributions which are
actually slowly varying functions of this longer time scale appear
almost steady over shorter intervals. An exact analysis and expansion
procedure incorporating all the small variations and multiple time
scales would be unnecessarily complicated in view of our limited
purposes. The development here deals with perturbations from the
near equilibrium linear temperature field given by (1.4.9). This
distribution seems sometimes to develop in the presence of steady
convection too. However, the complete analytical description of
an equilibrium field involving fluid motion can be a most difficult
problem (see §6.7). '

Fluid motion in a rotating system is often induced by moving
sections of the bounding surface at slightly different angular
velocities. Although other means are available, the dimensional
analysis of the fundamental equations is based on this kind of
excitation and on the supposition that density stratification has a
major effect only in so far as the buoyancy force is important.

As before, the velocity excess over rigid rotation is characterized
by ¢QL to make the variation of the dimensionless velocity of unit
magnitude. The scaling rule is [L,Q%,¢QL]. Three different
Quantities are needed to desctibe the density structure: p,, the
average value over the whole field; Ap, indicative of the amount of
Stratification in the near equilibrium state; €Q2Lp /g, which is
characteristic of the deviation produced by rotational processes.
The last scale is arrived at by equating the size of the buoyancy and
Coriolis forces. Therefore, we write .

p_  .DBp (2L

1.4.10
Po P 4 (x-4-10)

where p is the dimensionless density perturbation. The first two
terms, with the scale factor, constitute pe. The temperature distribu-
tion is resolved in a similar fashion as :

T =T, +AT (zg(z)f‘;LT). (1.411)
0
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Usually, AT is given and the value of Ap determined from the

relationship involving the known expansivity:
qe = Bp _ (dp
*TAT \dT/m
Finally, the pressure is

P = pogLPe+ep, Q2L2p. (1.4.12)

Density variations introduce a number of new parameters in
addition to & and E. These are:

the Froude number, Fp = oL, ;
a density ratio, m = ée;
Po
2
* the internal Froude number, fg = -%E = Ell;
u
Po £

the Prandtl number o; *‘;‘CP ;

a diffusivity cbeﬁcient, D = vQ/cp AT,

Of these, €, E, Fy, D, m are all assumed to be small compared to
unity (though in varying degrees), fy is order one, and op can be
large. These assumptions restrict the discussion to a very small
range of the parameter space but one that covers a wide variety of
* interesting and important physical processes.

The specific values for water are reasonably representative. At
20°C, Py = 0-01002 gm cm~* sec™!, K = 6-10% gm cm sec3 deg?,
cp = 410" cm? sec™® deg™, and p = 0-9982 gm cm—3. Moreover,
p=1gmem=? at 4°C, 0:988 gmcm™ at 50°C and 0958 gm cm—3
at 100° C and this shows that oty ~ 10~*gm cm~3deg. Therefore,

the value u = o-0o1 requires a temperature differential of several
~ degrees. If oy = 2:10*gm cm~3deg—Lin particular thenu = o-0o1,
and o-or correspond to AT = 5 and 50° respectively. A typical
experimental setting might be & = o-01, m= 001, L = 20 em,
Q = 1rad/secsothatE = 2-5 x 1075, Fp = 0-02, fg = 20, 0p = 6:67
and D = 5 x 1072 The large Prandtl number means that little change
in the near equilibrium temperature field occurs before motion is
dissipated by viscous action. The minute value of b implies that the
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dissipation of mechanical energy by friction is an unimportant term
in the energy equation. The reader can also check that the term
dropped from the energy equation is truly small.

These scaled variables are used to cast the theory into a dimension-
less form. The perturbation equations for mass, momentum, and
energy become the following:

FR 7 TEQ Vpe+eFrq-Vp+(1+upe+eFrp)V-q =0,
(1.413)
(1 +mpe-+eFyp) (aﬁtq+eq-Vq+zﬁ><q)

= —Vp - Fypk x (k x ) —pk
+E(V2q+(9i*+i)VV'q), (1-4.14)
Mg 3
(z+upe+eFg p) (fR T+q VI, +efrq: VT)
_Efy
V2T+5D(V2q q-2V-qxVxq

—2q-VV-q+Vxq- qu+(ﬁ,_;__) (v- Q)z) (1.4.15)

A general state law, (1.4.4), supplements this set.

The fundamental linear theory is obtained by setting ¢ = o in the
foregoing equations, adding the requisite number of boundary con-
ditions and replacing the general equation of state (1.4.4) with the
Boussinesq approximation, (1.4.5). (See Spiegel and Veronis[x82].)
This still leaves a formidable system to deal with and further
approximations are inevitable.

If all terms multiplied by small parameters are discarded, then
the theory reduces to its simplest form:

V-q=o, (1.4.16)
a ™ N
79+T2kxq=-Vp—pk {+EV3q}, (1.4.17)
fR%(-1+q-Vf[:a =0 {+]§5V2T}, (1.4.18)
t Op

p=-T. (1-4.19)
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Although we expect this system to govern the motion in most of
the fluid domain, it does not allow for the existence of boundary
layers at the container walls which are of crucial importance in
rotating flow phenomena. Perhaps the easiest way of rectifying this
omission is to retain terms multiplied by the Ekman number and
marked by brackets in (1.4.17) and (1.4.18). The problem would
then be well posed upon completely specifying the boundary
conditions.

Of course, the physical processes that must be included in an
analytical study depend on the particular problem. At a later time
(see §2.21), we will consider stratified fluid motions in which
boundary layer thermal convection remains unimportant and in
these cases the simplest viscous theory is quite satisfactory.

Often, a salinity distribution, &, is responsible for the density
stratification instead of, or in addition to, a temperature field. This
can be incorporated within the theory by replacing (1.4.5) with a
more general approximation,

P = pm— (T —Tm) +o5(E— Sm), (1.4.20)
and by adding a salt conservation equation to the system:
b
3—1;6 +q-V8 = Hg V2@, (1,4,21)

A linearized version of (1.4.21) is derived in a manner similar to
that used in establishing (1.4.18).

An interesting and important analogy exists between rotating
fluid motions (non-stratified) and stratified flows (non-rotating).
Many effects found in one subject have counterparts in the other
and to facilitate the comparison, the linear theory governing non-
rotating stratified motions is developed now.

A new dimensionalization scheme must be introduced to charac-
terize properly the scale of motion in a stratified non-rotating flow.

.%. ;
Choose the scales [[L, (L / épE g) ,Es ( Be )%}] and let
0

Po
P = Po+Ap(pe(z) +23p),
T =T+ AT(Te(z) +55 T), (1.4.22)

P = pygLPe 55 ApgLip,

2 GTO
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where gy s a small number analogous to € in the rotating system.
The time scale is just that appropriate for pendulum oscillations in
the reduced gravitational field, (Ap/p,)g. The lowest order approxi-
mation is derived in a manner identical with that just completed
and the procedure is rather straightforward. Thus, the linear theory
is found to be
V-q=o,

0 A

7q=—Vp—pk+EsViq,

o (1.4-23)

VL=V

p=—T,

with Eg = v({Ap/p,) gL.)~% L taking the role of the Ekman number.
For simplicity, let q-V7,=w =q-k. A single equation for the
disturbance pressure, obtainable from these, is

o Eg # o
(e (5w P+ (o ) o=
(1.4.24)

In the special case of two-dimensional motion, p = p(x, z, t), with
op = 1, this becomes

(——ES Vz) V2p+ p = 0. (1.4.25)

This reduction is important because (1.4.23) is identical with the
pressure equation arising in the theory of rotating flows, (2.2.2). The
implications stemming from this observation will be examined more
closely in §2.2. Further comparison of the two subjects is under-
taken periodically in subsequent chapters.

©.5. Rudiments of vorticity theory

The theory of rotating fluids forms only a part of the general
theory of vorticity. However, since our objectives are limited, this
brief discussion of fundamentals is restricted to those aspects of the
general theory that are of direct and immediate relevance. Surely,
knowledge of the basic concepts of vorticity is an assumed pre-
requisite and this has already been taken for granted in previous
sections.
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Comprehensive discussions of vorticity appear in many treatises
on fluid dynamics and the following references are particularly
noteworthy: Goldstein[6s], Lighthill[10g], Truesdell [z0g].

Tt will be necessary to distinguish absolute vorticity, 8,, measured
in an énertial frame from the relative vorticity, %, measured in a
uniformly rotating co-ordinate system. The two are related by

ﬁia=V><qmert =\éﬂ+v quot=29+%- (I.S.I)

The same distinction is also made for the circulation about a closed
circuit ¥ :

‘ Fa=ff; qinert'd8=f§ qmt'ds+5{; ﬂxr-ds=r+§ Qxe-ds.
- i P e

Some manipulation of the last integral leads to the formula
Fa=r+zﬂfﬁ-ﬁd2=r+2ﬂip. (1.5.2)

Here 3p is the projection of the area Z enclosed by contour % onto

a plane perpendicular to @ = Qk. 4 is the unit normal vector to .
Application of Stokes’ theorem yields the equivalent definition of

circulation :

Fa=f%a-ﬁd2. ' (1.5.3)

* The vorticity at any point is proportional to the instantaneous
angular momentum of a (rigid) spherical fluid element at that
position. In fact, the instantaneous angular velocity of the particle
is just 1%8,. A line in the fluid that is everywhere tangent to B, is
called a vortex line; the vortex lines through every point of a small
closed curve make up a vortex tube. If the cross-sectional area AS of
the tube is small then B, A has the same value anywhere along
the tube and is called the tube strength. This follows from the
application of the divergence theorem,

V-8B.=o0, (1.5.4)

to the volume consisting of a section of tube capped by two surfaces
AZ,; and AZ,. According to (1.5.3), this result is equivalent to the
statement that the circulation about any centour girdling the lateral
surface of the tube is a constant. Another conclusion derived from

2-2
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(1.5.4) is that vortex lines cannot begin or end in the fluid; they are
either closed curves or terminate on the solid boundaries.

"The structure of the vorticity field can be visualized by means of
vortex tubes of equal strength threading throughout the medium.
The location of each tube is given by a central vortex line and the
density of tubes in any region is then proportional to the magnitude
of the vorticity, increasing as the tubes crowd together. The vorticity
increases when a vortex tube of constant strength is stretched to
compensate for a reduction in cross-sectional area.

The vorticity equation in énertial space for a stratified incom-
pressible fluid is accurately approximated by

Dgt%a = 'gf:%a,’l‘q'v%a, = %a;Vq—Vg; X VP+VV2%'&- (1’5‘5)
This equation relates the convective rate of change of the absolute
vorticity of a particle (left-hand side) with three processes producing
change (right-hand side). These processes, in the order they are
written, are the stretching and tilting of vortex lines, the creation of
vorticity by density variation and the diffusive transport of vorticity
from surrounding elements.

In the case of constant density, (1.5.5) is 2 homogeneous partial
differential equation of parabolic type. The only solution would be
B, = o if vorticity were not generated at the bounding surfaces as
a result of the viscous condition there that requires the relative
tangential velocity to be zero. Vorticity diffusion is related to
momentum transfer among fluid particles through the momentum
gradient and this gradient is largest at the container wall. The
situation is similar to the transfer of heat to a fluid at a hot boundary;
the parallel is actually between the total flow of vorticity at the
surface and the heat flux. In the computation of the vorticity field,
solid boundaries are in effect replaced by equivalent distributions
of vorticity sources.

Vorticity can be made a primary variable in flow calculations and
this is desirable for several reasons. First, vorticity really is the
principal physical quantity in many flows. (Lighthill[rog] cites as an
example the problem of blowing out a candle with a lip generated
ring vortex.) Secondly, vorticity transport is accomplished by con-
vection or diffusion whereas changes in pressure and velocity pro-



INTRODUCTION 21

pagate with an infinite sound speed in an incompressible fluid.
Hence, the range and time scale of significant vorticity variation is
more restricted and slower than that of the pressure or velocity
either of which can experience large changes at infinity, instan-
taneously. Thus, it is often much easier to compute the vorticity
field and this approach has led to significant progress in the
numerical solution of viscous flow problems, Payne[r41], Pearson
{142, 143]. The results of Pearson’s calculations of certain rotating
fluid motions is recounted in chapter 3.

Several classic vorticity theorems which concern inviscid fluids
are now stated briefly, Reference is made to Goldstein[6s] for a
complete discussion of these fundamental results.

Lagrange’s theorem asserts that in an inviscid, constant density
medium, a vorticity field initially zero everywhere must remain so,
B, = o. (The conditions obviously eliminate all the means of pro-
ducing vorticity.) The same result holds in a stratified fluid when
Vpx VP =o.

Kelvin’s theorem is derivable from the formula for the total rate
of change of circulation about a closed contour that moves with the

fluid: b
I
Dra= _fﬁm SVRds. o (156)

Therefore, if the fluid is homogeneous, or barotropic, P = P(p), and
dissipative processes are neglected then #he circulation around a
circust moving with the fluid is a constant for all time. Helmholtz’s
theorem follows directly from this and states that under the same
conditions a vortex tube moves with the fluid dnd its strength remains
constant.

These important theorems when written in a form appropriate
for a rotating co-ordinate system show how changes in relative
vorticity and circulation are effected by the basic rotation field. For
example, the relationship (1.5.6), -

m-l'———gg ~VP-ds— z—fﬂ -AdZ,
Dt

implies that the relative circulation is reduced when the cross-
sectional area normal to 2 is enlarged.
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A theorem due to Ertell4s], of particular value in the study of
rotating fluid motions, concerns a non-dissipative flow in a uni-
Jormly rotating co-ordinate system in which some special quantity
- such as the salinity, &, or the temperature, 7, or anything else, is
conserved as the particle moves about. To be specific, let

bg o6

IR "V = 0. I.5.

Dt = & TAVe (x:5.7)
The relative vorticity equation, written in terms of the rotating
system of axes, is ‘

%%+Vx((ﬁ3+2ﬂ)xq) = Vvaé, (1.5.8)

but it is advantageous to proceed using the absolute vorticity
(measured in the same frame). Since Q isa constant, (1.5.8) becomes

%%ﬁw(qu):vvaé. (1.5.9)

After multiplying this by V&-, the resultant equation can be
manipulated into the following form

V@-ailsz;a—v-(vg x (Baxq)) = VS-VP x V%. (1.5.10)
Equation (x.5.7) is used to show that
g
ve x(!Baxq) = —W%a,“'q(%a'vg)

and the replacement of this in (1.5.10) with a suitable rearrangement
of terms Ieads to Ertel’s equation:

2iq (’éﬁ%i)i@]:i : I s
(3t+q V)[ 5 pV@' VPpr, (z.5.11)
The bracketed quantity in this expression must be conserved in the
motion of a particle whenever the right-hand side is identically
zero. This can occur in any one of several ways. The thermodynamic
state law, which has not been used thus far, may relatep toPor &
alone; p may be a constant; the three vectors, V&, VP and Vp may
be coplanar. It should be noted once again that the theorem holds
for any quantity satisfying (1.5.7). Generalizations of this theorem
have been given by Ertel and Rossby[44], and Truesdellfz10].
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If the flow is incompressible but stratified, then the density p
itself satisfies (1.5.7) and may be used in the theorem to obtain the
result (29 + %) Vp
Dt p

~ Motion in a thin fluid layer, discussed in chapter g, is similar to this

but the density p is replaced there by the total layer depth H, which
is a function of position. It turns out that the quantity ‘

%(29+2¥)-f:,

called the potential vorticity, is conserved under these conditions.
But these are matters for another time.

1.6. Rudiments of viscous boundary layer theory

The basic purpose here, as in the preceding section, is to extract

~ from an old and fully developed subject a few of those results most

fundamental to the study of rotating fluids. Aside from the matter of
completeness, this will at least establish the minimal prerequisite
upon which subsequent work is based. Several comprehensive

~ accounts of boundary layer theory are available (Schlichting[78],

Rosenhead [+73]1, Moore[129], to name some) and an elementary
introduction to the subject is given by Carrier [25].

The observation that viscosity in many flow problems is important
only in certain thin layers becomes the basis of mathematical
approximations which simplify the equations of motion. (Inertial
boundary layers will be considered in §5.4.) The usual circum-
stance is one in which viscous processes force the fluid velocity to
satisfy the no-slip boundary condition on a solid wall. This adjust-
ment occurs within a very thin viscous layer and may involve
changes in the flow variables that are comparable to their original
magnitudes.

As we mentioned previously, the occurrence of such rapid transi-

* tion regimes is to be anticipated whenever the most highly differ-
~ entiated terms in a partial differential equation are multiplied by

a small parameter, as for example EVxV xq in (1.2.8). This is
certainly not a sufficient condition and too often questions of
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existence and location must be resolved on the basis of intuition,
experience or solid experimental evidence.

Suppose now that a particular viscous, incompressible fluid
motion is known to have a boundary layer at a surface . 'The exact
dimensional equations of motion in the rofating frame are, of course,’
(1.2.1) and (1.2.2) but the object is to use the rapid variation of flow
components within the boundary layer to simplify this system. "I'his
end is achieved by consistently neglecting the tangential derivatives
along = of any flow variable when they compare directly with the
normal derivative of the same function. The formal development can
proceed in several equivalent ways and the presentation here is
based in part on that of Crabtree, Kiichemann and Sowerby[36].

The co-ordinate system that is used to form the boundary layer
equations is constructed in the following manner. Let (&, &) be
orthogonal curvilinear co-ordinates on the surface = of the container
and let §; measure distance along # the unit normal to Z. The
surfaces, €4(X,¥,z) = const., are then all parallel to Z, which is
taken to be §, = o, and, by construction, the unit normal vector to
each of these parallel surfaces is Ai(§;, €,), a continuous function of
the surface co-ordinates only. (This extension of the normal f,
defined on Z, into a field of normal vectors to the family of parallel
surfaces, is one for which V x fi = o0.) Finally, it should be observed
that the three co-ordinates, (§;, &, §3), form a mutually orthogonal
set on 2 but not necessarily elsewhere.

The position vector to any point P within the boundary layer can

be written as tp = (&, &) + & (6, &),

where t; is the position vector to =. In this vicinity, & is very small
and the arc length is approximately given by

ds? = drp-drp o drs-drs+dE5.
This is equivalent to
ds? = A2 d€3+h3 dE2+dE3,

where the metric coefficients are defined by

3

=]

L5
a; !

¥




. INTRODUCTION 25
Indeed, forj =1, 2,

and 75~ 1.

by x
6@,
The unit vectors on = are
N 10
1: == — —t

and with i, = A form an orthogonal triad.
The particle velocity can be resolved into tangential and normal
components near 3. as

q =i-qi— nx(nxq) (1.6.1)
and the substitution of this expression into the equation for mass
conservation results in

@-Vy(@i-q)+a-Vx(ixq)+a-qV-A—-fAxq-Vxfi=o.

At impermeable bounding surfaces, the normal flux fi-q is zero and
accordingly it must remain relatively small across the entire
boundary layer. However, there is a rapid variation with &, the
normal distance, and the derivative in this direction, (A-V) (fi-q), is
an order of magnitude larger than the quantity fi-q itself. Hence,
the third term in the preceding formula is negligible compared to
the first. The last term is negligible because the boundary layer
co-ordinate system is constructed from a family of surfaces which
are parallel to 2 and #i belongs to the field of normal vectors to these
- surfaces. Thus, the reduced form of the mass conservation equation
in the boundary layer is

(B-V)(h-q)+a-Vx(fixqg)=o. (1.6.2)
Expressed in terms of curvilinear components
‘ 4 = Qi+ qala+ gyl

this becomes
I

4 9. 9% _
i (e e+ had) + i =0 (u69)
The elimination of obviously small terms from the momentum
equations leads to the following boundary layer equations:

1 ac11 Je 99, 9qy , 919 9%y

s Ty T +
ot T hy 0 %2%%h%%2

2 oh, ]
—Z?Z2 3§ +2(qu3 Q;q,) = k g"'vagzqh (1.6.4)
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3qz +q1 9q, ‘h qs %, g %9 qi oy
hy 98 “hy 8 P08 hihy 08

oh op o2
+212: a§2+2(Qa G- q) = —Eh—z ‘3?2‘*“’5&“5 Qp (1.6.5)
P

0= 2%, (1.6.6)
The last equatlon implies that the pressure is constant through the
boundary layer and equals the value assumed just outside this
transition zone in the inviscid domain. Although this is an entirely
correct statement, it is sometimes insufficient in certain problems
where the next order of approximation is crucial. It would be safer
to replace (1.6.6) by a more complete form of this component of the
momentum equation in order to prepare for this possibility, How-
ever, when this is necessary, the appropriate boundary layer
equations are usually rederived from the exact theory by a formal
procedure.* The extension of (1.6.6) appears then as part of that
process and, at the same time, other negligible terms in the
above equations are discarded (removed to a higher order of

approximation).

At the surface Z, the fluid velocity and the wall velocity must be
identical. Conditions at the outer edge of the boundary layer, &3
large, require that the flow variables attain prescrlbed values appro-
priate to the inviscid domain.

It is often convenient to express the dependent variables in 2
form that clearly identifies the rapid variation near the surface Z by
a separate function, as for example

q=9q:+4.
The function gy is then the solution of the inviscid equations of

1 The order symbol, O, which occurs as part of the boundary layer perturba-
tion formalism is used frequently throughout this work. It has the following
definition: F(x, E) = O(E%) if for sufﬁc1ently small E there exists a constant A
such that |F(z, E)}] < AE® This is equivalent to ]J.mOF(x, E)/E® < oo. The

E—~

ordering is uniform if A does not depend on x.

The approximate value of a quantity is sometimes indicated by =. For
example, t. == E~%is to be interpreted as equality in a loose sense. The exponent
of E, which determines the scale and essential magnitude, is given precisely by
this relationship but for exact equality a multiplicative factor, of say % or 2,
might be necessary. The symbol 2 imples equality in a more exact sense say to
at least a few figures; ~ mieans an asymptotic equality.
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motion whereas § denotes the boundary layer contribution, which
decays exponentially fast with normal distance from the surface 5.
'The replacement of q and p in the foregoing theory by such decom-
positions leads to the modified system of equations for the pertur-
bation boundary layer functions. Many problems to be studied will
be formulated in this manner.




CHAPTER 2

CONTAINED ROTATING FLUID MOTION:
LINEAR THEORIES

2.1. Classification

A somewhat arbitrary division of rotating fluid motions into two
classes will be made. The distinction is based largely on whether
the fluid is considered to be enclosed within a body or vice versa.
Belonging to the first class, are all flows of an essentially bounded or
contained character, where the outer bounding walls are the signi-
ficant cause of the fluid motion. This category is itself subdivided
into a study of linear and non-linear theories. The ‘second class
consists of problems involving motion of a body or object in an
essentially unbounded rotating fluid. In these cases, the influence
of the outer wallsis only secondary compared to the effects produced
by the motion of the object and for most purposes the concept of an
unbounded fluid (moving the outer walls to infinity) is appropriate.

2.2. Almeost rigid rotation

Most linear problems concern motions that represent slight
deviations from an established state of rigid rotation. The velocity
magnitude characteristic of the motion is then small compared to-
the basic rotation speed and & < 1. Non-linear terms are negligible
as a consequence.

The linear theory for the motion of a viscous incompressible
fluid is obtained by setting ¢ = o in (1.2.7) and (1.2.8):

V-q=o,
2 & (2.2.1)
Eq-!—zkxq =—-Vp—EVxVxq,

with appropriate boundary conditions,
A formal derivation of (2.2.1) requires each dependent variable
to be expanded as a perturbation series in powers of ¢; for example,

q(e.t,E€) = S q®(x, t, E)e™
0

=
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The substitution of these expansions into the basic equations leads
to a sequence of problems, each corresponding to a different power
of e. The first of the sequence (¢° terms) is the linear theory. This
programme is employed in the next chapter to discuss non-linear
effects but the simpler notation in (2.2.1), omitting superscript
numerals, is retained for present work.

Some idea of the type of problem confronting us may be had by
eliminating q from the theory to obtain a single sixth order partial
differential equation for the pressure alone,

P 2 o2
(?t—EVZ) Vip+4 7P =0 (2.2.2)

(The boundary conditions cannot be written in terms of just one
dependent scalar variable.) Obviously, solving this equation is a
formidable task, one that necessitates further approximations if
progress is to be made.

There is a class of important problems dealing with the uniform
motion of a body through a rotating fluid or the streaming flow past
it. Usually in these cases, both body and fluid rotate with the same
angular velocity and the disturbance is produced by a relative
difference in the forward speeds of the obstacle and the distant
fluid. The Rossby number, ¢, need not be small but a linear problem
is still obtainable in special circumstances. For example, when there
is auniform flow, ¥, past a small obstacle (in the rotating system) the
velocity deviations from this state are usually quite small except,
perhaps, in the vicinity of the body. A formal procedure based on this
description involves the matching of inner and outer expansions in
an overlap domain to obtain a uniformly valid representation (see
--Van Dyke[z13]). To lowest order, the net effect is the replacement
of the non-linear convective term q-Vq by %¥-Vq. This is just the
classical Oseen approximation and we shall use this ‘replacement
concept’ without resorting to a more elaborate procedure for
Justification.

Therefore, a linear theory in this case with € moderate is

V:q=o,
—:Eq+eﬁ-Vq+ 2k xq=—-Vp +EV2q.} (2:2.3)
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Solutions of this system should be excellent approximations over
most of the fluid domain, The substitution is certainly valid in
the far field and it may be of no real consequence in the im-
mediate vicinity of the body where other terms in the equations are
predominant. This is, in part, confirmed by exact analyses of other
problems where the Oseen linearization has been used.

Once again, a single equation for the pressure can be determined
from (z.2.3) and it is

A 2 a .
(-:-t +ell-V —EV2) Vip+4k-VPp=o0.  (2:2.4)

The close relationship between non-rotating stratified flows and
almost rigid rotations of an incompressible fluid now becomes
evident. Equations (1.4.24) and (2.2.2) are obviously quite similar
and the comparison with (1.4.25) is even closer. The co-ordinate z,
measuring distance along the rotation axis, plays the satne role as
co-ordinate x, measuring length along a surface of constant density.
The phenomenon of Taylor columns should then have its counter-
partin the form of horizontal plugging in the stratified medium and
indeed it does, (see Yih[227]). Many other phenomena are found
to be roughly equivalent including the manifested wave systems
(Trustrumzr1]). In fact, rotating flows, which are easier to pro-
duce experimentally, can be used effectively in certain instances to
simulate stratification. The literature in one subject is often applic-
able to the other and this is an important connection to bear in
mind, even though it will #oz be emphasized at every conceivable
opportunity in subsequent sections.

2.3. The Ekman layer

Consider an idealized situation comprising a viscous fluid con-
fined to the upper half plane, z > o, by an impermeable plate at
z = 0. Both the fluid and the disk rotate rigidly with the same
constant angular velocity and, at some initial instant, the rotation
rate of the disk is increased slightly. Viewed from a rofating co-
ordinate system in which the initial state is one of relative rest, the
dimensionless boundary value problem consists of equation (2.2.1)
complemented by the boundary conditions q(r,0)=o0 and
g=Ekxzvonthe plane z = o. (The characteristic velocity is a length
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multiplied by the change in rotation speed of the disk.) It is also
supposed that q—> 0 as z—>o0, a condition that in effect provides
for the maintenance of rigid rotation of the main body of fluid by
the remote boundaries.

The inherent axial symmetry of the resultant flow allows con-
siderable simplification of the equations of motion when written
win terms of a cylindrical co-ordinate system, (r, 8, z). The velocity,

= (u,v,w), and the pressure are then independent of the azi-
Lmuthal angle 8. A further reduction is attained in this simple case by
ehmmatmg the radial co-ordinate entirely through the substitution

q=-VxEXEI+VEYE  (23)

The boundary value problem for the ‘stream function’ X and the
" azimuthal velocity V becomes

VAl 2 ‘
(EEE_Z at)V —25-X=0, (2.3.2)

a2 9\ 2
(E-éz—z-—at)azzx+z V=o, o (23.3)

with V~1 =y = (8/0z)¥'=0oonz =0, V=y=o0 fort=o0, and
both functions to vanish at z = co. The solution may be determined
using Laplace transforms (see Campbell and Foster[z4] for. the
necessary inversion integrals) and it is

| V = Zelexp (= (21 E—32) + F(z, t)], (2.3-4)
X = E¥Ip[(2i)F exp (~ (2i)} E-¥z) —(2i)Ferf(2it)t
- ~@)FEY]  (2:3.5)
with
- F(z,t) = exp ((20)} E¥z) erfec {(2i)F th+ L(Et) 2}
- —exp(—(20)Etz)erfe{(2if t — 1E)22]. (2.3.6)

~ Of particular interest is the final steady motion when the individual
" velocity components are

}f{ = exp (—E¥z) sin E%z, (2.3)
; = éxp (—E-3z) cos E 3z, - (2.3-8)

w = B —1+exp(~E¥z) (sinE-¥z+cosEHz)], (2.3.9)
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and the final reduced pressure is
p = —2Eexp(—Ez)sinE#z. (2.3.10)

The elementary form of solution for steady motion in its depen-
dencesolelyonthe variable ¢ = E~¥z, fig. 2.1, reveals that the motion
of the plate is communicated to the fluid through a viscous boundary
layer of thickness E¥ ((v/Q)? in dimensional units). (This was
discovered by Ekman[41] who studied a closely related problem
involving wind-stress on the ocean surface.) Within this thin layer,
the Coriolis force is balanced by the viscous shear and the pressure
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Fig. 2.1. Velocity profiles in the steady Ekr;:lan layer.

is a constant to very small order, O(E). Thus, in the steady flow,
fluid particles near the plate are spun-up to a larger angular velocity
by direct viscous action. The increased Coriolis force overcomes the
pressure gradient along the plate and the fluid is propelled radially
outwards as in a centrifugal fan. To compensate for the mass flow
in the boundary layer, a small normal flux from the inviscid interior
of order E# is required. In the absence of other nearby boundaries,
a purely vertical secondary flow is produced throughout the main
body of fluid by the boundary layer suction. The flow completes a
closed circuit at infinity in an, as yet, indefinite manner.

The velocities within the boundary layer are of unit magnitude
but subsist only in this thin layer adjacent to the wall whereas, a
small intetior circulation, of magnitude O(E?), is produced in the
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entire fluid domain. The coiled pattern, fig. 2.2, that is formed by
plotting the horizontal component of velocity versus position in the
boundary layer is known as the Ekman spiral.

The steady vorticity equation

2
— o] = 2 ,
254 Evag (2.3.11)
shows that a stationary boundary layer of finite thickness can exist
because the diffusion of vorticity from the plate is counteracted by
the distortion of vortex lines. Most often in fluid problems, con-

vection is the process that balances diffusion to establish a steady
viscous or thermal boundary layer. In this respect, rotating fluids
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Fig. 2.2. The Ekman spiral. The boundary layer co-ordinate
is plotted as a polar angle.

present a different and intrinsically more complex means of accom-
plishing the same end.

The examination of the transient solution shows that the Ekman
layer forms in a relatively short time, just a few revolutions of the
system. Fig. 2.3 illustrates the development of the azimuthal velo-
city component. The process is complicated, however, by continual
viscous diffusion and minor oscillations at the non-dimensional
frequency 2 (i.e., 2Q). The asymptotic form of the typical comple-

mentary error function of complex argument in (2.3.6) makes this
clearly evident,
erfc(2it)} ~ (2mit)?exp (—2it).

Vibrations at this frequency are due to the excitation of the natural
inviscid modes. By setting E equal to zero in (2.3.2) and (2.3.3), it is

3 GTO
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a simple matter to show that solutions proportional to exp (iAt)
existonly if A = +2,and A = o.

"The description in.the case of plate spin-down to a lower rotation
rate is entirely analogous to the foregoing except for a reversal of
sign. '

10 §

v/r

05

Fig. 2.3. The azimuthal velocity versus time showing the
approach to the steady Ekman layer.

2.4. Spin-up

Suppose the configuration of the last section is modified by con-
fining the fluid between two parallel concentric planes, the entire
system to rotate rigidly as before. The rotation speeds of both disks
are then simultaneously increased a like amount. In due course, the
interior fluid rotates rigidly once again and this transition is called
spin-up. Spin-up in any arbitrary closed container has the same
meaning and involves an abrupt change in angular speed followed
by a transient adjustment of the fluid to a final state of rigid rotation.

Although the fluid is still laterally unbounded in the parallel
plate geometry, the combination of two infinite planes rotating in
unison produces a motion that typifies all contained spin-up flows.

"The mathematical problem is almost identical with equations
(2.3.2),(2.3.3) etseq., except that the boundary conditions at infinity
are replaced by conditions on the second plate; ie.,

X={(8fez)x=V—1=0
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at z= 1. (The plate separation distance is the characteristic
length L.) : ' : ,

The solution of this problem was determined by Greenspan and
Howard[75] using ‘transform methods. However, the detailed
analysis is complicated and is not, for this reason, presented here.,
Fortunately, the entire motion can be depicted in relatively simple
terms. The complete description necessarily involves some repeti-
tion with the last section, especially in relation to the early phases of
motion, but this is perhaps justified by the very fundamental nature
of the process. - )

The initial impulsive change in the angular velocity immediately
produces a Rayleigh shear layer at each disk which then starts to
thicken by viscous diffusion. Within a few revolutions, ¢ == 1, the
effects of rotation have made themselves felt, and a quasi-steady
Ekman boundary layer develops from the vorticity diffusion. The
analytical description of the evolution involves functions like those
in equation (2.3.6). In addition, there are inertial oscillations at
twice the rotation frequency but of very small amplitude. The
Ekman layer is characterized by an outward radial flow of unit
dimensionless magnitude caused by centrifugal action and this
transport is balanced by a small flux into the boundary layer from
the interior. However, in the presence of the other disk, this vertical
. flow into the boundary layer can be maintained only through the
establishment of an equally small interior flow that is radially
inward. In other words, the convergence of fluid into the Ekman
layer, together with the constraints of the geometrical configuration,
produce a small radial convection in the interior in order to conserve -
mass.

Since the interior flow is practically inviscid, the angular
momentum of a ring of fluid moving inward to replace the fluid
- entering the Ekman layer is conserved, and the ring must acquire an

increased angular velocity. The Ekman layer acts as a sink for low
angular momentum fluid in the interior, this fluid being replaced
by higher angular momentum fluid drawn from larger radii. As the
conditions in the interior approach the values appropriate to the
final steady state, the Ekman layer decays. This happens in a
‘dimensionless time of order E~%, a time scale not long enough for
the boundary layers to thicken appreciably. In the meantime, the
32
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small oscillations set up by the initial impulse have been modified
very slightly in the interior by viscosity and more markedly near the
boundaries. They persist until they are finally destroyed by viscosity
at a dimensionless time of the order of E-L. (In containers of finite
volume, the dissipation time is approximately E-2.) At this late
time, the viscous boundary layers at each wall have been so extended
by the diffusion process alone that they overlap and thereis no longer
any interior inviscid domain. Viscous forces are then important at
all interior positions and act to eliminate the residual modal oscilla-
tions. Thus, the transient motion between énfinite disks consists of
three distinct phases: the development of viscous boundary layers
for t=1; spin-up, t==E-%; viscous decay of residual effects,
t=E ‘

Given this basic physical picture, one can derive the characteristic
spin-up time, tc, by elementary physical arguments. If the increase
in rotation rate is €Q, then e QL = U is the characteristic transport
velocity within the Ekman layer of thickness & = (v/Q)% Mass
conservation requires a mass influx into the viscous layer from the
interior with a velocity of magnitude

wy = 2Ud/L.

Here L is the characteristic vertical length of the container so that
wy is also the typical radial velocity of the interior circulation. An
annular ring of interior fluid of mass M and angular momentum
ML2Q acquires an angular velocity (1+¢€) Q by moving radially
inward a distance $eL.. Angular momentum is conserved because
the interior flow is inviscid. The time required for the fluid ring to
traverse this distance and thereby to attain the angular velocity of
the new steady state is

2\}
fo (L) =E30.
wy  \vQ

The Ekman layer acts as a sink (or source), of strength proportional
in fact to E2 times the local difference in the angular velocities of the
boundary and the interior flow. This equivalence was deduced by
Charney and Eliasseni33], who gave the characteristic time t¢ in a
meteorological context. Bondi and Lyttleton[z1], in a discussion of
the secular retardation of the earth’s core, determined that t. is
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the time-lag of the angular velocity near the axis of the core behind
the angular velocity possessed by the shell at any instant.

Another approach, which also clarifies a different aspect of the
physical picture, is to consider the vorticity. The curl of the
inviscid momentum equation (2.2.1) yields

é 2
a—thq—255q=o,

the time-dependent form of the Taylor-Proudman theorem for the
motion outside the boundary layers. The vertical velocity induced
by the Ekman convergence is of order E# and of opposite signs at
the two boundaries. Its vertical gradient is then also E%; hence, the
relative vertical vorticity can only be increased (by stretching”)
from zero to its final value of 2 in an approximate dimensionless time
E—+.

The following table illustrates the characteristic times involved
in a case of practical interest, L = 4 cm, Q = 200msec2.

L2\3
v Lav (m)

Material (emZsec™)  (sec) (sec) E
Lubricating oil (40° C) 100 16 o'16 1'0X 107%
Water 001 1,600 160 10X 1078
Mercury 0001 16,000 505 IoX1077

. An analytical approximation for the interior low between the
disks valid through the spin-up time is

V; = 28(2t) (1 —exp (—2Edt)), (2.4.1)
X1 = —2(z— ) E£S(at) exp (—2Ebt), (2-4-2)

where S (x) is the Fresnel integral :

S(x) = f : (zmt)~Esint dt. (2.4-3)

Experiments performed to determine the decay rate in spin-up
resulted in very close agreement, [7s], with the predicted factor 2E%.
It is also shown in this reference that the essential quantitative
features of spin-up in arbitrary axially symmetric containers can be
determined, given the above description as a guide, by the methods
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of boundary layer theory. Aspects of this procedure were developed
by Bondi and Lyttleton[11], and also by Stern[:83] in connection
with a study of Ekman layer instabilities. The complete analytical
solution, in the case of the parallel disk configuration, provides a
vertification of the basic physical picture and a convincing mathe-
matical justification for the use of boundary layer methods. These
methods appear to be the only feasible ones to use in the general
case of motion in a container of arbitrary shape which is taken up in
the next section. In addition, the ‘exact’ solution illuminates the .
role of theinertial oscillations and the manner in which all three time
scales—the rotation period, the viscous decay time, and the spin-
up time enter into the problem; these finer details are suppressed by
boundary layer theory.

2.5. The initial value problem: formulatidn

An arbitrarily shaped container is filled with fluid and rotated at
a constant angular velocity. At some definite time, t = o, a general,
but physically acceptable, initial state of fluid motion is prescribed.
The object is to analyse the ensuing transient motion and to
describe accurately the ultimate approach to solid-body rotation.

If the initial conditions differ only slightly from rigid rotation
then the linear theory is applicable. This consists of (2.2.1) and the
boundary conditions g(r, 0) = g(¥), q(r, t) = o on Z, the container
surface. In the rotating reference frame, the final flow is q = o. (The
spin-up problem of the last section is formulated in just this way
using a co-ordinate system fixed in the body.)

Let the top and bottom surfaces of the container, = = Zp+2p,
be represented by

z=1(xy) (Zn) =-g®y) (Zs) (2.5.1)
and let n always denote the outwardly directed normal vector on 2.
The normal is assumed to be a continuous vector function on Z;

in particular np = BV — (14 (VE))t Ay,
nB - —ﬁ ’—Vg = (I -+ (Vg)2):§'~ ﬁB’}
where fip and fiy are unit vectors.
The motion in this general configuration has essentially the same

underlying structure as in the special case of the parallel disk
geometry. Since the Ekman number E is small, direct viscous action

(2-5-2)
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is confined to a thin boundary layer at the container wall throughout
the principal phase of motion. Furthermore, this Ekman layer
produces a secondary interior circulation that exerts a major
influence by means of vortex line stretching and the transport of
angular momentum. Viscosity, in this fashion, eliminates the initial
velocity distribution in the spin-up time scale, E, and E* emerges
as a significant expansion parameter. Consequently, the analysis of
the general motion is based upon the concepts of boundary layer
theory. An approximate solution is sought by this approach that
consists of two parts: an almost inviscid motion throughout the
interior of the container is matched to a motion in the viscous
boundary layer in order to satisfy the boundary conditions. More-
over, the representation must be uniformly valid in its spatial
dependence and for a sufficiently long period of time, t=E-% at
least, to ensure that all the important phenomena are included and
described. These are important but difficult requirements to meet
because there are several sources of non-uniformity: three different
time scales, viscous boundary layers and, as it turns out, boundary
layer resonances and free shear layers. The methods employed must
be flexible enough to permit some control of difficulties as they
arise. ' |
Briefly, the solution procedure is as follows: Expansions in half
powers of the Ekman number E are introduced into the governing
equations and a problem sequence resolved. The first of these is for
the ptimary or zeroth order solution of the inviscid interior motion
Corresponding to E = o. In the second problem, the internal motion
is corrected for viscous effects to make the basic tangential velocity
zero at the boundary. However, the boundary layers induce further
interior motion by establishing a small normal mass flux and this
sets up a third problem. Once the secondary interior circulation is
determined, it too must be corrected at the boundary and the
procedure continues until the mutual interactions of the interior
and boundary layer flows are determined to the desired accuracy.
Practically speaking, and for good mathematical reasons, the analysis
~ends with the secondary motion of order Ef. The goal then is to
_achieve an approximate solution for the motion that is uniformly
~valid to O(E?) through the spin-up time t = E-.
In many cases, it is possible to develop the interior solution
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as a superposition of all the inviscid modes, which are essentially
of two types. There are an infinite number of inertial modes

typically represented by :

q=Q,(r)exp4, t,}
P = @,(r)exps,t,

(Q and @ are complex-valued functions) and a single geostrophic

mode, a mode corresponding to zero frequency, of the form

9= qt, ‘%t),}
P = oo, E¥t).
A geostrophic flow is one in which the pressure gradient and Coriolis
force are in exact balance over many periods of revolution. This
motion is slowly varying and depends only on the long time

T = Eit. . (2.5.5)

Each of these modes must be corrected for viscous action in the
manner outlined above. For example, q, requires a boundary layer
correction, {,, which in turn induces further interior motion, ¢. .
"This too, must be adjusted at the walls by another viscous correction,
Gy, and the iteration continues indefinitely. Therefore, an approxi-
mate solution of the following form is sought, (Greenspan[74]):

q = qy,7) +§Am Q) &%t + E¥{qy(x, 7) + %qml(t, t, EN}+ ...

+ ﬁo+§ﬁmo+E%{c“h+%ﬁml}+
(2.5.6)
P = (% T)+%Am D,,(¢) ?mt -+ EX{o (¥, T) + S Ppa(t, t, E}+ ...

+ 80+ 2P0+ EHB1 + 3P} + -

(2-5-7)
The tilde symbol denotes-a boundary layer function of a stretched
boundary layer co-ordinate, {. These functions approach zero
exponentially fast as {—+ co. The outer edge of the boundary layer,
§ = o, is, of course, still located at the wall in terms of the ordinary
spatial variables. On the container surface, £ is zero, and in the
viscous layer the normal derivative is

A ¢
Ve _ES
n ~—FE g

(2-5-3)

(2-5-4)
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when applied to a boundary layer function. The tangential deri-
vative, fi X V, of any function is no mote than an O(1) quantity.
Interior functions are independent of { and do not vary across the
width of the boundary layer.

The effects of spatial and temporal non-uniformities obscure the
correct form of the expansions beyond the terms indicated. Thus,
despite appearances, we are limited to a discussion of the primary
flow field, its boundary layer and the secondary circulation induced.

The Ekman layers produced by the geostrophic motion change
rapidly with time during the period of formation but thereafter, the
variation is exceedingly slow. As far as the basic inviscid motion,
qy, is concerned, the boundary layers can be considered essentially
steady because the actual time-dependence in t < E—%, has an
insignificant effect. The results of §2.2 support this assertion and
in order to simplify the analysis we take

9 :
= O(Ez),

which accounts for the assumed form of the solution. The approxi-
mate velocity q, obtained on this basis is very accurate in the entire
interval of interest, o < t < t,==E—%. However, we do lose the
capability of exactly describing the boundary layers and secondary
flow at the very earliest times, but only then. The initial phases can
be studied with minor modifications (see §2.9) but the extended
* transient analysis leads to almost the same approximation for g,
derived on the basis of a steady boundary layer. The boundary
layers and secondary flows are also substantially the same as those
determined from the simpler theory, at least during the spin-up
time. Hence, there is little to be gained at present by this more
elaborate approach and very much to be lost in the way of clarity
and simplicity. For these reasons, we continue upon the present
course.

The third time scale, t == E~, characterizing the time required for
viscous diffusion to permeate into the interior, is of little importance
in problems of transient motions in containers of finite volume.
(It ‘acquires renewed prominence when the fluid is stratified,
§2.21,)

To achieve uniform validity for t large, the frequency parameter
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4y, in (2.5.3) is also expanded as

Iy = Iy o+ B, o+ ... \ (2.5.8)
where k On,0 = Ay (2.5.9)

represents the inviscid eigenvalue. The parameter 4, ; will be
chosen to eliminate secular terms possessing unacceptable growth
rates that arise in the formal development. The procedure is very
similar to the classical method of Poincaré [153].

The substitution of these expansions into the basic equations
(2.2.x) and the requisite boundary conditions leads to a sequence
of problems for the inviscid modes, the boundary layer flows and
their mutual interactions, [74].

For the geostrophic mode, the first three problems of this
sequence are the following:

oy: 2k xqy=—Vay, V-qy=0;
boundary conditions: q,-fi = o on Z.

32

- i - Y a F-4 &%
Ayt 2k X DR 7201 = Pkl

a .
——az(ﬁ-fjl)+ﬁ-v x({fix o) =0 (see(1.6.2));
boundary conditions: g,+d, =0 on =, { =o.
a N
Pyt G t2kxq =~V V-qu=0;

boundary conditions: fi+(q; +§;) = 0 on Z, q,(t,0)
prescribed.

The problem sequence for the typical inertial mode begins as
follows: :

By: iAQO'l—ZﬁXQm-l-V(Dm =0, V-Q, =o0;
boundary conditions: Q,,-fi = oon Z.

¥ a e i -~ A a -~ 62 ~

Byt 5@%0+2kxqm0—na—§?m1 =z§.qmo’

——%(ﬁ-fjml)+ﬁ-Vx(ﬁ X @mo) = O}
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boundary conditions: §,,0 = —Q, e’=t on 5, { = o,
§.0=0att=o.

o A .
TBE qmj~+2k XYy = '_Vq)ml'_dm,lQmedmt)
Vg =o0;

boundary conditions: fi- (qm1+ ) =0o0n3, qm1 =oat
t=o.

It would be simplest to assume that all functions appearing in
sequence (%) have the same exponential time behaviour, but
severe difficulties are encountered in this classical approach that
are none too easy to surmount. Trouble arises from the interchange
of limit processes involving E and { at positions of resonance on the
container surface. The present method is a little more satisfactory
because it avoids these snags, produces a better approximation for
the actual time-dependent boundary layers, and leads to the same
calculation for the decay factor 4,, , as the classical analysis. None
of these matters are considered herem and the parameter 4, ; is
determined in the easiest way available, even if an appeal must be
made to another method for justification.

2.6. The geostrophic mode
Problem &7 for ¢, and q,

k x q, = —Va,,
= “’“} (2.6.1)

V-qy =0,
with - fi = 0 on the boundary 3, is a special case of the general
inertial mode problem %, corresponding to A = o. Clearly then,
these functions do not vary in a period of revolution and this is the
basis for the assumed form of selution involving the longer time
scale T = Eit.

The curl of the momentum equation in (2.6.1) yields

(k-V)qy=0 (2;6.2}

showing, once more, that g, is a three-dimensional vector inde-
pendent of the height z. The motion is columnar; the entire
. vertical pillar of fluid from the lower surface z = —g, to the upper,
z = f, moves as a unit. :
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It is not difficult to solve (2.6.1) for the velocity in terms of the
pressure and the result is

qy = H(np—ng) x Vo, (2.6.3)

Here, n; and ng are the normal vectors to 3 at the points where the
top and bottom surfaces are pierced by the same vertical line. An
equivalent statement of the boundary condition, fi-q, = o, is then

fip(fig x Vo,) = (g x fig)- Vo, =0 (2.6.4)
and, since g, is independent of z, this can be rewritten as
k-Vo,x V(f+g) = o. (2.6.5)

This implies that the pressure is a function only of the total height,
h = £ g, with time acting as a parameter:

@ = @y(f+g,T) = @y(h, 7). (2.6.6)

The SPecia] case in which h is a constant, so that Vh = o and (2.6.5)
18 aUtomatically satisfied, is consideréd separately after a develop-
Tent of the general theory. (h is also designated as the total depth
Wwhen t_his seems more fitting.)

. . aving established the dependence of pressure on h, the velocity
is found ¢, be

@0 = =1 [ 98, | . (267)
izl:;e;hin _geos:crophic flow, a.cplumn of fluid of heigh-t h.n30ves
const ¢ interior of the container as a unit, always maintaining a

a0t length. The pressure plays the role of a stream function.
Viously, geostrophy can exist only when the container has
ﬁg.zd (f;:)‘n‘fours, €, of constant total he.ight h, as :chat shoxivn. in
ofa hi _’hls doesnot z-tlways occur a}nd a sunple- container consisting
for Whicnisphere rotatln.g aboujc a dlafneter on its flat s'urface is one
in this 0o geostrophic ﬂon is poss_lble. Constant-l%elght contours
fig. 2 Igeometry, as for the sliced cylinder configuration depicted in

**4> do not form closed stream lines. It turns out that in these
ons an infinite number of rather special low frequency
Wayes, called Rossby waves, arise to replace geostrophy.
Waves are studied in §§ 2.16 and 5.5.

close

configuryy;
inertia}
Rosshy
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The line contour € traced out on the bounding surface plays a
crucial role in the general theory and it is well to note that its unit

tangent vector is
g fip x fig np X 0y

[fp x fig] = [npx ng|®

Fig. 2.4. An arbitrary container configuration showing a column of constant
height and geostrophic contours. ‘

Furthermore, the circulation of the geostrophic velocity about €, is

I'th,7) = §@q0-ds = —i [%(po(h, T)]SEG |np x ng| ds,

(2.6.8)

a non-zero quantity. The geostrophic mode possesses circulation!
Problems 97, and .27, must be solved in order to study the viscous




46 THE THEORY OF ROTATING FLUIDS

effects on the basic geostrophic flow. Consider the former first:

P D 6
2k><q0-n~é“§q>1=a—§=2qo, (2.6.9)
- B @) +A-Tx (@ xF) =o, (2:6.10)

withqy+§, =0 on - { = o. This is the usual formulation for the
steady Ekman boundary layer, a special case of which appeared in
§2.3. The first equation arises from the requirement that the
tangential component of the interior velocity be reduced to zero at
the wall. The second equation determines the normal flux, fi-{y,
induced by this viscous layer which produces further interior
motion (problem 7).

Simple vector manipulations of (2.6.9) (and the fact thatfi- §, = o
in the layer) lead to the boundary layer equation governing the
tangential components of velocity:

62 2 ~ s~ 2IA o A ~ o~
B Atid) = BB B xq+ig).  (26.11)

"This has the solution
Bx o +ido = — {8 xqy i} oxp [~ (2in-K)HE], (2.6.12)
where the positive real-valued root is always implied and q, 7s

ezaluated on Z. The normal flux into the boundary layer is found by
integrating (2.6.10) and the following relationship holds az the wall,

{=o0:

f-§, =16-Vx {[ﬁ xq0+¥1f~qo] ]ﬁle—‘}} . (2.6.13)
|A-K| £=0

If the relative tangential wall velocity is % instead of zero, then
the value of the interior velocity g, on X should be replaced by the
corresponding value of g, —% in the two preceding formulas.

Although (2.6.13) was derived using the boundary layer co-
ordinate system (see p. 24), the vector formula is not restricted by
this choice and is of general validity. In other words, the final result
no longer depends on a particular method of extending a vector
defined only on Z into a vector function of position ¢. T'o prove this, .
assume that F is a vector defined on X alone and let #(x, y, z) be
any continuous vector function which has the property that # = F
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on 2. Furthermore, let §;, &, &; be orthogonal curvilinear co-
ordinates, with corresponding unit vectors 1;, 1,, 1, so that §; = con-
stant is the surface X, From the definition of the curl,

I

VxF lz 3§1

+12>< +13>< 37

hy 352 hy 38

it follows that on X, where 1; = i,

10 10
fi-VxF g F =iy F
BT %
Since normal derivatives do not appeat in this expression, & can
be replaced by its surface value so that
10

AVXF =1, %%F—il-z; =F

Therefore, the value of #i*V x % on X depends only on the surface
derivatives of F and not at all on the extended field. Hence, fi-V x F,
the right-hand side of the last equation, is a definite and uniquely
" defined quantity. As a practical mattef; the explicit calculation of
(2.6.13) is simple and certainly need not involve surface gradients
on the boundary. For example, q, and fi on £ are often given as
functions of x, y, z. In this case, qy(x, y, z) and fi(x, y) are also proper
vector functions of position (fields which obviously have the correct
form on X) and the calculation is then one of conventional vector
manipulation in cartesian co-ordinates.

The next step is to solve problem %

N d ‘
2k xqy = —Vq>1—a—a_rq0, (2.6.14)
V-q;=o, - (2.6.15)

with fi-q; = —-§, at the boundary { = o. The curl of (2.6.14)
reduces it to 3

10
Zh=3 ?EV X Q- | ‘ (2.6.16)

Upon integrating this, noting that (26 15) must be satisfied, we find
that

q,=Vx ( a_rq(,) +V xB(x,y,T). (2:6.17)
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A single equation relating q, and its time derivative is obtained by
applying Stokes’ theorem to the surface sections of the top and
bottom boundaries (z = f, z = —g) enclosed by contour € shown in
fig. 2.4. Let Zp, 2 denote these parts of = respectively, and let

nTan ds
"~ g x By

be the directed arc length along €. Since all véctors are independent
of z, then from (2.6.17) (exercising proper care for signs)

fnT qd3) = ff £ ds+3§ B-ds,
€

ds=

(2.6.18)
an qd3; = ‘4; gaq0 ds— fﬁ B-ds.
€
However, use of (2.6.13) implies that
[ iz = L6 |n-it (i xqy+a)-ds,
¢ (2.6.19)

A l” 1 A D _1sn
fn]B'qldzB = ;4;@ InB'k[_T‘.(nB Xqy—q,)* ds.

The replacement of these expressions in the preceding set and the
climination of the integral involving B, yields

—3€@ds'[(q0+ﬁTXQG)lﬁT'f‘l—%'l'(qo_‘ﬁBXqO)IﬁB'El—%]
§(f+g) -ds. (2.6.20)

Since ds X q, = 0 and f+ g = h, which is a constant on contour €,
(2.6.20) simplifies to

A A Ay 1 d
"‘§@ds’%(]nm'k]_%+[nB-kl—z') = hjgcga_qf -ds
| (2.6.21)

Finally, upon substituting equation (2.6.7) for the geostrophic
velocity q, this in turn becomes

_[_3%¢0@1,T)]3€€(m &+ [fig k| F)|ng x 0| ds
[ &

— |2 oyb,) 5(; |np xng| ds. (2.6.22)

| I——
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from which (8/0h) @, can be determined by integration. Thus

where  I(h) = Eﬁ@[nTanl([ﬁTi:]*%-i-[ﬁB-f:l—%) ds,

(2.6.24)
J(h) = hff;cs |nyp xng|ds,
and T = Eit.

The fundamental solution is completed by calculating the geo-
strophic velocity from (2.6.7). The function ¢4h,0o) remains un-
specified and must be determined from the initial conditions. Before
this can be done, the properties of the inertial modes must be set out.
The determination of VxB, and hence the final form of the
secondary motion q;, is obtained from (2.6.17) and the boundary
conditions at the top and bottom surfaces. However, the theory, at
this stage of development, provides only a formula for the velocity
components in the direction normal to the geostrophic contours. The

next order approximation is required to calculate the tangential

component. If
P q =V-Vv,

with v, x (fip X fig) = o, then it follows that

fip-v, = fig- Q| e+ bz— f)(nT VxZ qo)

A - , N 0
i v = Byl 3o 8) (B Vx L),

The two components of v, are determinable from this pair of
equations but this is left as an exercise, (see also §2.17).

The exponential factor in (2.6.23) is a function only of the total
height h, implying that the decay rate of a geostrophic flow varies
from contour to contour. This can be made the basis for a number of
elementary experiments. Greenspan and Howard[7s] compared
theory versus experiment for a container of variable depth consisting
of a cylindrical tank whose base is a cone of vertex angle 110°.
A geostrophic motion was produced by spin-up of the tank and
measurements were made of the time required for a float to come to
rest as a function of radial position. (Actually the top surface was

4 6To
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free and this necessitates a slight modification of the theory, but see
the cited reference for details.) The results of this experiment are
shown in fig. 2.5; the solid line is the theoretical value (for h = g)
of the e-folding time, i.e., exp —t/te;,

) 274\ ~1
to = E2Q-g (‘*[“ (%f) ] )

which is linear in r for the conical bottom. There does not seem to
be any significant difference between theory and experiment.

t, (sec)

r (cm)

Fig. 2.5. The e-folding time versus radius for spin-up in a cylinder
with a conical bottom of vertex angle 1x0°, [75],

To demonstrate geostrophic motion in an arbitrary configuration,
amore qualitative experiment can be performed. A non-symmetrical
football-shaped container similar to that in fig. 2.4 is rotated about
the vertical axis as shown in fig. 2.6 (a). When the interior fluid
rotation is rigid, ink is introduced into the container and the rotation
rateis then increased slightly. This initial state resolves itself mainly
into the geostrophic mode and fig. 2.6 (b) shows the ink traversing
that geostrophic contour, €, which passes through the entry orifice.
"The theoretical curve, taped on the container, appears as the solid
line. (No attempt has been made in this case to determine the decay



Q)

Fig. 2.6. (¢) An ovular container, similar to that in fig. 2.4, with geostrophic
contours marked on the surface. (5) Ink injected in one portal during spin-up
travels about the geostrophic contour. Three circuits were completed when the
photograph was made.

(facing p. 50)
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rate along €.) Looked at in another way, this experiment is seen
to be a demonstration of the Taylor-Proudman theorem because
the relative motion is small and essentially steady (for a long time
period) in the rotating co-ordinate system.

The general theory provides an explanation for the column
experimentshown infig. 1.1. There, constant-height contours above
the protuberance form a separate and distinct set of closed curves.
In spin-up, fluid particles can neither penetrate this region from the
outside nor escape from it and the two regions are separated by a
shear surface. The aluminium particles in suspension align in this
shear thereby causing a variation in the diffused light pattern which
makes the column visible.

2.7. Inertial waves
Consider now problem Z, for the inviscid inertial oscillations:
AQ+2kxQ+Vd =o0,) -
V-Q= o,}
with Q-fi = o on the boundary. (The subscript notation is omitted

for the present.) The complex velocity vector is expressible in terms
of the pressure as

(1—1A?) Q = 1k x VO —LiAVO _%\ﬁ(ﬁ-vm, (27.2)

(277.1)

 if A & 0, +2. The first exception, A = o, corresponds to the geo-
strophic mode discussed in the last section. The second exception
will be considered separately.

The problem for the pressure alone (studied by Poincaré[rs4]
and named after him by Cartan[zo]) is

V2 —% &-V)eEo=o, (27.3)

with  —A%-VO+4(h-k) (k- VO) +2i(k xA)- VO =0 (2.7-4)

on the boundary. Although the explicit determination of modes and
-~ frequencies for a particular configuration (e.g., the cylinder or
sphere) necessitates solving this boundary value problem for @,
the theoretical properties of the system are often more clearly
discerned and proved by retaining the velocity vector intact and
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using the original formulation, (2.7.1) et seq. No exception for
{A] = 2 need then be made.

Several properties of this eigenvalue problem are now established.
In what follows, the complex conjugate of a function  is denoted

by .

The eigenvalues N are real and |A] < 2

If (2.7.1) is multiplied by Q- and integrated over the volume of
the container, the result is

i?fo“-QdV—l-zfQ*-f;xQdV-—_ —JQT-V.d)dV.

Since Q' satisfies the divergence equation and Q'+fi = o on the
boundary, the right-hand side is easily shown to be zero. (Note in
particular that if (Q,7) is an eigenfunction—eigenvalue pair then so
is (Qf, —1).) Therefore

fQ"-fixQdV J‘fm[ﬁ‘QxQ’f]dV
A=21"— =—2

fQ*-QEv—_ ‘ fQ*-de . (27:5)

proving the first part of the theorem.
Let the velocity be expressed in terms of its real and imaginary

pars Q=Q,+iQs.
A simple bound for A, obtainable directly from (2.7.5), is then
lf{ . Q@ X Q jl dv

A <4+ . (2.7.6)
f (Qu Qpt Qs Q) dV

However,
2 [ &-Qax QA dV < 2 [|Qal 1041V < [((Qaf*+]Q 19OV

which upon replacement in (2.7.6) proves that

Al <2 (2-7-7)
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| Orthogonality

Let (Q,,A,), (Qu M) be any two eigenfunction—eigenvalue pairs
satisfying (2.7.1) for which A, & A,,. From the basic equations, the
following expressions can be arranged:

e
o aro b - qvor] 7Y

If these are added and integrated over the volume V, then since

Q- (k x Q)=-Q, (fi x QF), it follows that
(Pn=2n) f Q},-Q,dV =o.
But by assumption, A, = A,,; therefore
[on-Quar . (279)

In terms of the pressure alone, this orthogonality relationship can be
written as

' f dv[Vcbn-Vcb;H?\‘;\ (lE-VCDn)(lA;-VGD;z)]=o, (27.10)

an expression that is simpler to use in any specific computation
because the solution procedure invariably involves the determina-
tion of ®. On the other hand, (2.7.9) is more desirable from the
theoretical viewpoint. The presence of eigenvalues in the last
equation is a feature that makes the mathematical problem interest-
ing but also difficult.

If a velocity distribution consists only of a superposition of

inertial modes,
inertial modes Q, = %AQO, (2.7.11)

then the Fourier coefficients can be evaluated with the aid of
(2.7.9):
[ew-anav

= fora.ar

(2.7.12)
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In general, an arbitrary velocity distribution must involve geo-
strophic motion as well as inertial oscillations. The geostrophic .
mode, which corresponds to the totality of eigenfunctions having
zero as an eigenvalue, is certainly orthogonal to any other inertial
mode. But this is not sufficient! There must be some other distin-
guishing property that differentiates geostrophy from the inertial
oscillations if the complete synthesis of any initial distribution is
to be accomplished. In other words, how is the arbitrary function
@y(h, 0) in equations (2.6.7) and (2.6.23) to be determined? The
answer is contained in the mean circulation theorem. :

2.8. Mean circulation theorem
Define the depth-averaged velocity vector

@=[" e (28.)

which is a three component vector independent of the z co-ordinate.
"The basic equations can then be rewritten in terms of {Q). For
example,

;V'de = V{Q)— Qg (Vi—k)— Q- (Vg +k) =0,
(28.2)

where subscripts T or B indicate that the attached function is
evaluated at the top or bottom surface of the container.
"The boundary conditions

Q-ft =0 = Qp-(Vf-K),
=o= QB-(Vg+12>,}
allow the last equation to be simplified to :
V(@) =o. (2.8.4)

"The averaging of the momentum equations takes the form

(2.8.3)

@ +akx @ =~V ([ ;cb &2) + Oymet Oy, (28.5)
and in particular
AV x{Q) = Vx(Ppny)+V x (O ng);

(2-8.6)
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the normal vectors are those defined in (2.5.2). Application of
Stokes’ theorem to any section of the container surface 2" bounded
by a contour < implies that

17\§ {Q)- ds-fﬁ (DTnT-ds+§ Oy ng-ds.

Let <P be the geostrophic contour € defined in §2.6. This is the
surface contour corresponding to constant total height, f+g = h,
for which ng-ds = o = ng-ds. The right-hand side of the last
equation is then identically zero and

j€€ Q)-ds=o0 (2.8.7)

for A = o. The mean civculation about the geostrophic contour & is zero
for all inertial modes. Only the geostrophic mode can possess mean
circulation in the rotating co-ordinate system and this property
allows us to complete the synthesis of an arbitrary initial state of
motion. Note that since h is constant on €, the conventional
average, h—'{Q), may be used in (2.8.7).

If the container is one for which no closed, constant-height con-~
tours exist, then there is, of course, no simple geostrophic mode. In
this ‘case, the theorem does not hold and the inertial modes can
possess circulation. Indeed special inertial modes arise toreplace the
geostrophic flow, but-the study of these Rossby waves is deferred
for the present.

Let Q4(r) now represent aposs1ble velocity distribution inside
a container, and assume it to be a synthesis of all the natural modes,
inertial and geostrophic;

Qx(r) = qﬁ%% Q- (2.8.8)

The Fourier coefficients A,, are obtained from the orthogonality
integral and have already been given in (2.7.12).

The mean circulation theorem is used to determine q, as follows:,
Integrate over the depth to obtain

[" Quwydz =gy 3AncQ>

and compute the mean circulation about €,

£ (Qur-ds = § ayds
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The right-hand side of the last equation is the circulation of the
geostrophic flow recorded in (2.6.8) and it follows that

99, 2 . f
= —ij@(Q*) ds, (2.8.10)

where q, and J are given by (2.6.7) and (2.6.24) respectively. The
synthesis of an arbitrary distribution is thereby completed.

2.9. Viscous dissipation

The full solution, uniformly valid to O(E?) for a sufliciently long
time span to include spin-up, requires a determination of the decay
factor 4, ; appearing in (2.5.8). Accordingly, ptoblems %, and %,
P- 42, must be solved next, a laborious task only sketched here. The
approach follows that of Greenspanfy73] and Kudlick{zoo].

Problem %, is a typical calculation of an unsteady Ekman layer.
The boundary layer equation for the tangential velocity vector is

2 . P & o

7y o +20- K8 X G = 775 Gonoy (2:9-1)
with G+ Queint = U (2.92)
on { = o and the initial condition, §,,, = 0, at t = o. Here % is the
relative wall velocity in the general case (when sections of the
boundary have different speeds) although at present % = o. The

solution is obtained by Laplace transforms in a straightforward
manner. If the Laplace transform of a function y is

_ Ly} = f : eyt (2.9:3)
then
Go = ¥ YL(U* — i x U*}exp [ — (6+2if-k)} ]
+ %+ 10 x UF} exp [ — (6 — 210k} L]}, (2.9-4)
where U = U —Q,, et
and is evaluated on Z, { = o, and the square root has a positive
real value.

Once the boundary layer velocity has been found, the normal
flux is obtained by integrating

5 ) = 8V x (B ). (29-5)
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With % = o, fi-q,,; at { = ois an almost purely oscillatory function
of time except in the neighbourhood of certain critical curves on Z.
This calculation makes known the boundary condition for the next
problem and the secondary internal motion can now be determined.
(The time-dependent boundary layer for geostrophic motion is a
special case of this analysis and the examination of this particular
solution substantiates the statements made earlier, p. 41.)

We remarked previously that the factor 4,, ; can be evaluated by
classical methods if the inherent mathematical difficulties are
dismissed or, more accurately, ignored. The answer is correct and
may be justified by other means.

Consider then problem %, and let

Dy = Qi €. (2:9.6)
If E is zero, the boundary value problem is
V- Qm =0,
. A t } (2'9‘7)
17\m ‘le +2k x le = V(Dml - dm, 1 Qm

with fi-Q,,, a known function on the boundary. A formula for the
flux, given in [1o0], is

1-Q,.=Fu; (2.9.8)
F, = lim lm {~ f "BV x (A x3B,) dg}, (2.9.9)
B—>04—>dn 0

with B, = §(Q,—ift X Qu)lc—oexp (—+&: )

+HQu+i8 X Qp)lc—oexp(—42_L), (2.9.10)
and Ty =d+2if-k.
If (2.9.7) is multiplied by Q},- and the conjugate of (2.7.1) multi-
plied by Q,,;- (in the manner used to establish the orthogonality
relationship), the two may be added and integrated over the volume

to obtain
f QL-VO,, dV+ f Q- V0L V44, f Q,-QLdV —o.
(2.9.11)
Further simplification, using (2.9.8), leads to the result
- f o1 F, ds
Iy = ——=. (2.9.12)
[an-anay

S
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This is a necessary condition for the existence of a solution of the*
inhomogeneous boundary value problem, (2.9.7) et seq., when there
is a non-trivial homogeneous solution, in this case the eigenfunction
Q,. It is a familiar solvability requirement in all perturbed eigen-
value problems.

It can be determined after much algebraic reduction that

f ®;,F, d3 = 21—2 f A=z —(a-Ky1

X {[1"1]2 X Q,,,——il?-(),,,,l2 [6+|’~% (1 +&-)

[6.4]
+8-k x Q, +ik- Q[ [6_? (I +i~|§‘—|)}, (2.9.13)
where 6, =A,+2k-A.
In particular, this proves an important result:
Redy 1 < 0. (2.9.14)

All contained inertial modes decay in the spin-up time scale, t =E%.

This formula for 4,, ; can be checked experimentally for a number
of special container shapes and agreement, in general, is good.
A report of this confirmation appeats in §2.12.

2.10. The initial value problem: solution and critique

The interior solution of the initial value problem, accurate to
O(E?}) through the spin-up time, may now be determined in
many cases from the results of the preceding sections. The general
time-dependent solution for the velocity vector is

A(t,Y) = G5, 7, BH) -+ 3A,, Qu®) exp (A + B . (2.70.1)
If q(r,0) = qy(r), then

9(*) = Qo(%Y; 0) + 2B Qu(1)- (2-10.2)
The mean circulation theorem and orthogonality relationships are

used to evaluate the unknown quantities with the result that

I I(h) )
XV, T) = = ds) (ex —t X g}
(z.10.3)
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(I and J are defined in (2.6.24)) and '

qx-Q},dv

=Y (2.10.4)
fan-QndV '

Equations (2.6.23), (2.7.2) and (2.8.10) provide the relationship of
modal velocity and pressure functions.

The geostrophic mode, in a container whose surface is comprised
entirely of closed constant-height contours, is excited whenever the
initial velocity distribution possesses mean circulation. The com-
ponent of the initial flow that has no mean circulation stimulates
inertial modes, all of which decay in the spin-up time as does the
geostrophic mode. Viscosity, by means of the Ekman boundary
layer, strongly affects the interior regime through the processes of
momentum transport and vortex line stretching and not by the

~ diffusion of vorticity. This accounts for the comparatively short

time scale for the restoration of a disturbed flow to rigid rotation.
In view of the rather peculiar features of Poincaré’s problem,
attention must be directed to some of the important unanswered
mathematical questions. The most obvious of these concern the
completeness of the inviscid eigenfunctions and the nature of the
inviscid eigenvalue spectrum. If it were practical, the solution of the
general interior problem by Laplace transform methods (see [75]
and [192]) would automatically resolve these issues. Unfortunately,
this is a very difficult task even though the transformed boundary
value problem is well-set and a classic type, i.e., an elliptic dif-
ferential equation with mixed boundary conditions, It is for this
reason that the initial value problem was solved by a modal synthesis
and theuncertainties of thisapproachaccepted knowingly. Theextra-

_ordinary complexity of the inviscid limit process is also the root of

much difficulty. The extent to which there is a one-to-one corre-
spondence between the inviscid and viscous modes is not clear and,
in fact, the very existence of continuous inviscid modes in certain
configurations demands study (see Hoilands6], and Wood [2261).
The boundary layer approximation may require modification in
these cases when sharp corners exist and the effects of internal shear
layers associated with characteristics and eruptions from the surface
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should be determined. Subsequent analysis will provide a few of
the answers and many clues but the theory remains incomplete at
present.

2.11. Special cases

The restrictions on the motion are relaxed greatly when the total
height, h, is everywhere a constant since equation (2.6.5) is then
automatically satisfied. In this situation, the upper and lower sur-
faces of the vessel are of identical shapes but they are placed a fixed
vertical distance apart. The lateral surface of the container is a
vertical sidewall. The normal vectors to Z, at the points on the top
and bottom surfaces pierced by the same straight line, are anti-

parallel: ny(x,y) = —np(x, y). (2.11.1)
These vectors are functions of the horizontal co-ordinates only.
Hence, (2.6.3) becomes qo = inp x Vo, (2.11.2)

Geostrophic motion remains independent of the vertical height, z,
but every contour on the surface of the container is now one of
constant total height.

Equation (2.8.6) for the vorticity of the depth-averaged inertial

velocifyis @V x(Q))= V x [(®r— Op) nr]
and it follows that 0 Vx{Q) =o. (2.11.3)

If viscous corrections are ignored for the moment, then the
general velocity solution is ‘

q(t,t) = q(r)+ %Am Q,,(r) ek,

The Fourier coefficients are determined as before, from the ortho-
gonality integral, and qq(t) is obtained from the initial condition
q(r,0) = q(¥). Since :

(@) = By + SAn Q)
equation (2.11.3) is used to show that

ny-Vx{qy) = hng-Vxq (2.11.4)
and thisis thefundamental equation governing g, when h is constant.
"The boundary condition at the sidewall is

05,y = O,
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where ny, is the normal to this vertical surface. Thus, the complete
boundary value problem for the geostrophic pressure, 9,(x,y), is

b :
gnT-Vx(nTxV%) = Ny V X {Qg), (2.11.5)

with n;,* (np x Vop) = 0 (2.11.6)

at the sidewall. The system consists of an inhomogeneous elliptic
partial differential equation in two dimensions and a proper
boundary condition. In other words, the problem is well-set but
non-trivial. Motion in a cylindrical tank is one important example of
a flow of this type that is easy to solve, (see §2.15).

Equation (2.11.3) is really a special statement of the mean circula-
tion theorem. The theorem in this instance asserts that

fﬁqﬂQ)'dS = fﬁT-V *x{Q)dZ’ =0, (2.11.%)

for any contour °* on the container surface and the usual arguments
for integrals of this form lead directly to (2.11.3).

If only part of the container is of constant height, it is quite
possible that internal shear layers would be required to join the
solutions in the different regions. Containers possessing no closed
geostrophic contours receive attention in §§ 2.16 and 2.20.

Turning to another exception made in the analysis, we outline the
proof given in [xoc] that [A] = 2 is not an eigenvalue for a container
of finite volume. Let (Q,,,A,,), (Q,,, M) be any two different eigen-
function—eigenvalue pairs. From the basic equations for these
modes, it may be established that

VO, VO, = (4=A ) Qu- Q=5 o (&-V0,) (k- VO3,
. "M
+iA, QF-VO, —1A, Q,,-VOi,

The resultof integrating this expression over the container volume is

G —Aum) f Q.- Q}dV

- f {an-vm;‘,,Jr o &vo,) (ﬁ-vcb;;,)} av,
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whence, in particular,

) f Q,-QLdV = f {vqnm-vm;;ﬁ}\% £-vo,) (E-vcb;rn)} av.
| k (2.11.8)

If A2, = 4 and the velocity integral is finite, then the right-hand side
* is equated identically to zero which means that ®,, = constant. Itis
relatively easy to show next that a constant pressure implies a zero
velocity field:

An important effect rendered obscure by the omission of the
analytical details in previous sections concerns boundary layer
eruptions or resonances at certain critical curves on Z. It has been
noted by many authors that the ordinary Ekman boundary layer for
inertial oscillations becomes singular wherever the oscillation
frequency is related to the angular velocity by

A=20-Q.

Roberts and Stewartson[16s] analysed the steady flow in the neigh-
bourhood of a critical position in a special problem. Their analysis
included lateral shear terms and indicated that the boundary layer
structure changed locally from a characteristic thickness E# to E5.
This change would appear as a singularity in the linear theory.
However, the total effect of these eruptions on the interior flow is
evidently negligible compared to the Ekman layer flux. Of course,
the form of the asymptotic expansions beyond the lowest order
terms is probably dictated by the nature of this non-uniformity.
The analysis of Greenspan[y;] avoids some of the difficulty by
retaining the time-dependence and by taking limits judiciously.
Both analyses leave much to be desired (are non-linear terms
needed?) although it seems probable that eruptions are not signi-

ficant to the primary flow. The likely effect of the critical zones

might be to establish weak internal shear layers along the charac-

teristic direction, although surely not of the magnitude proposed by

Bondi and Lyttleton[12]. However, even weak shear layers could

provide a source of flow instability and in that way become signi-
ficant. In any event, non-uniformities do make uncertain the formal

method of continuing the analysis to terms of all orders.

Another mathematical aspect of interest concerns the inviscid
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_ eigenvalue problem for the inertial waves. The eigenvalue spectrum
for the interior problem will be shown in two cases, to be denumer-
able but dense in the interval |A| < 2 (see section 2.15). This is
solely a manifestation of non-uniform limit processes; the viscous
spectrum is really discrete. Actually, the entire concept upon which
the inviscid analysis is based, that each mode is sepatable into an
inviscid component and a boundary layer correction, breaks down
when the effective modal wave length is of the order of the boundary
layer thickness. The conclusion that the spectrum is dense results
from the failure of the asymptotic method to locate the eigenvalues
precisely. The approximation yields only the projection of the
correct eigenvalue position onto the real A axis; the projected
positions are dense.

2.12. Motion in a sphere

The spherical container provides an excellent illustration of the
general theory because the eigenmodes, eigenfrequencies, and
their viscous corrections may all be determined explicitly. Further-
more, this is also a convenient configuration for experimental
purposes as well as the natural geometry in many applications.

In this case, geostrophic contours are the circles on the sphere of
constant cylindrical radius, r, so that the geostrophic velocity has
only an azimuthal component. Since

f=g= (Ir—r2)%, (2.12.1)

(2.6.7) and (2.6.23) for the geostrophic velocity and pressure become

q,="06 (% —9% Po(ts o)) exp(—E¥(z—12)2t), (2.12:2)

and % Polt, t) = (3% Po(t; o)) exp(—E¥(z~12)21). (2.1233)

Poincaré’s problem for the modes, in eylindrical co-ordinates, is

10 00, 100, (_4)%P_
ror or ' r?0e? 25z = (2.12.4)

. oD 2 20 4) 00
with Tt et (I ~?\—2) Z5 =0 (2.12.5)
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on r2+z% = 1. Separable solutions can be found in the modified
‘oblate spheroidal’ co-ordinate system introduced by Bryan[rg]

3 .
r= (ﬁﬁ—ﬂz) (1 —p?)3,

(2.12.6)
they are :
Opinte = Va1, 2) 0 = Py PII(15) €92, (2.12.7)
where Comte = (T =372, )%

and A, is the mth eigenvalue solution of the transcendental
equation

EPE(IA) = 2(1 —7‘;—_) d — PIE (1), (2.12.8)

The eigenfunction is specified by an index triple (#,m, k); n and &
vary over all integers but # has a finite range,

m=1,.., V.
(Thesymbol, |k}, is used to achieve a minoralgebraicsimplification. )
It is important to note that on the surface of the sphere,
=c0s0, 7 =147 1Comm
all the functions Y, (m varying, #, k fixed) reduce to the same
2onal BAITIONE = B () P (co5 0), (232.9)

where O is the polar angle.

Let the eigenvalue A correspond to index k then (2.12.8) implies
that —A corresponds to index —%. The meaning is clear: inertial
modes are travelling waves, each propagates in a definite direction,
clockwise or counterclockwise about the rotation axis. There are no
standing oscillations. In general, the following relationships hold:

( mn?c! hk? 7\nmk’ Snm, 1) = (CD;zm—-Ic, q’nm——ka ™ Numn—te> d;wn—-k, 1)'
(2.12.10)
The last factor is the modal decay number introduced in (z.5.8).

The product of Legendre functions above, is really an elementary
polynomial in r and z. Toomre (see [1]) and Kudlick[roo] have given




LINEAR THEORIES 65

general polynomial formulas for sphetical and spheroidal modes;
the particular form for the sphere is

et~ (i) 0 ()"

2 Crmk

Vink

Mot o Mo
x T {o (-2 e 22 gyt ).

(2.12.i1)

4, 1,0

P
e 12
@, 1, 0)‘0 (8,2, 0) 0[S
| L -
f (10, 1, 0) N (10, 2, 0 (10,3, O[S (10, 4, O &
| 0 h ) SRS
N DR D s

Fig. 2.7. Circulation patterns for the Jow order spherical modes.

(o if n—|k|iseven,
Heﬁe nk =

1 if n—|k]is odd;
Mnk =n— lkl aal 2

| and 1);, j = 1,..., W, are the n—|k| —e,;, real distinct zeros of

; Pi¥i(y), in the interval (o, 1), excluding §) = o and ) = 1. Some of the
axially symmetric modes are illustrated in fig. 2.7.

It is advantageous to express the general orthogonality integral

5

GTO



66 THE THEORY OF ROTATING FLUIDS

(2.7.10), in terms of the newly defined functions. A particularly
useful form is

o0, @ k2
rdrdz g \ank 3_1‘ \Pn'm’k + r_g ‘Vnmk ‘Fn’m’lc

_ 4 Oy 2 —o, (
+ (1 +7\nmk7\n'm'k) P Y e P ‘Pn,m,k} =0, (2.12.12)
for (n,m) + (n',m"). Modes associated with different absolute values
of the index £ are orthogonal by virtue of the relationship

2 .
j expi(b-+¥)0d8 =0, F 4 —F.
0 .

General results for the ellipsoidal container, comparable. to the
foregoing, have been obtained by Kudlick[zoo], and in specific
instances by Hough[88], and Cartan[zg].

The computation of viscous effects, specifically the modal decay
factor according to (2.9.12) and (2.9.13), is laborious but straight-
forward. Table 2.1 lists some of the numerical results and the
experimental findings to date.

Table 2.1
Experimental
Mode : values
identification  Eigenvalue Decay Factor ‘ S
(n, m, k) Anmk Fpm, 1 - Re dnmp,1
(2, 1, 1) 10 —2'62+ 02591 10 —282
(4, 1,0) 1'309 ~338-+04341 1°302 —388
(4, 1, 1) o820 —3-8740°3151 — —
4,2, 1) : 1708 —2+64+0'504i — —
(4, 3, 1) o612 —3-95+0180i - — —_
®, 1, 0) 0'938 —4.64+ 03201 0935 —5°17
(6, 2,0) 1-660 —3-50+0°568i — —
(8, 1, 0) 0726 —5-62+02661 0724 —6:32
(8,2,0) 1354 —4-87+04871 — —
(8,3,0 1-800 —3'53 406321 — —

The first of these modes, (2, 1, 1), is especially interesting since it
represents rigid rotation about an axis other than the rotation axis -
of the sphere itself. This is, of course, a2 non-trivial inviscid mode
when viewed in the co-ordinate system of the rotating sphere and it
has, at times, been called the spin-over mode. Practically speaking
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it is the easiest mode to excite, for all that is required is a slight
impulsive change in the direction of the rotation axis of a rigidly
rotating sphere. The experimental value of the decay factor quoted
above was determined in this manner by W. Malkus (private com-
munication) and W. G. Wing (an internal report of the Sperry Rand
Corp.). Precession may be viewed as a sequence of infinitesimal

02 - .
TG 1,0 © 1,0
1. 3
4,1, 0 1 ' (10, 1, 0)
o
b— P d e
9 ob
- ola ol
g 21 b i o [} B
3 0 1 o o o : oo oo =] owo
5 o o o o o oo 000
4 ofo of 9090 e
E‘ of © o o oo
- ° 90500 . .
ol o o ,
. - .
00 ST x ;
0-5 0764 1-066 1-377 - 1691 2:0
A1

Fig. 2.8. Peak to peak arplitude versus 1/A showing the resonance of the sym-
metric spherical modes. Oscillation amiplitude is 8°; measurements were made at
the céntre of the sphere, [11.

changes of this sort and it is anticipated that this mode will play a
key role in that problem. For this reason, the specific form of the
eigenfunction is recorded now: ’

Your = 12 (2.12.13)

The velocity and pressure are . ' .
Quyy €t = ei®4) (28 +izB — 1K), Dy elt = irzel®HD.  (2.12.14)
Aldridge and Toomre[:] used a somewhat novel procedure to
resonate the inertial modes in a'sphere. A sphere was subjected to
a small oscillation as it (and the oscillator too) rotated with constant
speed. The pressure response was then measured as the forcing
frequency was varied over a wide range. Fig. 2.8, exhibiting the

; 5oz
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reduced pressure at the pole versus excitation frequency, shows
definite resonance peaks at the eigenvalue positions predicted by
theory. The mechanics of the resonance ate simple. The oscillating
sphere produces an oscillating Ekman layer which in turn establishes
a small normal flux at the boundary forcing internal motion. At
certain frequencies, this time-dependent flux is tuned with the
interior modes and resonance follows. The eigenfrequencies are
located rather precisely and the agreement with theory is excellent.
Once the system is resonating, the excitation is stopped and a record
is made of the time decay of the oscillation. This affords an accurate -
means of determining the exponential decay factor. The width of
the response curves provides another method (but a less accurate
one) of calculating the same number. The values obtained are in
good agreement with theory but do show slight discrepancies,
always in the direction of a faster decay time. Some instability or
turbulence in the boundary layer could account for this error by
raising the effective value of the kinematic viscosity in this region.
The most recent observations do indicate some striations in the
boundary layer but the flow appears to be essentially laminar.
However, agreement is close enough to make this an issue of low
priority for present purposes and it will not be pursued any further.

It should also be noted that there is no evidence from these
experiments, as yet, of any eruptions in the viscous layer at critical
latitudes.

The theory of forced oscillations in a sphere is developed in
§2.14 and formulas appear there for the pressure response and peak
amplitude. In particular, these results will provide a complete
analytical basis for the experiments just described. ’

2.13. Precession and the problem of forced motions

Consider the motion of a fluid completely filling a closed, rapidly
rotating container which is moved about its mass centre non-
uniformly. (The flow within a rotating, precessing spheroid is a
typical problem of interest.) Departures from a state of rigid rotation
are assumed small and the entire container surface is to be an
envelope of closed contours of constant total height.

The choice of a co-ordinate system to describe the fluid motion
determines the manner in which the applied forces and torques
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appear as inhomogeneities in the equations of motion. If the con-
tainer is non-symmetric and of rather arbitrary shape, then a system
of axes fixed in the body is really the only feasible one to employ.
However, for certain symmetrical shapes, other co-ordinate frames
can be used, but in any case the analytical description of the con-
tainer surface, its position in space, should not involve the time.

Let (x,y,2) be a co-ordinate system fixed in a container which
rotates with a prescribed time-dependent angular velocity £(t). Since
the rotation vector is assumed to be nearly constant in inertial space,
it may also be represented in the body frame as

Q(t) = Q(k +¢5(t)) (2.13.1)

where the unit vector k defines the z direction, 8(t) is the departure
from rigid rotation and ¢ is small.

The boundary value problem can be made dimensionless using
[L, 272, eQL] to characterize the length of the container, the time,
and the excess fluid velocity. Any externally applied conservative
forces are combined with the centrifugal acceleration to form the
reduced pressure. Therefore, the dimensionless boundary value
problem? is

V-q=o,

0 ~ 2.13.2)
-3—tq+eq-Vq+2(k+88(t))xq'=—Vp+txdit5+EV2q,} (2-13-2)

withq = oon 3;q = qgatt = oand E = v/QL2. The linear theory
is obtained by setting the Rossby number, ¢, equal to zero.

The unforced initial value problem, §(t) = o in (2.13.2), has
already been solved in §2.10, but the contribution to the final
motion from this source is unimportant because the original state is
dissipated in the time scale E-%. After the spin-up time has elapsed,
only the direct response to the inertial body force remains. It is
sufficient to determine a particular solution of the forced motion
problem for this can then be added to the general solution of the
homogeneous initial value problem to obtain the general solution
of the complete boundary value problem.

The effects of viscosity are often of secondary importance in

1 See the footnote on p. 6.
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problems involving a non-conservative force field. Consider then,

the response of an inviscid fluid to an oscillatory body force
N(z)elet,

(The response to a general time-dependent body force can be found
by the principle of superposition—a Fourier integral over all
frequencies.) Hence, a particular solution of the following boundary
value problem is required:

V:q=o,

;}:q_l_zii xq:—-Vp—{—@eNeiat, (2'13'3)

with q-fi = 0 on X. This can be determined by setting
q = Qe
p = %ed ei“t,}
so that V:Q=o,
' i0Q+2kxQ = —V(D+N,}
with Q=0 onZ

The velocity is assumed to be a superposition of all the modal
amplitude functions, inertial and geostrophic:

Q= qﬁ%iBan;; (2.13.6)

the boundary condition is then automatically satisfied, as is the
continuity equation. The substitution of this expression in (2.13.5)
and the determination of the coefficients B,, using the known ortho-
gonality properties of the modes yields

fN-wQ;ndv
a—4) [ Qu-QpaV |

The function q, is obtained from the mean circulation theorem and
the result is the same as replacing gy and 7 in (2.10.3) by N/ia and
Ze10:

(2.13-4)

(2-13.5)

B=

m

(2.13.5)

Q= n%;(}?)_B €'<N>-ds. (2-13.8)

Unless the frequency a is close to an eigenvalue A,,, we may take
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4y, = iA,, with no loss of accuracy. However, at a resonance setting,
the inclusion of the viscous decay factor is necessary to maintain
a finite, viscosity limited, resonant amplitude.

The fluid motion inside an arbitrarily shaped precessing con-
tainer can now be found, but for definiteness, we shall focus our
attention on the following practical problem. The container is
firmly fixed on turntable 4 in fig. 2.9, which is itself mounted upon
another, B. Both tables revolve at constant speeds; 4 with frequency
Q and B with frequency w. Initially, 4 rests squarely upon B so that
the rotation vectors £ and e are in the same direction, The rigidly

L]
L.

(a) ‘ | &)

Fig. 2.9. Laboratory arrangement for precession. The rotation rates of turntables
A and B are () and w. Precession is initiated by tilting table 4 through angle c.

rotating fluid is disturbed by impulsively lifting or tilting 4 through
a small angle «, as shown. The container then begins to precess in
the required manner,

Denote by ©_ and £, the vector & just before and after the
impulsive change in inclination angle. The original state of rigid
fluid rotation must be reconciled with the new orientation of the
shell and a potential flow develops instantaneously to adjust the
velocity to the new boundary conditions. As viewed from the
laboratory frame, the velocity of the shell changes from (w 4
to (w+R,)xt. Thus, the particle velocity immediately after the
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switch is representable in the inertial frame as
q(t,0.) = VA+({w+8_)x1.

The boundary condition requires ‘
fi-q(r,0,) = (w+,)xt-f onZ

so that VA=, -Q_ )xr-l on X

is the appropriate constraint for the potential flow:

VA =o.

Once A is known, the initial condition in any reference frame is
readily deduced.
In a co-ordinate system fixed in the container,

Q=9 =0k,
and ® = —wsina (sin Qti+cos Qtj)+wcosqﬁ.
Hence
2(t) = Q+v = (Q+wcosa)k+wsina (sin Ot i+cos Ot J),

and the following identifications with (2.13.1) can be made if « is
small and o = Q/(w+ Q): 2 = Q+w; e = oa;

I—

Uc(sincti+cos ot j). (2.13.9)

8(t) = -

The linear form of the inviscid momentum equation (2.13.2) is then

2 .
’é{q+2k xq==—Vp—(1—0)(—cosoti+sinotj)xr.

(2.13.10)
This compares exactly with (2.13.3) by setting

= G’ »
N=(1—0) ieie(zf_!_izé ——rf;) ;} (2.13.11)
here a change to cylindrical co-ordinates has been introduced.

1 Actually, the explicit determination of A is not required because the solution
of the initial value problem depends primarily on the structure of the original
vorticity field. Since there is no vorticity in a potential motion, this component
of the initial flow has a zero effect on the calculation of the velocity as a super-
position of normal modes, a procedure detailed in § 2.10.
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If the container is a sphere, then N is actually proportional to the
eigenfunction Qyy, identified in (2.12.14) of the last section. This
mode is designated simply as Q, for present purposes and the
corresponding eigenvalue by

4y = dgy1 = i—E¥(2-62 —0-2501).
It follows directly from (2.13.7) that all the amplitude coefficients
B,, are zero for m + 1 and

1—0
B, =

" 1—0+iE¥(2:62 —0-259i)"

This equation is most useful when the sphere precesses very slowly,
ie,I1—o= ZO% = O(E?), and the excitation and modal frequencies

are almost identical. However, if o is not unity or nearly so, then we
may set E = o with no loss of accuracy. In this case the velocity is
q = — Re ei®+o0(zf 1 iz 6 — k),
which is a representation of rigid rotation about the original rotation
axis w4+ _, viewed from axes fived in the body. Of course, in the
absence of viscosity, a spherical shell cannot communicate any of
its rotational motion to the interior fluid which remains unaffected.
Consideration of boundary layer effects is required to determine
the nature of the forced flow. The internal motion driven by the
small Ekman layer flux can still be of unit magnitude in conditions
that produce resonance and this will be discussed shortly.
Consider next the precession of a spheroidal casing
g2
B3R

and take r, to be the characteristic Iength L so that in dimensionless
notation 2 is 2
) 1‘2+1'—% =1, (ly=2/r)-
Kudlick[zoo] found all the inertial modes for this configuration,
following the procedure developed in[73]. The mode most affected
by the motion of the shell, when both the eccentricity, ey, and the
precession frequency are small, is that one which reduces to Qyy,
or N when ey = o. This is the mode
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Whose inviscid elgenvalue is

I+e*' I

A=2 =—1I.
2+e*’ O =

2
The decay factor is also a function of eccentricity, i.e.,

LItep g
4 =2i——=+Ezg (e
2+ey ,1( %6)’

30 L —Redana

20

i Zs , |
N v 20 0

—04 e

!

Fig. 2.70, The dependence on eccentricity of the eigenvalue and decay factor of -
spheroidal mode (2, 1, 1).

and 4 y(ey) is shown in fig. 2.x0. It follows that the amplitude is

1BA
_17\(1 +2 7\)

(‘ +(21 g—A;)Z) |

For small values of ey, O(ey) terms can be neglected when compared
directly with terms of O(1). The decay factor for the sphere may
then replace 4 ; so that

~ (e O £ 2 P PRPRNRL
Bz (z—0) [0' 2 (2+e*) Ezi(2-62—0 2,591)] . N
‘ (2.13.13)

I+ey .
B=(1-0) [c—z m:i;+1E%d, 1(3%)]
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A ‘resonance’ is produced when

¢ 2(1 ﬂ—e*)
2+eﬂe

and the amplitude is then limited only by viscous processes. Since
€y is small, this condition is approximately

showing that large amplitudes can result from a slow retrograde
precession. This result was obtained by Stewartson and Roberts [166,
192] using a procedure based on the Laplace tranéform Resonance
of the higher modes occurs at larger precession frequenc1es, but we
will deal with this in §3.9.

As a final example, consider an axially symmetric container
rotating uniformly but also escillating slightly about its symmetry
axis. In the laboratory arrangement shown in fig. 2.9 (a), table 4
rotates uniformly but B oscillates so that

w =0 sinowt k.
Hence 2(t) = Q(r +esinwt) k

and in the notation of (2.13.1) (suitably scaled)
8(t) =sin Z t k.
The forcing function appearing in (2.13,3) is now

7 N= —%fixt (2.13.14)
and the frequency is a = «/Q). For symmetrical container ;shape‘s,
N is a geostrophic amplitude function and accordingly must be
orthogonal to all the inertial modes. The solution of the problem
in this case is determined from (2.13.8):

q = Beik x v, (2.13.15)

- Obviously, very little information has been obtained because in the
last equation q is just the scaled form of —e x . The oscillation has
~ been removed from the problem leaving a primary velocity that is
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simply one of rigid rotation in éneriial space at frequency Q, i.e.
€ x t. This is reasonable because the interaction of the symmetric
casing with the fluid is here a purely viscous process; the shell does
not push the liquid about. It is then essential to determine the
secondary circulation established by the Ekman layer by correcting
(2-13.15) for viscosity at the surface Z. A large interior flow can still
be produced if the boundary layer suction is in tune with or
resonates an inertial mode. Equation (2.13.15) really implies that
the co-ordinate system rotating with angular speed Q is just as
appropriate as the body frame for the analysis of this particular type
of oscillation.

It becomes imperative to study the problem wherein circulations
are produced by the boundary layers alone. When motion is forced
by suction at the bounding surface, the general inviscid boundary
value problem consists of the homogeneous form of (2.13.3) with

q:i = #eF el on 2.
As before, only excitation at a single frequency a need be considered.
The production of resonant modes by oscillating a rotating con-
tainer is formulated as a problem of this type, as is any calculation of
a secondary circulation.
The solution of (2.13.15) with N = o is required subject to the
condition Qi=F onZ (2.13.16)

One method is to convert the. inhomogeneous boundary condition
into a body force and to apply the results developed earlier. A general
approach would be to determine a particular function Qp having
the properties

V-Qpo=0 and Qpi=F on 2.

For definiteness, Qp is assumed to be a potential flow,
VxQp=o.
By setting Q=Q+Q,
it follows that Q' satisfies the boundary value problem (z-13.5) with
N = —(iaQp+2k x Qp).
The desired conversion is obtained. 'The solution is then
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where the coefficients are determined from (2.13.7) and (2.13.8). It
follows that

. u
D= gy R an(FT |np} + F [ng]) d=p,
f o}, Fds (2.13.17)

Ga—4,) f Qu-QhdV’

where 2, is the projection onto the x, y plane of the area bounded
by contour €. This is a particularly useful form to compute the
‘resonant response that occurs when a = A, an inviscid eigenvalue.
The simplest way to calculate the viscosity limited modal amplitude
is to include the O(E%) viscous correction to 4, in the above
formula.

It may not be an easy matter to find Qp, and a direct appreach
would be useful. For certain symmetrical containers rotating
about their symmetry axes, another method of solving the problem,
based on the natural modes, was devised in[73] and extended
infroo}.

This approach employs the pressure as the primary varlable and
utilizes the expansion

D = gq(x, y)+%Am D,(¢). (2.13.18)

~ Here g, is the geostrophic pressure and ®,, is the pressure amplitude
function of the mth inertial mode. The fluid velocity cannot be
represented so simply as a superposition of modes Q,, because the
boundary condition is inhomogeneous.

If the rotation axis is also a symmetry axis of the contamer, then,
with considerable effort, it is possible to determine the response of
the geostrophic component, ¢,, separately from that of the inertial
waves. The following relationship can be established:

2h(r) og,

fﬁ @-ds = 225 ahff; |y x 1| ds

= 2 [ (el B | F) 4.
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To obtain the amplitudes of the inertial modes in a symmetric
container, an infinite system of linear equations must be solved:

Ad, +21 ngm(a ;\‘mlf; )fcbm & x V0, ds

=10 (1 7%2) J‘CD}FdZ, (2.13.19)

forj =1,2,...,where
4 fdv[ N vay 4 (02 Ve vq>+xk]

By utilizing the representation
O; =Y(r,z) e,

the equations reduce to relationships only among those modes

having the same index j. ‘This can mean that the system re-

duces to finite order as it indeed does when the container is a

spheroid. The particular calculation for the sphere is given in the

next section and the details for the spheroid are found in[roc).

Stewartson and Roberts[166, 192] analysed the same problem by
" transform methods.

A solution completely in terms of the natural modes may not be
the best or most suitable representation for every rotating fluid
motion. Since the inviscid equations are, after all, hyperbolic, con-
tained flows can and do exhibit weak spatial ‘discontinuities’ in the
fluid interior. (Witness the flow pattern of fig. 1.3.) It is well known
that the Fourier synthesis of a function with discontinuities is very
inefficient. Wood[226] studied the inviscid limit of the viscous
problem for the non-resondnt precession of a cylinder. The in-
terior flow is shown to be weakly discontinuous across character-
istics which emanate from the corner regions and the pattern
formed is extremely sensitive to the dimensions of the container.
Convergence of the modal series must be equally sensitive.

2.14. Resonance in a sphere

The theory of the last section can be 111ustrated by considering /
the resonant oscillations in a sphere, Greenspan[7s]..
Suppose the sphere moves about its fixed centre in a definite
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manner but that this motion is viewed from a co-ordinate system
which rotates with uniform angular velocity @ as described on P75
"The spherical shell appears then to be slipping on the surface of the
contained fluid mass. 'The boundary layers on the container surface
excite the internal modes by means of a small induced mass flux
and the boundary condition on X for the inviscid interior velocity
has the general form

q-fi = ru}iw =F(8,0,t), (2.14.1)

where @ is the polar angle. The function F(8, 9, t) is made known by
a boundary layer analysis that relates the induced flux to the pre-
scribed container motion. It is sufficient to consider the response to
an excitation of the form

| Fy(0) 470}

the arbitrary function in (2.14.1) can be constructed from a com~
plete superposition of these individual components.
Let the velocity of the spherical surface be
U = U r,z) expi(kO+at). (2.14.2)
The corresponding boundary layer .velocity is calculated from
{2:9.4) to be
q = 3(¥ it x U) exp{—(i[a+2cos O] &}

+3(% +it x U)exp{—(i[a~2cosONEE} (2.14.3)

and the induced mass flux is '

F(®) expi(k8+at) = —E# f "A-Vx(Ax§)dl  (2.14.4)
. 0

The flux is O(E?) because the interaction between the container
and the fluid is purely viscous. With F;(®) identified, the particular
form of (2.13.19) can be written explicitly using the formula for the
modes, (2.12.7):

Cbnmk = \Ynmk el? = PZG ﬂ(”?/ cnmk) Pj’iﬁ l(‘u) eik®,

The complete triple index notation is used; for definite values of #
and %, index m varies between one and an integer V1,,;,, which repre-
sents thetotal number of acceptable eigenvalues. The eigenfunctions
‘corresponding to these indices all reduce to the same zonal harmonic
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on the surface of the sphere. This enables the following surface
integral to be evaluated simply:

f s Vv $10 O dO
0

2 (n+|k])!
= 2an-+1 gn—.__llk %] Plﬂf I(%Amnk) P]ﬁ l(%xn’m'k) Snn"

With this information, (2.13.19) is expressible as (see [73])
Y (=R (A= Are) (2 [E])!
At St — 4 3, A gt T
nands o — 4 -—Zl Amk C(Z(?\njk"'?\nmk) (71-— lk I)'

g
jEm

le]: I(%Am'k)ch l(%Anmk) _ (4 _,,az) i mne
D ells (Phos) _ 20 [T, (0)¥,sin dO,

m=1I, '-',Mnlca (2145)

where d,,z = (J—-l J¢ Yidea
ere ke = 4 A?&mk C(2 oz nmk | LArdz

2k ((’I_‘«L) f Y25 @ 0. (2.14.6)
0

7\nmk
* There are then just YI,; equations in the W, unknowns, A,z

nl
#m = 1,..., ¥, and the system is exactly soluble. The amplitude
coeflicients are determined in a straightforward manner.

Upon inspection of these formulas, we conclude that resonance
occurs whenever the excitation frequency, a, is a characteristic
value, A,,. However, viscous processes maintain a finite amplitude
response at all times. The appropriate viscous corrections may be
included in all the preceding equations simply by replacing A,,, the
inviscid eigenvalue, by the more precise value, —id,, = A,,—iE%g,, ;.

In the case of axially symmetric motion, % = o, the solution is
particularly simple because the equations (2.14.5) uncouple. The
experiments of Aldridge and Toomre[1] utilize an axially sym-
metric oscillation to resonate the interior fluid and the amplitude
responses in this situation can now be completely determined.

As a concrete illustration, let the motion of the boundary be

U =k xre% =sin® 40, - (2.14.7)

which is, of course, entirely in the circumferential direction. The
first step is to determine the normal flux into the Ekman layer
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established by boundary motion and this computation is similar to
that in §2.9. Since & = o, the modal amplitudes can be calculated
separately (see also (2.13.17)). The subscript notation may be
dropped; y can then represent an arbitrary mode, A, its amplitude,
and A, the corresponding eigenvalue. FHence, (2.14.5) becomes

a? aNEEF 1
A = — —"g' —_— e—-*—ua—”————rl . .
* (I 4)(a+7\)(a——7\)12’ (2148)
where Il=j d@%si&@:|a+2cos®|’?’—|a—2cqé®|*%
0

_.[ a+2rcos®_ a—2cos® ]} (2.14.9)
la+2cos@®|F |a—2cos@E])” 4.9

2
I, =ff(%::) rdrdz.

The last integration is over the volume of the unit sphere.
Consider the resonance of the mode

Y =Yyo = 22— Lzt — 21222 4 1% — 41t
for which Ay = 1°309, dyq,1 = —3°38+04341. To compute the
resonant amplitude, the excitation frequency is taken to be
0= Agp
and A in (2.14.8) is replaced by the complete eigenvalue —idyyy;i.e.,
—idgo = Aygo—iE3dyq 5.
The integrations are elementary and the result is
A=Ay, =0452+0055L

The results of Aldridge and Toomre[x] show that the theoretical
and experimental values for the pressure amplitude are in excellent
agreement as the value of the Rossby number is reduced towards
zero. Experimental values are always less than those predicted, but
the discrepancies do not require further attention.

~ 2.15. Motion in a cylinder

The cylindrical container provides another excellent illustration
of the general theory in the special case (see §2.11) in which the
total height, h, is everywhere constant, i.e., h = 1. This problem was

6 GTO
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first studied by Kelvin[os], later by Bjerknes and Solbergfo] and by
many others since then.
Geostrophic motion in this geometry is two-dimensional, as

always, with q, = 1k x Vo, (2.15.1)
The governing equation, (2.1 1.5), reduces to
V2, = 2K+ V x {qy) :  (2.15.2)

and the boundary condition at the lateral surface, r=a, is

(8/88) @y = 0 or simply 94(a,8) = o. | (2.15.3)

Rotational constraints on motion of this type are considerably

relaxed. Any surface contour is a geostrophic contour and the
nature of the geostrophic flow depends entirely on the initial setting.

The boundary value problem for the inviscid inertial oscillations,
@ e, consists of equation (2.12.4) once again with the particular

boundary conditions
o) .
By =0 OB Z=0z=1;
2.15.
o0 220 . 154
7\_- += =0 on r=a.
r 26 .

Solutions of this eigenvalue problem, defermined by the method of
separation of variables, are .

@ il 0,2) = 7/ con ) exp (), (2-15.5)
fork=ocandn, k=11, +2,...;
Romss = 21+ Eb a4 (2.15.6)

and &,,.;; is the mth positive solution of the transcendental equétion
; 4. ‘ ,
£z Im@)+h( +& Pt} ] (€) = o (2.15.7)

The negative eigenvalues are obtained using the fact that —A corre-~
sponds to —k if A corresponds to & so that the calculation of all
positive eigenvalues completely determines the spectrum. The same
value of A does not in general correspond to both + & and the modal
solutions represent propagating waves.

Some of the remarks made in §2.11 can now be substantiatéd.
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For example, from the nature of the eigenvalue equation, it is not
difficult to show that the inviscid spectrum is denumerable but
dense in the interval |A| < 2. This conclusion does not pertain to
the real viscous spectrum because the basic concept of the boundary

layer theory, that each mode is separable into an inviscid component

and a boundary layer perturbation, fails when the effective wave

length of the oscillation is of the order of the boundary layer thick-
ness, E%, The error made by neglecting viscosity in the interior can

be estimated roughly upon substituting

p=] o(gr/a) eltnmz1at)

into the exact pressure equation (2.2.2) and by then determining
A in terms of &. Tt follows that

A = 2(1 + £2/nPm2a?) 3 +iE(nPn? + £2/47).
The first term is essentially the inviscid eigenvalue; the correction
is of a comparable magnitude when the modal wave number, «,
is large, K = (m?m?+£2/a?)t = E-5.
Hence, viscous effects are very important when the modal wave
length is small. The correction indicates that true eigenvalue posi-
tions are displaced from the real axis, approaching iooc as £ or #
becomes large. Therefore, a dense spectrum arises because
lim lim %+ lim lim .

En—>w B0 E—=0En>o0 .-
The inviscid approximation, E = o, locates only the projection of
the exact eigenvalue position onto the real axis and it is the projected
positions that constitute a dense set. Similar conclusions un-
doubtedly hold for all configurations. The situation in the neigh-
bourhood of the origin, A = o, has not been fully explored.

An experiment by Fultz[6c], designed to resonate the axially
symmetric modes, k = o0, yielded measurements of frequency in
remarkable agreement with theoretical predictions. Resonance was
produced by varying the frequency of a small oscillating disk, placed
strategically within the cylinder. Several criteria for resonance were
employed, although the maximum response was quite sensitive to
frequency changes and could be located very accurately, The
findings are presented in the accompanying table. Figs. 2.11 and
2.12 show typical modal oscillations.

62
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Table 2.2
. Eigenvalue
Mode a= radius —

(n, m, B) height Theory Experiment

(1,1, 0) 2'0 1708 . 1754

0667 0'059 0966

‘04 0623 o617

(x, 2, 0) 20 1487 1°351

0667 - 0572 o581

0286 0254 0253

(1, 3;0) 2:0 1051 1-052

) 1o 0°590 0'595

o4 0245 0243

(1,4, 0) o5 0234 0234

(2, 1,0) 2'0 1-913 1923

o4 1°096 1099

(2,2, 0) 0667 . 1025 1:020

o4 0674 0676

(3, 1,0) 10 1852 1-887

o4 1402 1°408

Unfortunately, no measurements were made by Fultz of the viscous
decay rate nor have any appeared since. The theoretical boundary
layer corrections due to the top and bottom walls of the container
can be determined as in previous sections. However, the boundary
layer at the sidewall has a radically different structure from the
Ekman layer because it evolves from a more subtle balance of forces
than that of Coriolis force versus pressure gradient. Vertical shear
layers are studied at great length in §2.18; their role in the viscous
dissipation process has only recently been examined by Kud-
lick[xoo]. The spin-up time still characterizes the dissipation rate of
both geostrophic and inertial modes. However, as the radius of the
cylinder is increased, the dissipation time for the inertial modes
becomes progressively larger and ultimately is E~1 for the configura-
tion of infinite concentric disks. This accounts for the three phases
of spin-up in that idealized geometry, the last at t == E-* being the
viscous decay of residual modal oscillations. Fig. 2.13 shows the
eigenvalue and decay factor versus a for the first mode (1, 1,0).
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. Fig. 2.13. Eigenvalue and decay factor for the cylindrical
mode (1, 1, 0) versus the radius of the tank.

2.16. Rossby waves: part one

The general theory applies to any container that is a smooth
envelope of closed geostrophic contours. However, it is easy to con-
struct shapes for which there are no such closed curves of constant
height and the question then immediately arises as to how the
theory should be modified. Significant new effects appear and these
concern us NOw.:

Consider the container shown in fig. 2.14 (which shall be called
a ‘sliced cylinder’) where the inclination angle, «, is small but
« > Et. For definiteness, let the top surface be z = 1, and

z=ytana
be the equation of the base plate. There are no closed contours of
constant height in this configuration and no geostrophic mode is
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possible. However, geostrophic motion in the special case of the
right circular cylinder, a = o, is quite arbitrary and we are faced
with a problem in which a slight difference of geometry means a
reduction of an infinity of possible flows to none.

Tt will be shown by means of a perturbation analysis in o that an
infinite number of new low frequency depth-independent inertial
oscillations arise when o # o. These waves assume the position

X

Fig. 2.14. The sliced cylinder. The shallowest region is north along the
positive v axis; east and west are marked accordingly.

formerly held by the single geostrophic mode; they possess vorticity
(the mean circulation theorem does not apply to this configuration)
and together with the rest of the inertial modes are capable of
synthesizing any initial velocity distribution.

Waves of this type were examined by Rossby[x74] in a geophysical
context and bear his name. The particular problem under discussion
now was studied by Pedlosky and Greenspan(z48]. ;

Once again, solutions of the inviscid dimensionless equations,

2 A ]
§tq+2k xq=="p, (2.16.1) -

V-q =o, ‘ '
satisfying the boundary condition q-fi = o on the surface X are
sought of j;he form q=QdM, p=ddit  (2.162)
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As might be expected, each of the inviscid inertial modes deter-
mined in the previous section has its counterpart in the altered
container shape that is but slightly modified by the small inclination
angle a. Discussion of these eigenfunctions is omitted.

Our concern is with the appearance of low frequency inertial
waves, all of which degenerate into the general geostrophic flow
when o is zero. To this end, set E = 0 and let

A=AD+oBAD 1|

Q=Q+aQP+ .., (2.16.3)
® = OO adW4 ..,

Upon substituting these expansions into (2.16.1), it follows that

2k x QO = VOO, :
V-Q9 =0 } (2.16.4)
with ‘ - QO-k =0 ONzZ=0,zZ=1
and QY=o onr=a.
The next order problem is
ADQO -+ 2K x QO = _ VO, -
’ } (2.%6.5)
V-QW =o, |

with conditions QW-k=0 onz=1,
-~ (y% Q(°)+Q(1)) -lA;+Q(°?-j =0 onz=0 (2.16.6)

and QW2 =0 onr=a.

It follows from (2.16.4) that

o (©) : ;
QO = 1k x VOO, % =0 (2.16.7)
and OO =06 onr=a,

The primary velocity is independent of height and geostrophic.
In fact, to this order, the solution is any one of the possible geostro-
phic motions in the right circular cylinder. Consideration of the

“next problem of the sequence, (2.16.5) and (2.16. 6) is necessary
to spec1fy it exactly.
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'The order « velocity can be expressed in terms of the pressure
function ®® by taking the curl of the momentum equation in
(2.16.5) and integrating it with respect to z. The result is

QY = (HAD(z—1) V2QO) k + A(x, y), (2.16.8)
where A is arbitrary. However, since QWk=oonz=1,
A-k=o.

A single equation for ®© is obtained by substituting (2.16.8) for
Q® in (2.16.6), the boundary condition at the inclined surface:

’ 2 0
v2q><0)+71}\71) %= OO =o, (2.16.9)

with ®® = o on r = a. This is the equation studied by Rossby[x74].
The solutions of this eigenvalue problem are

7\(7111)71, = a/gmm

where J,.(£,,,) = 0 and m ranges over all integer values, positive and
negative. These waves have no vertical structure, they possess mean
circulation and completely replace the geostrophic mode. In addi-
tion, they satisfy all properties (such as orthogonality) that the other
inertial waves do.

The situation is entirely similar for any shaped lower surface
for which closed geostrophic contours do not exist as long as the
deviation from a level plane is small. If

(2.16.10)

z= —-(Ib(X, Y)

is the bottom boundary, then the equation for the pressure ampli-
tude corresponding to (2.16.9) is
2 A

V2(D(°)—i—ﬁ1») Vb (k x VOO) = o. (2.16.11)
Although the boundary value problem becomes more difficult, the -
general conclusions remain the same. If the container has no closed
geostrophic contours, then Rossby waves arise to compensate for
the loss of a steady geostrophic flow. If the container has closed
geostrophic contours, Rossby waves may still be possible, but they
donotthen possess mean circulation. The residual geostrophic mode
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contains all the mean circulation and the Rossby modes have the
same character as the regular inertial modes. For example, if
b = /(x2+y?), then circles of constant r are geostrophic contours.
A geostrophic mode exists but Rossby wave modes are also present:

. r N
O, 698 = Ty (1, [ 5) expi(nd-+ B, ),

8
where JorWmn) =0 and AP, = i;zf .
. m

In this case, Rossby waves propagate along geostrophic contours but
have no net circulation around these closed curves unless 7 = o.
However, when m = o, A}, = o and the solution degenerates into
one of the infinite number of purely geostrophic modes.

Spin-up in the sliced cylinder is an interesting example [148], in
which fluid rotates rigidly at time zero, and the rotation rate of the
container is éncreased impulsively. The initial state, as viewed from
the faster rotating co-ordinate system, excites all the Rossby waves
and for that matter only these depth independent inertial modes (if
O(a) effects are neglected).

Let qy represent the initial state; it follows (see p. 72) that to

(), Q= —18 =3k x Vp*}

.16.
or Vpy = —arf. (2-16.12)

The general solution of the problem in terms of the Rossby waves
(velocity and pressure to order one, frequency to order o) is

iax
q = EAanmneXP g'— t: (2-16.13)
man
iao »
p= zAmn (Dmn eXP‘g—“ t, (2-16. I4.)
mn
with Q= 3 X VO3 (2.16.15)

here thesuperscript notation is dropped. The orthogonality relation-
ship is used to determine the Fourier coefficients from the initial
velocity distribution. The calculation is straightforward and the
result is

2i7mg?

Apn = - (2.16.16)

mr




9o THE THEORY OF ROTATING FLUIDS

The basic pressure is computed with a little algebraic manipulation
and it follows that

“8 5 Z g (6)

r

- X cos (g,,m- cos 0+ oot —*-) cosmb, (2.16.17)
a Enn 2

where e, = 1, m = o, and ¢,, = }, m = 0. Another form convenient

for computation is

_f%=(_r&) 1416 z S fm Jm(gm )cosme

a m=0 n=15

xsin(gmf—lcose ’”—“+~°§’—t) i %f‘t (2.16.18)
TN, mn

The development of the flow is shown in fig. 2.15 which displays the
summation of the preceding series at three times. Fig. 2.16 is a
sequence of photos which correspond to the spin-down of a sliced
cylinder, as illuminated by a horizontal slit beam and photographed
from above. It is seen, from either of these, that a wave in the form
of a vortex appears at the right and proceeds to the left side of the
container; from position E to W in fig. 2.14, As time increases,
viscosity dissipates the motion. In this connection, all Rossby waves
decay with the same decay factor appropriate for flow in the right
circular cylinder. Viscous corrections may be made in (2.16.17) or
(2.16.18) by multiplying the right-hand sides by exp(—2zE2t).
Although the phase speed is unidirectional, the group velocity is not
since the system is dispersive. There is no net energy flux from east
to west.

"The corresponding spin-up motion in the cylinder of unit height
is, to lowest order, just a slow decay of rigid rotation,

= —10 exp (—2E#t),
P_ (I —2—2) exp(— 2E'%t).}

az

(2.16.19)

Thus, a marked change in the flow pattern occurs when the top
surface is inclined slightly. The purely azimuthal flow, in the case
o = o, is replaced by a set of vorticity-carrying waves that propa-
gate in the east to west direction across the cylinder




Fig. 2.16. A spin-down experiment with a sliced cylinder showing the formation
and propagation of a Rossby wave in the predicted manner, see fig. 2.15.

(facing p. 91)
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F ig. 2.15. Spin-up in the sliced cylinder. Constant pressure contours are shown
at three times Gat = o, T, 2™. The counter vortex forms at the eastern edge of
the basin and propagates westward.

2.17. Stehdy motions and Ekman layers

Small steady motions in a rotating fluid can be produced in many
ways. A simple method is to make various sections of the bounding
. surface rotate at slightly different angular velocities. For example,
the two hemispheres of a spherical container can be made to rotate
separately, likewise for the top, bottom and lateral surfaces of a
cylinder. Obviously, other means of producing motion are available.
Fluid may be injécted through a permeable wall (§2.19) and it is
not difficult to arrange and control temperature and salinity distri-
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butions with the same net effect. In this section, the motions dis-
cussed are produced primarily by movement of the boundaries.

The mathematical apparatus to solve these problems has already
been developed in § 2.6 and need only be recapitulated at this time.
If, for the present, we consider only a container whose surface area
is an envelope of closed constant-height contours, then the basic
steady geostrophic flow is given by (2.6.7):

d
a0 = —2 [ 5 ) e x. (2.17.1)

Note that the same equations govern q, (i.e., @ = q,+Eq, +...)
and both primary and secondary flows are independent of height, z.

The Ekman layer separates the inviscid flow from the container
wall and the mass flux induced thereby drives the secondary interior
motion. The structure of the boundary layer need not be explicitly
calculated because only the effect on the inviscid interior is of im-
portance. It was established in (2.6.13) that the normal flux at the
surface Z is

P

fi-q, = —4A- VX{[HX(% %)-l—llfi El (qo"%)] hik ﬁl_}

(z.17.2)
and this formula relates the inviscid velocity components on X with
the tangential wall velocity %. The bracket notation { }y indicates
that the enclosed expression is evaluated on the boundary. Another
version of this relationship, convenient for certain purposes which
do not utilize expansions in powers of E3, is

A

arq- B, Vx{[nx(q_-—%)-l— Ak o )] Iﬁ-ﬁ[—%} .
2 |B-k| =

(2.17:3)
This equation is valid as long as the boundary layer is an Ekman
layer and variations of q occur on a distance scale that is large com-~
pared to EE In fact, to be consistent, terms smaller than E* must all
be neglected because the formula is 70z accurate beyond this degree
of approximation. k' ‘
The arbitrary function, (d/dh)¢,, is determined from the
boundary conditions in essentially the manner used previously, -
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except that now q, must be replaced everywhere by q,—%, and
the motion is steady. Therefore, with % = Upon z =, U = Uy
on z = —g, it follows from (2.6.20) that

3§€ds-{<qo—%+ﬁTx(qo—%» k[

+(Qy— U —fip X (q—Up)) i k[ = 0, (2.17.4)
whence

1 d

: +(%B—HB X%B) ok, (2.17.5)
where I(h) is defined in (2.6.24). The velocity q, is then given
by (2.17.1).

The flow component normal to constant-depth contours, v, is
determined from (. 17.2). Let
G =Vy+Vv,

and note that (8/6z)q, = o. Therefore, atz = f
fip v, = fip-q; = g Vx {(fip x (%p—qy)
. +( WU —qp)) |- k|2, (2.17.6)
andatz =—g .
fig-v, = fig §; = -V x{(fip x (%5 —q,)
~(Us—qy)) |Big- k35 (217)
both scalar components of v, are found from this pair of equations.
A simple problem will illustrate the procedure. Let the upper
surface of an axially symmetric container, z = {(r), rotate with
angular velocity (1 -+¢€) Q while thelower surface, z = —g(r), rotates
with frequency Q. The relative, scaled wall speed in the frame
rotating with angular velocity Q is then
%T =T 6,}
. %B = 0.
The geostrophic velocity is q, = v,(r) 6 and

o @)
e

(2.17.8)
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the secondary circulation is strictly in the vertical direction,

Q= wy(r) l:i, with (1 N (g)z)i ;(I N (ég)z)?;
d ‘ dr dr
! 2 ' (2.17.10)

0= 7 af\ 2\ 0|
e )]

It is apparent that the top and bottom Ekman layers are in direct
communication with each other. The local efflux from one is
exactly matched at the same radial position by the mass influx to the
other. This point by point balance of the two boundary layers is a
consequence of the Taylor-Proudman theorem.

The formulas for the unit sphere,

. :

Vo=3> (z.17.11)
I ki , .

Wy = 81— - (2.17.12)

show that the main body of fluid rotates at the average rate of the
two hemispheres. A fluid particle emerging from the bottom Ekman
Iayer spirals vertically upward about a cylinder of fixed radius.
There is no interior radial motion and the fluid element is returned
to its original position entirely within the boundary layer.

The description for the cylindrical container is virtually the same, -
with one important exception. There is no Ekman layer along a
vertical wall and the boundary layer there has a quite different
structure. Its principal function, however, is still to return the fluid
from top to bottom and the net mass transport there must be the
same as that carried in the horizontal boundary layers. This merely
reflects the fact that the Ekman Iayers in this example are responsible
for all the motion. (Another function of the sidewall boundary layer
is to adjust the fluid velocity to that of the vertical boundary.
Vertical shear layers also arise whenever the boundaries or the
boundary conditions are permitted to be discontinuous.)

Itis a false impression that motion within vertical layers is always
of secondary importance compared with that in the Ekman layers.
The nature of the flow there is of vital concern in many significant
physical problems. For this reason and to complete our under-
standing of rotating flows, the next two sections are devoted to their
analysis. o 4
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~ Containers having no closed geostrophic contour lines present
many difficulties and the flow patterns therein are radically changed
as a consequence. Consider the sliced cylinder configuration,
fig. 2.14, with fluid motion produced by rotating the top disk at a
slightly different speed from that of the rest of the container. Our
analysis will show. that the flow along constant-height contours is
only O(E?) in contrast to the unit velocity differential of the different
surfaces of the container. Very little motion is communicated to the
fluid by the driving mechanism.

The reason for this is that a velocity of unit magnitude would
have to be directed along geostrophic contours which in this case
intersect the container wall. An estimate of the applied and induced
stresses indicates that there is no viscous boundary layer which can
‘accept so large a mass transport under the circumstances assumed.
In order to satisfy the eondition q-fi = o on Z, it follows that

9o = 0.
However, the normal component of the interior velocity can be
O(E?) at impermeable walls because this is consistent with the mass
flux-established by horizontal and vertical layers,
The velocity component of this order that is perpendicular to the
geostrophic contours can be determined directly from (2.17.6) and
(2.17.7) by setting Uy = 0, %y = 18 and q, = 0. The component
parallel to these constant-depth lines is obtained from the contj-
nuity equation as an arbitrary function of distance along the con-
tour. Using the co-ordinate system introduced earlier for this
particular container (p. 85), it follows that

q = Eiq, = E (—4 #) i+ctnoaj+ k) (2.17.13)

The inclination angle, o, must be large compared to E* for the
asymptotic perturbation analysis to hold but no other restriction is
required. Evidently,-the changeover from the axially symmetric
motion of unit magnitude produced when « = o, to the effective
blocking that occurs for non-zero inclination is accomplished at
very small values of the tilt angle, say

oE$==

The transition regime has not been completely analysed.
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The explicit determination of the function %#(y) requires a careful
analysis of the sidewall boundary layers and this appears in § 2.20.
By proving that Z(y) = O(1), we will have verified all the remarks
made here.

Only minor modifications are required to solve the problem in
which there is a weak mass flux through the container surface. Let

qh=-5

(the magnitude of the prescribed source distribution &% is used to
scale the velocity field); of course, the net transport into the con-
tainer is always zero:

fyd2=o.

Moreover, since the resultant interior motion is generally larger by
amultiplicative factor E~# than the mass flux producing it, we assume

in order to assure the validity of a linear theory in all circumstances.
With these conditions, the appropriate form of (2.17.2) is
Qi =—f—1H-Vx {(ﬁ x qo-!-—i—lii qo)‘[ﬁ-l'iﬁ%} .
[f-E|
(2.17.14)
The evaluation of this formula at the top and bottom surfaces of the
container yields two equations for the velocity components normal
to geostrophic contours because, to O(E), the velocity isindependent
of height. '
The geostrophic velocity is given by

% =iy [ A2 =it [ #0353 mncm,
(2.17.15)

where I(h) is defined in (2.6.24) and Z, 3% are the sections of the
top and bottom surfaces enclosed by the geostrophic contour €.
The last equation is readily interpreted once it is established that
the mass transport across geostrophic contours in the interior can
only be O(E). Since q, is directed along geostrophic contours, and
3

q: =7}EXV<P1+W1k
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simple vector manipulations and integral theorems yield the
desired conclusion:

f (2-+ Etay) i, d%;, = o.

Here, 3, is the lateral surface of the vertical cylinder through
contour &, fiy, is its unit normal (fiy-k = o) and 3, 3%, 35 form
a closed volume Vi,

If the surface integrals appearing in (2.17.15) do not add identi-
cally to zero, then mass conservation within V;, requires that fluid
either be supplied to, or withdrawn from, the rest of the container
volume. In this situation, fluid must be transported across geo-
strophic contours, the lines of constant total height h. However, this
cannot be done by means of an inviscid, interior circulation ac-
cording to the arguments set forth in the preceding paragraph.
Hence, we conclude that the necessary flux takes place entirely
within the Ekman boundary layer, whose existence, in turn,
requires the interior velocity field to be of unit magnitude.

If the surface integrals in (2.17.15) always cancel each other, the
primary geostrophic velocity, g, is zero since there is no need of an
Ekman layer to redistribute mass across constant-height contours.
Under these conditions, the normal velocity at the wall may even be
of unit magnitude because the interior velocity is of comparable size.

Source-sink flows are reconsidered in §2. 19.

2.18. Vertical boundary layers

The steady sidewall boundary layer (or free shear layer) evolves
from a different and more delicate balance of forces than that
- responsible for the Ekman layer. The result is a hlghly complex
structure which consists of two intense transition regions, one
inside the other. Abrupt changes and discontinuities in the azi-
muthal velocity component are made smooth and continuous across
the outer viscous layer whose scaled thickness is approximately EZ.
An inner layer, of thickness E3, permits an O(E#) vertical mass flux
and is often the means by which mass is transported from one

Ekman layer to another.
A general inspection of the basic equations and a comparison of
the magnitudes of various terms can reveal a great deal about vertical

7 GTO

s
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shear layers. Usually, such a scaling analysis furnishes the motiva-
tion for a more formal approach, but in the present case, it must be
said that the reverse is nearer to the truth. The basic physical
processes are by no means obvious and the insight supplied by a
precise analysis seems to be an essential ingredient in an ‘order of
magnitude’ discussion. Be that as it may, the dimensional analysis of
the equations of motion is discussed first,

Consider a rather general state of steady fluid flow in a cylindrical
container whose different surfaces can rotate independently. The
fundamental equation for the reduced pressure, (2.2. 2), is

Ez(V2)3p+452§ =o. (2.18.1)

Obviously, the two terms of this equation are compatable only in
regions where rapid changes of pressure occur. Near a horizontal
boundary, say z=o0, a stretched variable may be introduced,
¢, =E—z,s0 that V2 > E-2 32/ 0L%; (2.18.1) is then approximately

_A balance of terms requires a =}, which is, of course, the value
appropriate for the Ekman layer at such surfaces. Other possibilities
exist. At the cylindrical wall, r = 1, set {, = E-2(1 —r), whence, to
lowest order, (2.18.1) becomes

2

Ee-os ngﬁ +4§—z12) = o. - (2.18.2)
The equality of terms now requires a = §, which indicates that a
vertical boundary layer of thickness E¥ is a distinct possibility.
Additional information can be obtained by scaling the original
equations of motion themselves with the purpose of making each
new dependent variable of unit magnitude. However, since com-
plete generality really presents unnecessary complications -at this
stage of the investigation, an additional restriction is added.
Discussion is limited to axially symmetric configurations and all
functions are assumed to be independent of the azimuthal angle ©.

If the dependent variables are scaled according to the rule

(u(r, 2), v, w, p) = (EPU(L,, 7), BV, BIW, EP),
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then upon substituting these expressions into the basic equations
(2.2.1) and retaining only the dominant terms, it follows that

o0 AU

—_FRb—a 2 /A -
B t¥ s =
op 20
¢ Te—a 31— 2a+b —_
2EV+E 8§ +FE a0 o,
- (2.18.3)
2EbU E1—2a+c ?j =0, .
acg
. &P 1-2atd oW _
Ee '35 —-E agz = 0.

A boundary layer, of thickness E}, carrying an O(E?) vertical mass
transport is one possibility with the index setting

) (a,b,¢c,4d, e) =(H5H55 D)

In this case, the underlined terms above, when equated to zero,
constitute the appropriate boundary layer equations. Note that
the radial momentum equation expresses a balance of Coriolis force
.with the radial pressure gradient only. ’

Since v = O(E%), a boundary layer of this type cannot be fitted to
an arbitrary outside flow for which this component is of unit magni-
tude. For this purpose, another overall balance of terms must be
sought, one which is entirely consistent with the E¥-layer. In parti-

- cular, consistency requires the magnitude of the radial mass trans-
port to remain unchanged and O(E?) in the new layer. '

Equation (2.18.2) implies that in any vertical shear layer not of
thickness E¥ &P

An examination of the exponents in (2.18.3) leads to the conclus1on

that (a,b,¢,d,¢) =(%,%,0, 1,1

is a parameter setting of a flow meeting all the requirements. The
new boundary layer thickness is E and the boundary layet equations
“in 1 terms of the stretched co-ordinate

&= 4(I —1)
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are the same as those identified in (2.18.3) for the E-layer excepting
the last equation. This is replaced by
aP

F =o0.

0z

(Theradialshear term, (%/0r%)u, is negligiblein otk boundary layers
and can be safely omitted.) Although this boundary layer also has
a vertical mass transport of order E3, it cannot alone satisfy all the
sidewall boundary conditions and thereby obviate the need of a
narrower transition regime. The inherent vertical uniformity of the
flow in the thicker layer implied by

oV o0

2z ° T
in general necessitates a non-zero radial flux for small values of {3
(but large &,). Therefore, the Ei-layer serves to match v with the
interior flow but an Ed-layer is required to satisfy the boundary
conditions at the wall.

There are other possibilities. Mass injection problems in the
next section give rise to boundary layers with index settings (%, +%>
4 1 %) and (§ o, —34, —1, o). In fact, any setting of the form

% b, b—4, b—1}, b) is legitimate; the value of b depends on the
particular problem. In view of this, there is little more to be gained
from a general scaling analysis and it is abandoned now in favour of
direct analytical procedures.

Morrison and Morganrsz] used transform methods to study the
slow motion of a disk in a viscous, rotating fluid. At about the same
time, Proudmanfiss} dealt with the free shear layers formed when
two concentric spheres rotate at slightly different speeds. However,
the nature of vertical boundary layers is perhaps best illustrated by
examining the concentric disk configuration discussed by Stewart-
son[188]. (The methods used here are somewhat different because
both Fourier transforms and boundary layer techniques are em-
ployed simultaneously.) , . ;

Two identical parallel plates rotate uniformly about the same
axis, as shown in fig. 2.17. An inner disk of each plate can spin
independently although the differential between rotation rates is
always kept small. Two problems are considered. The first, or
symmettical problem, corresponds to the situation in which both
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inner disks have an excess rotational speed, i.e., (1+¢) Q. In the
anti-symmetrical problem, the speed of one disk is (1+£)Q and
that of the other is (1 —¢) Q.

The velocity outside the shear layers is known from earher work
in §2.17..In the inviscid interior, the fluid rotates rigidly with the
average rotation rate of the top and bottom disks.

!

.

VIIFIFIIFITIIIA
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l
|
|

\\T %g < (L

Fig. 2.17. A drawing of shear layers (in exaggerated proportion)
that arise in the concentric.disk configuration.

If separation distance L. between plates is used as the charac-
teristic length [L, O eQL], and
q = —V x(x(r, z) 6) +v(r, z) 6 (2.18.4)
then the dimensionless equations of motion, in the co-ordinate frame
rotating with angular speed Q), are

E9v— 2—?( =
(2.18.5)

ov
EG%+2 % = °
1 The conventional definition of a stream function,
u=-—, w=———, W=ry,
is often employed. The two functions are interchangeable and the choice of one

over the other is made on the basis of overall convenience in algebraic manipula-
tion or to facilitate reference with source material.
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52
where @ =%%’3—ir+52’2'
The boundary conditions are
u=w=0, v=Vp=1§(1~1/a) onz=1,
u=w=0, v=Vy=118(1—r/a) on'z=0;

here a = ry/L, and the choice of sign corresponds to the sym-
metrical or anti-symmetrical problems. §(x) is the unit step func-

tion: $)=1, x>0
‘ =0, X<oO.

Although a direct transform attack leads to the solution easily
enough, certain simplifications and definite advantages are attained
by using what is already known about the Ekman layer on each
plate. The structure of the Ekman layer need not be calculated
again; its effect on the interior regime, in the form of an induced
flux, is  already given in (2.17.3). For example, at the bottom plate,
fi = —k, and the wall velocity is % = Vg; the normal component
of the interior velocity at the wall is then

(The subscript serves to identify the locatlon ) Atthe top, z =1, the
unit normal is fi = k hence,

However, W=—=—(rY),

and these conditions can be reduced to

¥e+3Ei(vp—Vg) =0 atz= o,}

Xr—3EHvp—~Vg) =0 atz=1 (2.18.6)

These equations provide the appropriate boundary conditions on
the entire flow outside the Ekman layers, as long as changes in this
region occur over a length scale large compared to E, Whlch is
certainly the case for both vertical shear layers
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The interior equations can be approximated by

v oy
Eg;i —Z-a; =0, 8
2.18.
SO O (218.7)
oxt +23z”'— ’
whete . ¥=a—T, (2.18.8)

because all rapid vertical variations have already been accounted
for in the Ekman layer calculation. Rapid changes in the radial
direction can still occur but then only the most highly differentiated
terms are of any significance. The variable %, the unstretched
boundary layer co-ordinate, is allowed to range between plus and
. minus infinity and this approximation introduces negligible errors.

Functions v and x will not be resolved into interior and boundary
layer components (e.g., v = vy+¥) because there is no special
advantage to this decomposition in the problem under discussion
for the methods employed.

The anti-symmetrical problem, (2.18.7) with conditions (2.18.6)
written in a form appropriate for the boundary layer region near’
r=a, , :

Xs+3Eve+8(x)] =0 onz=o,

Xp—3E[vp—8(z)] =0 onz=1,
is solved by transform methods. Tt is readily deduced that

v +, Eix o ) eimgrsinh”{%ng‘(z—— %)} dg
a. ' 2mi|x|J -w[2cosh 1EE3+ £EFsinh JEE]

(2.18.9) .

X_ _Bt[e o  coshfESE—1)
a 2miJ .o £ [2coshiEZ - ZE:sinh1EE3]
: ' (2.18.10)
where the integration contour passes beneath the origin.
~ The singularities of the integrand are located at the approximate
pos1}t10ns given by cosh1EZ® = o

hence &= ((‘}n—.;—?)—m)% _
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The residue calculation yields

3B (g1 & (=x)sin[n(zn+1)(z—3)] ,
- 3“—‘% (la_rl)n=0> (2ﬂ+1)§ Dn’ (2-1?.11)

Qi<

;—( = —E;{S(I —rla)

2 fa-r w(_I)ﬁcos[ﬂ(2n+1)(Z_%)] ; ,
_ga([a—r])nﬂ P Fn}, (2.18.12)

with Dn = e Yulo—1l _ze“'%)’nia—ri cos (3/;3 Yn la_rl ._32) R
Fn = e Ynla—rl oe—tYala—z cos (l/é Y’Ibld — rl) s
2

and . ‘ Yo = (.(4—”_;-:3)3)%, (2.18.13)

We see that when the central disks are counter-rotated, only an
E¥-thickness vertical boundary layer is produced. Ekman layers
form at the top and bottom plates, but the interior azimuthal
velocity is zero almost everywhere except in the neighbourhood
of the discontinuity at r = @. A single vertical layer allows for the
mass fransport from one plate to the other.

The situation for the symmetrical problem, in which the velocity
excess of each disk is the same, is somewhat different. Here, the
interior azimuthal velocity is v = §(x ~r1/a) and the change of
unit magnitude experienced by this component across r = a,
requires an Ei‘-layer. The solution of the transform problem, this
time with the negative sign in the boundary condition, is

v iEd )6‘” €' cosh [JE£3(z —3)]

a~ g . [sinh TEES + JE4Z cosh JEEF) 5

The singularities of the integrand are located at positions given by
sinh 1E£% ~ o,

so that in this case the roots are
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In addition, there are distinct zeros of the denominator near the
oints
P ; 2\
0 E‘}: .

Hence, the residue computation yields the following results for the
velocity field beyond the Ekman layers:

‘Z] —8(x —rfa)—= I leXP( z%la IIE—i)
23 + a-—1 Z COS[ZT'L'IT(Z—%')] Gn; (2.18.14)
3 |a—r1|. 1(211‘ )
X=_l L a— _1 E D
a tE le— 1‘|{Z bexp(—2iE+]a—r1|)

+_I_ f: (_nl)nsin[zmr(z~%)] Hn}; (2.18.15)

3 u=1

with an = g Prla-—tl _ 26-’55”5“';1“ cos (% ﬂn!a—-fl _g) »
H, = e Prla-tl 4 ge-Ifala—l cog (% P |a~rl) ,

and » Bn = (—4%)% (2.18.16)
An inspection of these formulas shows that the symmetrical flow
involves fwo vertical shear layers, one to adjust the discontinuity in
- azimuthal velocity, the other to transport mass. (Some care is
- required in differentiating ¥ to obtain u and w.) Thus, the main
features of free shear layers discussed previously are confirmed. An
Et-layer arises whenever an adjustment in azimuthal velocity is
necessary and a shear layer of thickness E¥ is created to satisfy
transport requirements.

‘The concentric sphere configuration, analysed by Proudman(rss],
exhibits all of these phenomena because the basic physical processes
- are almost unaffected by a change in geometry. However, some
difficultyisencountered in the neighbourhood of avertical tangency,
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the equator of the inner sphere. The exact structure of the linear
boundary layer there is a very difficult question which has only
recently been examined by Stewartson[zor]. He finds that there is a
new boundary layer of thickness E% in addition to layers of thick-
nesses E¥ and E%. The function of this new vertical layer is to
remove a singularity in the gradient of the azimuthal velocity com-~
ponent. The Ekman boundary layer is modified within a latitudinal
belt surrounding the equator of width E¥; elsewhere, the theory is
unchanged. Obviously, the situation is becoming incredibly com-
plicated. ‘The multiplicity of scales puts a formal expansion theory
in the realm of the improbable, for such an attempt would seemingly
involve powers of Es¥ (and even E}-#-3-%),

At finite values of the Rossby number, the flow from the boundary
layer on the sphere may penetrate the interior as a jet in the
equatorial plane instead of turning into a free vertical shear layer.
"The non-linear problem for the sphere is considered in Chapters 3
and 5. ’

2.19. Steady motions and vertical shear layers

"The theme of this section is fluid motions in which vertical shear
layers are of primary importance. To begin, a few general results
ate deduced about steady, inviscid, rotational lows. "Thisis followed
by the detailed analysis of the boundary layers on a right circular
cylinder with a surface distribution of fluid sources (Barcilon[s],
Hide[83]) leading to the solution of the general problem of this type.
Finally, several other problems, each of which touches upon an
interesting aspect of vertical shear layers, are discussed briefly.

Consider the problem of steady motion within a uniformly -
rotating cylinder, of unit dimensionless height, whose horizontal
cross-section is shown in fig. 2.18. The Taylor-Proudman theorem
tmplies immediately that, under these conditions, the interior
velocity gy is independent of z to O(E) terms. Furthermore, the
boundary conditions on q; at the end plates are, from (2.17.3),

Wy = _%E%f(-quI atz =1,
wy=3E%k-Vxq atz=o, '

By adding and subtracting these formulas, it becomes obvious that,
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to this order, the Ekman layer is non-divergent, i.e., wy = o, and
E-Vx q; = o.
The last expression is equivalent to
Vxqg; = o, : (2.19.1)
and since V-q; = o as well, the interior motion must be a potential
flow in the rotating co-ordinate frame. The pressure acts like a stream

i

T
”””HHHlui

(@ )

Fig. 2.18. Horizontal cross-sections of multiply-connected containers with mass
effusion from' the vertical walls: (@) Container sidewalls are all right circular
cylinders. (§) Container sidewalls are arbitrary vertical cylinders.

function for the completely horizontal interior flow since

o - qr=}kxVpy (2.19.2)
and it satisfies ’ V2p; = o. " {(2.19.3)
But py, unlike a stream function, is a physical variable and mustbe a
single-valued function of position. This is equivalent fo the assertion
that no zet mass transport can take place by means of an interior

motion. The reasoning is as follows: the “mass’ flux to the interjor
from an arbitrarily shaped cylinder, fig. 2.18(b), is

M= —ff; qy-fids,
¢
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but by virtue of (2.19.2), this can be written as

=3 $ Vords 1§ B
2) : 2)y Os
The last integral is zero because the integrand is an exact differential
and the pressure is a single-valued function of position.

Therefore, any net transport of mass in a multiply-connected
configuration must take place entirely within the vertical and hori-
zontal boundary layers. In a simply-connected geometry, there is no

Fig. 2.19. (2) Horizontal cross-section of a multiply-connected container of con-

centric cylinders. () The same configuration made simply-connected by a
radial wall.

question of a zez flux from the whole bounding surface. The same
conclusions were drawn in §2.17 (p. 96).

The two configurations shown in fig. 2.19 have radically different
flow patterns when the inner cylinder of each is 2 uniform source of
fluid. In case (@), a multiply-connected cross-section, the transport
is confined to the viscous layers; the interior flow is a potential
vortex. Configuration (b) is simply-connected; the thin radial
barrier supports a pressure jump and a purely radial interior flow
occurs,

The nature of the interior potential motion is dictated by the
!Doundary conditions on the walls of the container. Just as the
Investigation of Ekman layers resulted in equivalent boundary
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conditions on qy, the analysis of the sidewall boundary layer has
the same ultimate goal. The effective two-dimensional source
strength at the cylinder Z; in fig. 2.18(b) and the circulation about
it on contour °; are the important data to be obtained from a
boundary layer analysis, Barcilon[s] found that if

q=— ;A isthe boundary condition on Z,,
then the equivalent constraint on the interior flow at this surface is

%=—z< I =- f Fydz. (2.19.4)

Js

Moreover, it will also be shown that the interior circulation about
¥, is prescribed by

r, =j£ qy-ds — —53‘5 aI’Ids ~—Fid (P,
i 2 ‘Y’i Ps
(2.19.5)
The solution of (2.19.3) subject solely to condition (2.19.4) at each
surface Z;, with S{y =0,

is not unique. Any harmonic function that assumes the constant
value c; on 3; meets the requirement of (2.19.4). (Note that a single
constant can always be added to p; without affecting the velocity
solution.) However, the problem has a unique solution when the
value of the circulation about each internal cylinder is also specified
as in (2.19.5). (All but one of the constants are then determinable.)

Conformal mappings can be used to obtain the interior solution
‘but this aspect of the problem receives little attention here.

The particular configuration shown in fig. 2.18 (@) is examined
first, since the results derived on this basis can be generalized quite
easily to apply the geometry of fig. 2.18 (). Our methods differ from
those employed in [5] and several new results are uncovered as a
cohsequence.

Let the typical injection Veloc1ty be characterized by eQL and
take [L, O~1,¢QL] as the scaling rule. The linear dimensionless

problem is then V-q=o,
~ } (2.19.6)
2k xq = —-Vp+EViq,
subject to the conditions that on the surface Z;
q=-%h (i=o,1,...,¥); (2.197)
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on the end plates, z = o and z = 1
q=o. (2.19.8)
The distributed source strength & is a function of position and it is

positive for local mass efflux and negative for an influx. Further-
more, overall mass conservation requires that

28
b3 f F,d%; =o. | (2.19.9)

Another restriction will be necessary in order to keep the Rossby
number of the interior flow truly small: the 7ez mass transport from
any surface is assumed to be O(E?),

f«% dz,; = O(EY), (2.19.10)

but the source function & itself may be of unit magnitude.
The exact viscous conditions on the end plates are replaced by
equivalent constraints on the flow outside the Ekman layers in the

usual manner. These are, by (2.17.3),
=—1E¥k-Vxq atz=r1,
1 } (2.19.11)
and w= 4E:k-Vxq atz=o.

Consider any one of the inner cylinders and take its centre to be
the origin of a cylindrical co-ordinate system. Let

u=u4l, v=w+¥, w=w%, p=p+d (2.19.12)
where #i, etc. describe the boundary layer at the vertlcal surface of
the cylinder, r = g, (subscripts are unnecessary).

The equations governing the boundary layer functlons in the
vicinity of r = g are, with x = r—a, approximately

27 = -Z—% (2,-19-13”)\
= B g @1510).
__._2_£’+Egif;’, (2:19-15)
GtaEt o (21916)
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The radial shear term is unimportant in the vertical boundary layer
and is neglected for this reason; the range of x is considered to be
from zero at the wall, to infinity in the interior. (Actually, x is the
unstretched boundary layer co-ordinate.) It follows that

o 1 EFB)
U= Tae T, Frad
. 76 (2.19.17)
Vo=
201
o oW
Egatag, = o
2.19.1
LB o)
or oz )

Note that equations (2.19.18) are essentially the same as those
studied in the last section, (2.18.7). The asymmetry inherent in the
general problem enters the equations solely as an azimuthal deri-
vative of pressure in the expression forii. The fact that(2.19.18) does
-“not involve the tangential co-ordinate means that the boundary
layer calculation for the cylinder applies as well to any vertical
boundary of arbitrary cross-section if x and a6 are replaced by the
co-ordinates in the normal and circumferential directions.
The boundary conditions at r = @, ¥ = o, which are

ti+u; = F(6,2), f’}+v1 =0, upon substitution

become o Sr == L 59(6,2), (2.19.19)

Pl (2.19.20)
in addition, % = o at this surface.
‘The remaining conditions are
" 2P
W Z{-E%gi—; at'z = o, .
and o (2.19.21)
Wy —1Ed -a—p atz =1.|

The solution of this boundary value problem is obtained using
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the methods introduced by Stewartson[:88]. First, all the separable
solutions of the form

W = Ae*sin(az+b),)
. , } (2.19.22)
P =Becos(az-+b),
are determined. It follows from the equations of motion that
Ey?

a==", (2-19-%3)

whereas, the boundary conditions imply that
3
tan (Ey +b) EZY,

tanb _I_E_y

(2-19.24)

"The values of y satisfying the preceding transcendental relationship
are proportional to E-¥ in all cases except one, when y == E-%. The
former correspond to the E¥ boundary layer and are

20T

3 .
Y1 =VYn= (_E"') s Yn2 = Ynem/sa

Yn3=7VYn e——i'rr/3, (”= L2,.. '); (2'19'25)

with 8y =W, 8pg = Qg = —NT.
T.he Pphase is negligible for these values. The other root is associated
with the Ei-layer and is R (2.19.26)
with 2p=2iEt and b, = —23EL

Therefore, the general solution is

W = 2 EA (8) (z— }) exp (— 2}E11)

+ 3 [Au(®) e7wF + A,(8) e VneF 1 A, () eVn ] sin (nmrz),
M=
. (2.19.277)
P = —2iF1A (6) exp (—23E 1y) ,

+22 [ Am( ) eVt +A%2(6) e~ Yask 08\ An(9) —‘/nsx] cos (nTz).

n=1 nl n2 Yns

(2.19.28)
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The unknown coeflicients, functions of 8, are determined from the

boundary conditions and it follows from (2.19.20), for example,
that

Afe) = -2 %, (2.19.:29)
Ann(®)~A,0)~Ari®) = (2.19.30)

Thus, —A,(®) is the interior azimuthal velocity component at the
wall. '

Application of condition % = o at x = o, leads to

A+ A0+ A(0) = 2B (122 5T A
(2-19.31)

and theremaining boundary condition expressed in(2.19.19) implies
that

T -‘dT A = 2(?(6 Z)> 4= "éé‘,
X 1 [1dA,
- (22 %”‘1 +n-rrAm) -|—)7%; (‘—l T 2 —mrAnz> (2.19.32)
+ Y (; dc?em ”“Ans) — f &(9,z) cosnrrz dz.
n3 -

Explicit formulas for the coeﬁ‘iments, the solutions of the first order
ordinary differential equations which are periodic in 8, are readily
determined. Of greater immediate importance, is to obtain the
boundary condition on the interior flow by eliminating A,(0) between
(2.19.29) and the first equation in (2.19.32). This yields

22Et pr L, 0pr 1 9pp _ «
e nmtE gyt = (219.33)

on r = a. Upon integrating this expi‘ession about the perimeter of
the cylinder, the first and third terms are eliminated leaving

21 3PI ) P
E%f —=df = —-2f (Fyde. (2.19.34)
o Or 0

The right-hand side of this formula is proportional to the nef mass
flux emanating from this surface and if the interior flow is to be of

8 GTO
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unit magmtude then the condition expressed in (2.19.10) is
necessary, - :
[~ o,

The left-hand side of (2.19.34) is proportlonal to the circulation
about the cylinder and, in fact,

2 :
Fe— —%afo (&ydo. (2.19.35)

The generalization of this formula to (2.19.5) for an arbitrary
cross-section is immediate. '
As long as restriction (2.19.10) is in force, the principal balance -
of terms in (2.19.33) is 1 dp
: E%@I = —2(%). _ (2.19.36)

This is the boundary condition on the normal component of the
interior velocity at r =a and it obviously depends only on the
nature of the depth-averaged source distribution at the wall. The
generalization of this formula is (2.19.4).

Equation (2.19.36) is accurate to O(E%); a better approximation

would be ‘1; pr_ [<y) f (y)de] (2.19:37)

The vertical boundary layers act to adjust the motion produced
by the arbitrary mass efflux from the walls to a depth-averaged state
that is acceptable to the interior potential field. This implies that
any mean transport of mass takes place only within the boundary
layers. The vertical layers shift half of the average efflux from any
vertical cylinder to each of the Ekman layers at the horizontal end
plates. As far as the interior motion is concerned, the effect of the
boundaries is the same as that of a distribution of two-dimensional
fluid dipoles and higher multipoles.

The monopole chiaracter of the applied source distribution on 2
vertical cylinder is completely transformed by the adjacent shear
layers into an interior circulation which is a potential vortex.
A positive. source induces a relative negative vortex about itself .
through the action of the Coriolis force; a sink gives rise to a positive
circulation. (In fact, similar effects on the interior flow could be
obtained by substituting a suitable source-sink flow at the outer
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wall of the container for that on a rigid internal cylinder. See the
discussion at the end of §2.17.) ‘

These results apply to any of the interior cylinders and to the
outer boundary, too, if ¥(= g, —1) replaces x and the appropriate
changes in sign are made. The modifications are of a rather trivial .
nature. -

An inspection of the boundary layer functions corresponding to
a general source distribution, & = O(x), shows that in the layer
of thickness E¥

i =0(1), v=0®E"%, w=0EH), p=0(x),
whereas in the Ei-layer C

§=O(B}), ¥=0(), %=O(E}), p=O(E).
The inner layer can be marked by considerable recirculation of
fluid, the magnitude of which indicates that non-linear interactions
are probably important in this region.

As an illustrative example of some importance, consider the con-

centric cylinder configuration shown in fig, 2.19 (a), where the inner

(outer) boundary is a uniform source (sink) of fluid. In accordance
with the restriction on the net mass transport, let

_ ME

17 2ma,

at the inner cylinder r = ay; it follows from (2.19.9) that
' ME

G =— onr =a.
2Tay

The lowest order interior pressure field is the solution of (2.19.3),
which satisfies the conditions (2.19.34) and (2.19.36):

Vzp]: = 0, 7
with - %=o onr=aqy and r=a;
2w
f EEEd@ = —%, atr=ay.
0 or a;

In this symmetrical geometry, the pressure can only be a function
of the radial co-ordinate, so that

pr=cln(r). (2.19.38)
) 82
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The constant is evaluated from the prescribed circulation about the

inner cylinder and the result is
M

c=——.

™

The primary interior velocity is entirely circumferential :
U =0 A Wy =0 (2"1 )
= vp=——o =o. 9.
1 =0, Vi e L 9-39
The potential flow is that due to a negative line vortex of strength
— A j2m, located at the centre of the inner cylinder.
The calculation of the boundary layer structure at r =g, is
routine and the results are
ELa N
¥ = z—$)exp[—2}E % (r—a
2hm al( 3)exp[ (r—ay)]
A -
" Er.d = sinzntz :e_)/zn(r—al)__i e 3Yanr—ar) Fn),
2ina S n V3

(2.19.40)
with F, =sin (J—;’ Yoult — al)) +sin (3/5?2 Yeul(t —ay) — ;_I) ;
Ex
B =~y exp [~2EH(r—ay)]

Eit.#4 = cosznmz
2in?a, 51 nyay,

{e—an(I'—dﬂ + 2 e—Yrente—ay) Gn} ,
V3 ‘ .
(2.19.41)

with G, =sin (%3 Yoult — al)) +sin (‘/—23 Yot —ay) + %T) ;

wr\}
where ) Yon = (%) .
The structure of the layers at the outer cylinder may be obtained
from these formulas by replacing .# by —.# and r—a, by a, 1.
Magnitudes associated with the E¥-layer are ,

= O(E), ¥=O0(BY), w=O(®E), p=OES);
the appearance of the factor E++ indicates that a consistent formal

expansion procedure might have to be based on this parameter,
(see p. 106, Barcilon[s], Greenspan and Howard[7s], and Kudlick

[Ioo]).



Fig. 2.20. Source-sink flow in a pie-shaped vessel with a paraboloidal base, [196].
There are no closed geostrophic contours in this configuration and mass trans-
port is via a western boundary layer.

(facing p. 116) -



Tig. 2.21. The rotational effects of an upwards convection, produced by rising
bubbles, extend to the base plate where a “tornado’ is formed, Turner [212].
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Experimental confirmation of the main theoretical results has
recently been obtained by Hide[83]. Annular flows of the type
described have also been examined by Lewellen[xos] for distinctly
non-linear conditions, and by Carrier{z7] for acompressiblemedium.

Stommel, Arons and Faller[:g6], and Faller[4s] investigated
source-sink flows in a pie-shaped container whose bottom surface is
a section of a paraboloid. The total depth is

b= (o))

so that no closed geostrophic contours exist. The topography
severely restricts the inviscid motion because the fluid is forced
across constant-depth contours. Consequently, a basic geostrophic
motion cannot occur and the flow pattern differs markedly from
those just studied. A ‘western’ boundary layer, seen in fig. 2.20, is
then an intrinsic part of the circulation pattern and acts as the main
carrier of mass from the source to the sink. o

A similar but simpler problem is analysed in detail in the next
section. The strong resemblance that these laboratory flows bear to
“oceanic currents and circulations is the subject of Chapter 3.

Turner[z12] simulated convection in clouds by the buoyant rise
of bubbles introduced into a rotating container as showninfig. 2.21.
The effect of the disturbance is comparable to that produced by a
small disk rotating with a slight excess speed at the bubble entry
point. Both devices induce a secondary circulation of fluid, one
through the bubble rise, the other by a convergence into the Ekman
layer. In either case, the small flow establishes a columnar motion
that is shielded from the main fluid by vertical shear layers. Turner’s
purpose was to show that convection high above the ground can
produce a strong surface effect (a tornado) by means of the Taylor
column mechanism.

A motion similar to that described in § 1.1 and shown infig. 1.2(b)
was analyzed by Jacobs[oz] who determined the fine structure of the
multiple shear layers that separate the Taylor—Pl'Oudman column
from the rest of the fluid. This was apparently the first work to
consider a layer whose structure depended on azimuthal angle.

Free shear layers are often a prominent feature of 'nom-lingar
flows and their stability characteristics may be of some impostance
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in geophysical problems. Fig. 3.19, p. 173, clearly shows internal
shear layers in the case of a sphere which is rotating and slowly
precessing. These seem to arise from a non-linear wave interaction,
but since this is properly part of the next chapter, this discussion
will be continued there.

2.20. A ‘wind-driven’ circulation

In §2.17, we began a discussion of forced motion in the rotating
sliced cylinder (Pedlosky and Greenspan[148]) that could only be
completed after the essentials of sidewall boundary layers were
mastered. It may be recalled that motion is produced by rotating the
level top disk at a rate slightly different from that of the rest of the
container. Sincethe bottomlid is tilted at an angle «, constant-depth
contours are not closed curves and the interior flow is very much
restricted, being only O(E%) compared to the unit magnitude velocity
differential between elements of the boundary surface. The interior
velocity was shown in (2.17.13) to be

q= [ (Y)‘+ctnocj+k] , (z.zo.i) -

and the determination of the unknown functxon is the objective
of this section.

~Spin-up in this geometry, §2 16, mvolves the production of
Rossby waves and the entire process bears a remarkable similarity
to phenomena revealed in studies of oceanic circulation based on
the f-plane approximation, (see §5.5). The resemblance is not
fortuitous and the compatison of results obtained from this simple
model with those derived from various theories in oceanography
will be stressed at a later time. However, for the present, it should be
noted that the variation of vertical depth in the sliced cylinder plays
the same role as the latitudinal variation of the Coriolis force does
in oceanography (that component tangent to the surface of the
earth). This is the very foundation of the analogy. In the problem
under discussion, the disk-driven fluid effectively models oceanic
circulation caused by the wind-stress. The resultant flow pattern
will be seen to have a close connection with geophysical motions,
In mathematical terms, the problem requires the determination-
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of the sidewall boundary layer that matches correctly to the interior
flow given above. Once again, the important restrictions,

1> a> Eg

are set and the analysis proceeds along ‘the lines Iaid out in §2.19.
Within the sidewall layer, the cylindrical components of velocity,
(u, v, w), satisfy, to a high degree of precision, equations (2.19.13) to
(2.19.16), (with * = a—r replacing the variable x).
The boundary conditions at ¥ = o are

Uu=v=w=o0,

and as ¥ — o0 (the interior regime),
E: :
u->— {#(asin®)cos9+sin 6},

3
v —>%— {—=%(asin®)sin® + cos 8}, (2:20.2)

w — E&,

"The appropriate conditions just outside the Ekman layers at the
‘top and bottom plates, z = 1, z = axsin®, follow from the general
formula (2.14.3), with UZJT = rﬁ and %y = o. They are, respectively,

10U 3W]

ov
- w=Ebt] E[ tew T

, 3
—W+0(vcose+otusin6=%[asin6(12§ :( +v)) (2.20.3)

0%

Here, as before, only the dominant derivatives are retained.

We anticipate that the interior velocity is O(E?), in which case
there is no need of a prominent boundary layer of thickness E#
‘whose raison d’é&tre is to eliminate a primary shear discontinuity.
An E? boundary layer alone can fulfil the requirements of mass
transport and the equations are scaled at once with

ow - 0 0 ' ]
~—ocosd (——+a—z(v—u)) —3—$(u+v+ocwsm6)].

(u,v,w,p, %)

= (Etu;+ B¥0, Ebvy 4+ B3V, Ebw; +- E3W, pr + E3B, B¥),
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where subscript I denotes an interior function evaluated at the wall,
r = a. The complete boundary value problem for the perturbation
boundary layer functions U, V, etc. is
P
o¢’
~ 1P v
2V=—sm o
P 2w
T A
_90 1V oW _
T ae am T”

-2V =

W=o0, onz=r1;
~W+oVcos® =0, onz=aasind; (2.20.5)

W=V=0 on¢=0 and ¢= oo;
U= —é(%'(a sin®)cos@+sinb), on=o0; (2.20.6)

U=0, on¢{=oc0.
" If the horizontal velocity components are eliminated from the
formulation, and 3 = z—1, then
1P oW _
20T =
@ oW _
% o
Separable solutions exist of the form

3
W= Cem¢ sinl—r-l—gy,
2

3
P == _E_Ce—mgcosgé’
m . 2

and the eigenvalues are the solutions of

m3
tan? = acosf.
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The roots of this expression with Zem > o are:

1
m 2 |2acos8|¥  for cos® > o;

m 2 |2ctcosB¥ ( “/3 ) for cos® < o3

m = (2nm)t (1 - i?l 1)

when m3 ~ 4 2nT.

Tt is very important to note that of the roots near zero, two occur
when cos® < o, but only one exists if cos6 > 0. As a consequence,
it will be shown that a boundary layer develops only on that portion
of the sidewall for which cos < o, that is

T<o<3T
2 2
'The generai solution for o small is
W = oCyy 3 cos 0 8(cosB) exp [ — |2ccos 8[¥ (]
+{atCyz3 cos 6 exp [ — |20t cos 8] ™3]

+0Cyz 3 cos O exp [ — |20t cos 8] e8]} §( — cos B)

43, Cuespl (e ] - e[ (672

—Czexp [ — (2nm)t e i3 ]} sinney, (2.20.10)
2Cn |
= 2P §(c06) exp[—
]20( o el (cos®) exp [ — |20 cos Bt a
2

— T —iT/3 _ teinfs
o cosel‘k{coze ™8 exp [ — |2t cos 8| 3™ £]
+ Coge™™B exp [ — |20 cos O] F e~I™3 £]} §( —cos 8)

Cpe
(2n11')3

-2 3 (e [ G G4

x e—im/3 exp [_ (2nTr)% elm3 Y|

+ (bz(i-i ) e™B exp [ —(2nm)t e~ 178 g]} COS 72TT3. (2.20.11)
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The coefficients, which are functions of 8, are determined from
the boundary conditions. For example, V = o at { = o requires that

Cyr=0 forcos® >0, Cup+Cy=o0 forcost <o,
and Cuat Cng +C,3=0.
Since W = o at { = o, the relationship
Cp1—Cra—Chz =0
can be added to the preceding. Hence,
Cu=0, Cop+Cp=o,
Cu=0, Cpt+Cu=o,

and these formulas can be taken to hold for all & in view of the
presence of multiplicative step functions in (2.20.10) and (2.20.11).
The final boundary condition at { = o,

= —-; (#(asin®)cos+sind)

1@ 1P
248 4003’
leads to the differential equations
dC,., : ’
g +tmmaCp=o,  (22012)
43 d ( Cu_ ), 43 )
{ a do Izorcosei |2°‘ cos 8] Coa ) S(—cos9) = iU

(2.20.13)
The first of these unphes that :

Cup®) =0 (n> I) (2.20.14)

because all functions must be periodic in €. In the range cos€ > o,
the left-hand side of (2.20.13) is identically zero. Therefore, U must -
vanish in this region too, and it follows that '

. sin®
F(asin®) = —~—h(1 o)t

o Z(y) = 2)§ (z:20.15)



LINEAR THEORIES 123

Thus, the unknown function Z(y) is determined from the fact that
there is no boundary layer on the lateral surface for cos® > o. Further-
more, for cos® < o,

0 = —zsine (2.20.16)
and (2.20.13) can be integrated directly. If terms of O(x) are
neglected, then - Cpy_26ic0s® -

"oz (2.20.37%)

[20cos 6]}

Here, an arbitrary constant has bc,en eliminated by the condition

that the meridional boundary layer flux, f V¥ d¢, must balance the
0

interior transport across any diameter.
All the coefficients are now determined to O(x); the boundary
layer solution for the pressure is

fm{wgcosﬁ(i—-\/—?ﬁ) exp[ lzacosﬁ]%‘(§+%i) §J}
: x $(—cos®). (2.20.18)

The inviscid interior motion, for which the pressure is a stream
function, is given by

p= EE%[X_(a2_y2)%] (2.20.19) -

and the vertical velocity is w = E&. The primary flowis a completely
horizontal circulation of magnitude E¥/a which closes via a western
boundary layer. The small vertical velocity is part of a2 secondary
circulation feeding the Ekman layer whose structure may be deter-
mined by considering terms of higher order in &. The theoretical
solution is shown in fig. 2.22(a).

Experiments carried out at M.I.T. by R. Beardsley confirm the
main theoretical predictions concerning the location of the boundary
layer and the general scale and appearance of the interior flow. How-
ever, a very interesting non-linear effectis observed, fig. 2.22 (b), and

-this is the appearance of an instability in the form of 2 meandering
‘jet” emanating from the boundary layer in the general location of
the terminal point. Fig. 2.23 shows this phenomenon at different
times; a detailed description is given on p. 243. It is hard not to

-compare this with the separation of the Gulf Stream at Cape
Hatteras which may also be due to a changing topography. Indeed,
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@ ©®)

Fig. 2.22. (@) Theoretical circulation for the disk-driven motion in the sliced
cylinder. (b) A drawing of observed circuldtion pattern.

acriterion has been advanced, [71] (see p. 242), governing the separa-
tion of ocean currents that is relevant to the laboratory model as
well. This analogy with certain planetary motions is pursued further
in chapter 5. '

2.21. Some effects of stratification

Stable stratification introduces two new processes both of which
tend to destroy the phenomena peculiar to rotating homogeneous
fluids. In fact, with a density gradient that is large enough, all the
familiar features can be eliminated : Ekman layers, two-dimensional
motions, vertical shear layers and secondary circulations.

The buoyancy force acts to inhibit vertical motions and this
implies a rather drastic diminution of the control exercised by the
Ekman layers. The tendency of the viscous layers to produce a
secondary circulation is counteracted by the bias towards horizontal
motion in the gravitational field. As a consequence, the mechanism
of vortex line stretching is rendered partially or totally ineffective
and viscous diffusion becomes a dominant process once again. The




®) D @

Fig. 2.23. The dye streaks, each at a different depth, show the
development of ‘meanders” at three times (a), (b), (¢).

(facing p. 124)
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diffusion time scale, ()%, can then be as significant in charac-
terizing transient motions as E—3Q-1.the spin-up time for homo-
geneous fluids. Finally, columnar motion is made impossible by the
new capability for disturbances to propagate honzontally along
the surfaces of constant density.

Of course, the class of motions whlch combines rotation and
stratification has its own distinctive features and this section is
devoted to a brief exploratory study of some of the rather com-

plicated interactions that develop.

Our objectives are limited and it will be sufficient to consider the
consequences of the simple linear theory for steady motions formu-
lated in §1.4. Assuming that the stratification is stable, and & = o,
Fr =0, u =0, T, = z, and Q is a vertical vector, the dimensionless
equations, ((1.4.16) to (1.4.19)), are

V:q=o, ‘ (2.21.1)
2k xq = —Vp+ Tk+EVzg, (2.21.2)
q-k = Eﬁ‘va, (2.21.3)

Op

with q and T prescribed on the surface of the container.

If the Prandtl number is very small, op < E (or fy is large), in
which case the diffusion of heat is much more important than
thermal convection, then the last equation is approximately

VT =o. (2.21.4)
In this special circumstance, the temperature is determined inde-
pendently of the velocity field. Furthermore, if the thermal boundary
condition is T = o on Z, then the temperature is identically zero
throughout the medium and the fluid motion is entirely unaffected
by the equilibrium density field. On the other hand, when thermal
processes, in this limit, do indeed modify the velocity distribution,
the changes are neither radical nor profound. The problem can
still be resolved in terms of viscous boundary layers and an inviscid
.interior. For example, the curl of (2.21.2) yields the vorticity
equation, P VT
3-Z q=3zKX 3
(the ‘thermal wind’ equation in meteorology) and in particular
ow

-a;=0.
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Thus, the vertical velocity established by Ekman layer suction is
unchanged by the density field and the stretching of vortex lines
remains a major action in the inviscid domain. However, the hori-
zontal velocity components no longer conform to the Taylor-
Proudman theorem and a spatial variation is dictated by the imposed
temperature field.

The solution of any problem in this parameter range proceeds
along the same lines as for homogeneous fluids. As an example,
consider the motion in a rotating cylindrical tank with axially
symmetric boundary conditions on the velocity and temperature:
q=% =10 onz=0;q=o0 elsewhere; 7= on z =1, on
z = o, and 3, onr = a. T(r, z) is determined first and can therefore -
be presumed known. The viscous boundary layers on the horizontal
plates z =0, 1 are ordinary Ekman layers and the O(EZ%) normal
flux is calculated from (2.17.2) in the usual manner. It follows that
the basic interior velocity is citcumferential with

29T
vo(t,2) = + o ——dz— 4 dz (2.21.5)

The detailed description of the flow field is changed somewhat from
the homogeneous fluid solution (the first term on the right-hand
side), but the underlying mechanics are essentially the same. \

We may conclude, as Carrier[z5] did, that when diffusion over-
whelms convection, the resultant flow is comparable to that of a
‘homegeneous fluid,

In the other extreme, op > I (or fr < 1), (2.21 3) reduces to

w= k-q=o. (2.21.6)

Novertical motion is then permitted in the stratified medium and all -
movement is confined to horizontal sheets. Steady flows in these
conditions do not require viscous layers at either horizontal or
vertieal surfaces since viscosity is important throughout the fluid.
In addition, the boundary condition on 7" must be surrendered
because there is no diffusion of heat. For these special values, the
problem of axially symmetric motion in the cylinder, posed above,
becomes the following:

210 (PVes '
ory I')rr+3z2 v ? ‘ (2:21.7)
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withv=o0onrt =a,andz = 1;v =r onz = 0. The other variables
are given by

‘ or

The complete solution is easily determined:

© 2a Jl (g’mt—;) sinil ((1 —z) g_;l )
=2k, e ()

a

(2.21.8) |

v

The particular solution for a configuration of two concentric infinite
disks is v =1(1—2z), - (2.21.9)
which shows simply that the azimuthal velocity varies continuously
with height. The effect of the spinning plate is totally absorbed by
a redistribution of the density and velocity fields from. one state of
equilibrium to another. The stress is transmitted in diminishing
proportion by the horizontal fluid laminas and the velocity remains
in geostrophic balance. The motion bears little resemblance to that
of a homogeneous fluid in the same conditions and this is generally
. true when convection overwhelms diffusion, [26].

Steady linear motions for which op == 1, f3 == 1 have been shown
by Barcilon and Pedlosky[6] to be very closely related with the
extremeé case op > I. In this case, equation (2.21.3) implies im-
mediately that w = O(E) and this relegates the function of the
Ekman layers to a distinctly secondary and passive position. Without
a vertical velocity of magnitude E%, there can be no effective
stretching of vortex lines and the fluid loses one of its most im-
portant means of exercising control.

A single equation for the pressure is

. 2. > 2.
v (Ec—iﬂ VAVEV2p4 Vo 4 (ﬂj—:— I) %‘g) —o, (221.10)
which reduces properly to all the earlier versions. The structure of
the boundary layers on horizontal or vertical surfaces can be deter-
mined from this, by scaling the variables appropriately at each wall.
If a stretched coordinate is introduced near z = 0 so that
2 0

="
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it follows that a = %; a boundary layer of thickness E# can arise on
this plane. More important is the conclusion that this is the principal
boundary layer thickness—even at a vertical wall. Vertical shear
layers of thicknesses E¥ and EZ cannot exist in a fluid medium with
the stated properties. The thinner E#-layer is required in order for
diffusion to change the den31ty of a particle as it rises or sinks along
the lateral boundary.

Consider next the problem of motion within a cylinder, the
configuration studied by Barcilon and Pedlosky[6]. For definite-
ness, the boundary conditions aretakento be q = %y = 1B onz =o,
q = o elsewhere, and the temperature over the entire surface is
prescribed arbitrarily. It is assumed, subject to confirmation, that
the motion is composed of boundary layers and an inviscid core.
The first objective then is to analyse the viscous layers in order to
determine the equivalent boundary conditions for the interior flow,
which is of major interest. ) ,

Let q=qo+E¥q+... + o+ ...

with similar expansions for the pressure (i.e., p = ¢y+...) and
temperature. The substitution of these seties in (2.21.1) to (2.21.3)
leads to a sequence of problems for the flow in the different regions.

The primary interior pressure function, ¢, satisfies a reduced
form of (2.21.10)

V2 (V2q> +( b 1) -32—‘?9) =o0. (2.21.11)

oz?
Once @, is calculated, the velocity and temperature are determined
from

Qo = 3k x Vg, (2.21.12)
a 4
I ='3i;0' (2.21.13)
T,

According to (2.21.3), e
within a horizontal boundary layer. (Hére ¢ = E-¥z near the plate
z = 0.) Hence, 7, = o; there is no zeroth order temperature change
across the boundary layer and the interior temperature must itself
satisfy the prescribed boundary condition, 7 = 5.
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"T'o this order of approximation, the horizontal viscous layer is an
ordinary Ekman boundary layer and all results previously obtained
apply. Therefore, the normal flux at z = o is, from (2.17.2),

Wi = 3V x [K X (00~ %) +90~ 3],
whereas, atz = 1, w; = ——%f:-V x (k Xy +9y)-
But the interior vertical velocity is O(E) by (2.21.3), so that

Wy =0,  (2.21.14)

which shows that both the top and bottom Ekman layers are non-
divergent. These conditions, written in terms of the interior
pressure, are

(V2__(12.V)2)% =V, =2k-VxWUp =4, atz=o,
[72% =0, atz=1. } (2.21.15)

Furthermore, the conditions on the temperature are equivalent to

the following: 2

“33;2 = J5(1,8) onz=o,

(2.21.16)

%=5'(r 8) onz=1
oz wH )

Thus, there are two constraints at each plate which is the proper
number required by the ‘biharmonic’ equation, (2.21.11).

"T'o complete the specification of the boundary value problem, two
independent conditions at the sidewall, r = a, must be found. This is
achieved by analysing the vertical boundary layer using the stretched
co-ordinate { = E—%(a—r). It is readily shown that in this layer

iy = o, Yo=0, =0, (2.21.17)

and ._%%l.k%‘z‘? =o0, (2.21.18)
20, = %1, (2.21.19)

o= '_]”“04_%%?2_0, (2.21.20)

0= %P ”0_.8;_52‘9_ , (2.21.21)

9 GTO
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The last two equations have exactly the same structure as those for
the Ekman layer and their integration, subject to Wy =oon { = o,

" see] - () )’

(el (3

Components i, and ¥, are then determined by integrating (2.21.18)
and (2.21.19).

The function A(®,z) cannot be fully determined without con-~
sidering the detailed structure of the corner layers, |r—a} < E%,
|z] < E}, or |z—1| < E%, where the vertical and horizontal layers
overlap. (These regions are unimportant in the motion of a homo-
geneous fluid because the vertical layers there, are much wider than -
E%. In that case, the conditions at the end plates are those obtained
from the analysis of the Ekman layer, (2.17.3).) However, it is
possible, surprisingly, to obtain sufficient information to complete
the specification of the interior problem for @g.

The boundary conditions on the velocity components, together
with (2.21.12), imply that

(2.21.2‘2).

9% 99, - _
=% B =0 onr=a (2.21.23)
the temperature boundary condition there is
1
() 202 = Ze.0- 5. (221.24)
The result of averaging the continuity equation, (2.21.18), across

the sidewall layer is 5 [
72| Wodt = ui(@0,2),

because uy +1; = o at r = a. Since

1 09
Y= T8
2w 0
it follows that f de f Wy dE = c. (2.21.25)
0 0 ,

In the simply-connected domain of a single cylinder (i.e,r=ais
the only vertical wall), the nef vertical mass transport must be nil, in
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which case, ¢ = o. Upon substituting (2.21.22) for %,, we conclude
that

2
f A®8,7)d8 = o,
0

The function A(8,z) may now be eliminated from (2,.21.24) and

the result is oo, 1 [

o — 'g" =4da. 3 D
oz =), 71(6,2)d6 onr=a (2.21.26)

Note that 9 _ o by (2.21.23).) Only the horizontally averaged
26 3 'y 'y 1

wall temperature has an effect on the interior motion. Moreover, the
.pressure levels at the two end plates are related by the averaged
sidewall temperature:
1 27t
ol 1) —94(a,0) = —— f dz j (8, 2) d6.
21 Jo 0
The complete boundary value problem for ¢, consists then of
(2-21.11) with boundary conditions (2.21.15), (2.21.16), (2.21.23)
and (2.21.26). It is not an easy task to find the solution and in this
respect, the approximate techniques developed for similar problems
in the theory of elasticity may be of some practical benefit. No
attempt will be made here to solve any particular problem and we
conclude this discussion with some general observations on the
motion of stratified fluids.
In a multiply-connected geometry (see fig. 2.18), the constants
which appear, like that in (2.21.25), are evaluated in terms of the
- circulations about the individual vertical walls. This is similar to
the situation encountered in the mass flux problems in §2.20.
Vortex line stretching is notable once again in time-dependent
motions, but the mechanism is much weakened in the presence of
stratification. Holton[87] studied spin-up of a stratified fluid from
both a theoretical and experimental standpoint. He found that the
fluid adjusts to a quasi-equilibrium distribution during the usual
spin-up time but the ultimate transition to rigid rotation is accom-
plished by diffusion in the longer time scale, E*Q-1, Pedlosky[x47]
has also examined this problem and some disagreement exists
concerning the case of continuous stratification.
Spin-up of a multi-layered medium of homogeneous fluids differs
only qualitatively from the single layer problem. The mechanisms

9-2



132 THE THEORY OF ROTATING FLUIDS

within each stratum are the same but the layers slip upon each other.
This has the effect of lengthening the characteristic time which
remains, however, of the order of E-#Q)2, _

Stability considerations cannot be overlooked in either the
transient or steady motions of a stratified fluid. The establishment
of Ekman layers in the initial stages of a transient motion may
involve large displacements of the particles originally on the con-
tainer wall. Because the formation time scale i too short for diffusive
processes to alter the density appreciably, a fluid element can be
shifted to an inherently unstable position. A particle heavier than
its surroundings will sink and this is the reason for much of the
mixing observed in transient motions. Steady forced motions can
also produce instabilities in this fashion. The precise condition for
mixing to develop and the extent to which it occurs have not been
established.

The theory discussed here presumes that diffusion and the O(E)
dynamics are the dominant processes in steady motions of a stratified
fluid. Since E is very small and viscous shear is in large measure
counteracted by stratification, the question naturally arises about
the magnitudes of processes heretofore neglected.” It becomes
necessary to assess the contributions to the motion of all those terms
eliminated in the linearization and this should provide a number of
surprises.




CHAPTER 3

CONTAINED ROTATING FLUID MOTION:
NON-LINEAR THEORIES

3.1. Introduction

The general purpose of this chapter is to examine non-linear
processes in rotating flows. An attempt is made to follow the outline
of the preceding chapter as closely as possible in order to facilitate
a direct comparison between linear and non-linear solutions of
similar problems. The desired goal is to convey enough basic infor-
mation to build a reasonable fund of knowledge about non-linear
effects. Hopefully, experience and familiarity with the subject can
be translated into judicious approximations to make many more
problems amenable to solution with the techniques currently
available. As yet, results of general validity are extremely rare finds,

and only a few specific non-linear examples have been solved in
sufficient detail to be edifying. -

3.2. Boundary layer on an infinite plate

Karménfos] found an exact solution of the steady non-linear
equations which is analogous in part to the Ekman layer solution
derived and discussed in §2.3. Bodewadtlrol, Batchelor[7l,
Stewartson[187,180], 'Thiriot[z07], Rogers and Lance[zoq, 169],
Pearson[r43] and Bentoni8], among others, have considered
modifications and generalizations of this work,

In the general problem, an infinite plane, z = o, rotates with
angular velocity Q. A(t) k, (JA(t)] < 1), in an otherwise unbounded
medium. Fluid far from the plate rotates with angular velocity
O, k. (The linear theory presumes that the two rotation speeds are
only slightly different at any time.) If the maximum angular velocity,

Qmax = max [QW) Qf]:

is used to characterize the time, then the dimensionless equations of
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motion in an inertial frame (see (1.2.7) et seq.) are

o ~ . .
54+q-Vq = ~Vp+EV q,} (32.)

Vq——o

Here the Rossby number is taken as unity, the charactenstlc
velocity is Q.. L, and the boundary conditions are

q= 0 A(t) ® onz=o,
max )
- a Qf .
and lim {6-q—="-1r) =0, lim#q=o0.
Z—>0 Qma,x i Z—>00 :

The vertical velocity component cannot be prescribed at infinity
because the boundary layer at the plate induces a circulation to
sustain a mass transport. This flux persists throughout the infinite
realm.

Since the motion is axially symmetnc it is convenient to use
cyhndncal co-ordinates in which case the equations reduce to

L 69_V2+W du_ _op p(Pu 1ou, u_u
ot eor oz aT\eeTra TaE2 )
- (3.2.2)

N WG g (B IT BY VY o
T lut s PV a M tratar ) 823

w WL i (Pw Eé‘i‘f o*w (3.2.4)
ot Vor T oz Tz at ror o) B4
Cew o
== (1u) + =0 S (3.2.5)
Kérman’s similarity solution is of the form
u=rF(z,t), v= rG(z, t), w=H(zt), (3.2.6)
with p =K({)r?+L(z,1).

Substitution of these expressions into the system (3.2.2)~(3.2.5),
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and the elimination of ,the'pressure, yields

2 3
2F F GaG+a(H3F) £ 7F

dtoz oz " oz\ oz o7’
aG’+ FG+H£’—E%(;’, (3.27)

oH

F_—EZ

The assumed functional forms are entirely consistent with the
prescribed boundary conditions and

‘F(o,t) =0, Gfo,t)= v——/\(t) H(o,t) = 0;

O
max

Although rather arbitrary initial conditions on F, G and H can be
set, the motion is usually thought to start from a state of rest or
rigid rotation. :

The lack of a definite characteristic distance, in the case of an
infinite fluid bounded by a single plate, means that no parameter
having a length scale need appear explicitly in the basic formulation.
The Ekman number E can be removed through a redeﬁmtlon of

variables which i is, in essence, a boundary layer scaling.
Let - '

{=E, F= Fgy, G=G(Ey, H=EHE t).

By ehm.matmg F from the problem, the equations can be reduced
to the followmg fifth order system,

1 2H I(a LGy H32H 10°H (Qf)"

F(oo,t) = 0,  G(oo,t) =

#H ,
to¢ 2 73 3
2 t g 4‘ g v 3§ 2 ag ma,x (3.2.8)
oG oG _0H G
3k A du o
Q oH

i e ’W = = == . =
with B G A HA T o on§‘ o,

max

Q

G-yt = —f—g =0 at{ =00, and G(Z,0), H({,o) prescribed.
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Kérman’s original problem is a special case of this formulation
which corresponds to .steady motion with A(t) =1 and (; =o.
Bodewadt’s problem also concerns steady motion but has Q = o
and O . = Q. ,

Cochran’s[34] numerical solution of Kirman’s problem is dis-
played in fig. 3.1. The profiles show no oscillations in the boundary
layer and, in this respect, are quite untypical of the general steady
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Fig. 3.1. Solid curves are the similarity velocity profiles for Kdrmdn’s problem.
Dashed curves are the solutions of the corresponding linear problem, p. 32.

problem. In fact, Rogers and Lance[169] carried out the numerical
integrations for a large number of parameter settings ranging from
ON Q)
Qw Qf
and they found that Kérmdn’s solution is the only solution which
does not exhibit oscillatory behaviour in the boundary layer. Any
fluid rotation at infinity, is sufficient to produce such fluctuations.
Pearson[43] and Benton[8] computed the time-dependent evolu-
tion of Kdrmin’s solution with' A= $(t), (an impulsive start), and
zero initial conditions. Benton’s results for the azimuthal velocity
profile are exhibited in fig. 3.2. As in the linear theory, the steady
state is almost completely established within the first few revolutions
of the plate, t== 2. After this initial phase, steady boundary layer
theory applies accurately, although small inertial oscillations do
persist for a much longer period.
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Bodewadt’s solution is shown in fig. 3.3. A great deal of contro-
versy exists about the realization of this idealized motion. Much of
this stems from the fact that the flow begins at infinity and, thence-
forth, emerges from the boundary layer to feed the interior. More-
over, a fluid element moving inward along the plate has to lose
memory of its original state and fall completely under the control
of local inviscid flow field outside the layer. It is difficult to accept

18 ’—“
16
14 [~ H
12 -
‘i‘() — - ::: ez O
/ ,/I el
08
J /
o6 = Jff
j
Iy
0.4 e
02 h .
1 L1 Lo T 1 1 DR
10 20730 40 50 60 70 80 90 100 110
—0:2 - ,/ ¢
\_//
-4 - B

Fig, 3.3. Solid curves are the similarity velocity profiles for B6dewadt’s problem.
"The dashed curves are the solutions of the corresponding linear problem.

that all this happens without boundary layer separation and flow
instability being involved.

From an analytical point of view, the solution has a firm founda-
tion. The investigations of the analogous finite disk problem show
that the similarity profiles are indeed excellent approximations
over the inner half of the plate. Rott and Lewellen’s[r77]1 study of the
question of terminal similarity, which is based on momentum
integral methods (§3.6), and the associated experiments of Max-
worthy[:27] leave no doubt that the Bédewadt solution can be used
effectively and accurately in the determination of interior flows.
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This is certainly the case in all the linear problems that have been
experimentally verified.

Disagreement still exists on the matter of the stability of the
boundary layer. Of course, a definitive set of experiments would
resolve the dispute. Such experiments have not been made, but it
seems likely that the layer will prove stable under restrictive condi-
tions, namely, a small enough value of a boundary layer Reynolds
number. :

The calculations of Rogers and Lance[160] for the general steady
problem show a continuous transition in the velocity profiles as the
ratio (/Q), changes. Fig. 3.4 exhibits the vertical component of
velocity at infinity induced by mass transport in the boundary layer
versus (;/Q),. The information provided in this diagram will be
extremely useful in developing approximate methods of analysis
(as in § 3.6). '

An unusual feature of the numerical solution is that the axial
transport is not a monotonic function of Q;/Q,,. Slight fluid rotation
at infinity actually increases the magnitude of the normal flux. This
is quite possibly related to the oscillations established in the
boundary layer as a result of the rotational motion at infinity, butno
clear cause and effect mechanism has been given.

3.3. Boundary layer on a finite plate

The question of applicability and pertinence of similarity solu-
tions to real flows is ever present. In what circumstances, and for
which boundary conditions, will these solutions -represent an
adequate and reliable approximation? This and the next section will
attempt to throw some light on these issues.

Rogers and Lance[r7o] investigated the boundary layer in a
rotating fluid over a stationary, finite disk in order to examine the
validity and limitations of the Bédewadt solution. Their procedure
is to compute numerically sufficiently many terms of the series
expansion given by Stewartson[18¢], which is valid near the outer
edge of the disk, so that an adequate representation of the flow is
obtained at smaller radii, say r = 3. This series solution is then
compared to the similarity solution for the infinite plate problem
which presumably holds at least near the very centre of the disk.
Hopefully, the two should attach to each other and indeed they
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Fig. 3.4. The induced vertical velocity at a flat plate as a function of the rotation
speeds of the wall, O, and the fluid outside the boundary layer, Q; [x69l.
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seem to; in fact, Bodewadt’s solution is found to be a good approxi-
mation over the inner half of the disk. It may be concluded that the
boundary layer flow in the central region depends essentially on the
local inviscid flow field and has completely ‘forgotten’ the manner
in which it originated at the edge of the disk.

The configuration studied consists of a fluid filled semi-infinite
cylinder, of radius @ and rotation rate (), which is capped with a
stationary disk. Far from the end plate, the fluid rotates rigidly
with its sidewalls and the pressure gradient exactly balances the
centrifugal force. Flow near the disk is confined to a viscous
boundary layer and the solution of the non-linear boundary layer
equations should be reasonably accurate over most of the end plate
surface—except, perhaps, in the immediate vicinity of the corners.
Here, radial shear terms can be expected to become increasingly
important, but these effects are ignored in this first attempt. As a
consequence, the boundary layer equations, which are based solely
on the vertical derivatives, are found to imply infinite axial velocities
at the outer radius although the other components do remain finite.
"This singularity could be corrected by a proper sidewall boundary
layer calculation, but the net effect on the central flow, the question
at hand, would most probably be small and not really worth the
effort from this standpoint.

The approximate, dimensionless equations in an inertial frame
that govern the boundary layer region are, according to §1.6:

ou du v? ofu
ou ou_Yy o_ i .3.1
U W r+E3z2’ (3-3.1)
ov ov uv v
oy v W _gov 3.2
utwe +— =B, (3-3-2)
0 0 .
= —(xw) =o. 3-3)
% (ru)+ e (rw) =0 (33

The pressure is essentially constant through the layer and equ:ill to
its value at “infinity’; the radius a and Q; @ are the characteristic
scales. The boundary conditions are simply

U=v=w=0 Onz=0,0<r<1I,
u->0, v—>r asz->o,0<I<T,

and u=o0, v=1 atr=r1, forallz
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The introduction of a stream function,

10y )

W=
Troz’ r or

facilitates the solution procedure.
. Stewartson’s expansion method employs the variables

‘ g=1-r1, §=Edux? (3-3-4)
and the series )

Edyt Z Pa()x" V=3 Va(n)z™ (3-3-5)

These expansions are substituted into (3.3.1)~(3.3.3) and the

coefficients of like powers of x equated to obtain an infinite number
of problems for the unknown functions. The first is

dy, 3 diy, 41 (d\Vo) =1-V3

dy® 470 dp? dy (3.3:6)
v, 3 dv,_
dyr 4Y0dy T

with |
Vi) =) = owe) =0 and Vo)1 =;1%%(oo) —o.

The numerical solutions of these equations are compared to the
Bodewadt solution in two ways. At position z = E3, which is close
to the outer edge of the boundary layer, the velocity profiles
obtained from both sources are plotted together versus radial
distance. Fig. 3.5 shows the results; the curves seem to join at about
r = }. Secondly, the profiles are compared at a definite radius,
1 = 1, as functions of the axial co-ordinate zE—3, and this is illus-
trated in fig. 3.6. Reasonable agreement is attained.

Presumably, calculations of still higher order problems would
make the fit even smoother, as suggested by the inclusion of third
order terms, but the appearance of a reverse circulation can cause
trouble. The axial velocity is not shown because, although qualitative
agreement does exist, the similarity is not as close for reasons men-
tioned previously. The results indicate that the similarity solution is
reasonably accurate in the region r < 1. A similar conclusion was
drawn by King and Lewellen[o6] from a momentum-integral solu-
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tion. A matched expansion procedure joining series solutions valid
for small r and 1 —r remains to be completed, but some discussion of
this approach is given by Rott and Lewellenf177].
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®
Fig. 3.5. (@) The radial velocity at § = 1 for a finite disk rotating in a stationazl—y
fluidfx70]. Curves 1, 2 and 3 show the effect of increasing the number of terms in

the ‘edge® expansion (3.3.5). (5) The azimuthal velocity 2t £ = 1 for the same
problem.

It is no more difficult to solve the more general problem in which
the end plate is also allowed to rotate. This is 2 particularly inter-
esting situation when the disk and sidewalls rotate exactly counter
to each other. Although the equations (3.2.8) seem to hold in this
situation too, no acceptable similarity solution for the single, infinite
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Fig. 3.6. (@) The radial velocity at r = } as a function of the boundary layer
co-ordinate . The curve labelled 3 corresponds to three terms of the ‘edge’
expansion. () The azimuthal velocity at r = §.
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plate in an unbounded fluid has been found. The computations
based on the edge expansion for the finite plate indicate that a
counter-rotating plate delays the onset of mass efflux from the
boundary layer. For example, when QO = o,r = o-84isthe position
at which the axial velocity reverses sign and the boundary layer
begins to exude fluid into the interior. However, at O, = —0'g ),
the corresponding valueist = 0-66. Furthermore, there seems to be
a region near the centre where the fluid rotates faster than the disk
(in the same direction). Pearson[143] found the same type of be-
haviour in an analogous situation discussed in the next section. It
should be noted that these conclusions are, in many respects,
incomplete and more work is required to elevate them to the status
of absolute acceptance.

3.4. Motion between concentric plates

Flow between infinite, concentric, rotating disks was first dis-
cussed by Batchelor[7], later by Stewartson[:87], Lance and
Rogers[io4] and by Pearson[r4z]. The first two of these are
theoretical analyses, whereas the latter two are numerical investi-
gations of the steady and time-dependent motions respectively.

"The simplest case has both disks rotating with the same instan-
taneous angular velocity and for this and many other conditions,
the flow is describable as a similarity solution of equation (3.2.7).
A solution of this form presumes implicitly that the sidewall entry
conditions at infinite radius are unimportant, so that only the local
relationship between the internal motion and viscous boundary
layers is of any consequence. Of course, the relevance of such
similarity solutions to the finite disk configuration must be closely
scrutinized and their limitations realistically assessed.

‘When the plates rotate steadily in the same direction and the
Ekman number is small, the flow field consists of a boundary layer
at each plate and an interior state of rigid rotation at an inter-
mediate rate that is compatible with flux requirements. The calcula-
tions of Rogers and Lance[169], reported in§3.2, arealready sufficient
to describe the motion quite accurately.

Let the rotation speed of one disk be maintained at the constant
value Q,, = ), while the angular velocity of the other may be set at

any value between zero and Q;. At the faster disk, there must be a
Io )

GTO
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net influx of mass into the boundary layer in a manner similar to
that described in Kdrmén’s problem. Likewise, at the slower disk,
there must be a mass efflux according to Bodewadt’s similarity -
solution. The interior rotates rigidly at the exact intermediate rate
for which the local mass efflux from one boundary layer matches
identically, at each radial position, with that required by the other.
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Fig. 3.7. Two concentric plates rotate with frequencies Q; and Q.. Q) is the '
angular velocity of the contained fluid for which the vertical mass transports
induced by the boundary layers at each plate balance exactly, [169].

Calling the rotation rate of the internal fluid O, (Qr is the
velocity at ‘infinity’ as seen from each layer), then the relationship
of (;, O, and (), dictated by this local flux or transport balance is
shown in fig. 3.7. The azimuthal velocity in the interior varies from
Q, r, when the two plates rotate rigidly in unison, to the value of
0+3(); r, when one plate is stationary. This solution assumes im-
plicitly that the transient evolution of the steady flow is one in which
viscous diffusion eventually permeates the fluid to affect all fluid
particles. For infinite plates, this is undoubtedly true; the assump-
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tion is not necessarily valid in many real problems when the inflow
from lateral regions can be controlled.

This analysis does not apply to the case of counter-rotating disks,
where a substantial departure from an internal state of rigid rotation
is observed.

Pearson[r43] numerically integrated the time-dependent equa-
tions, (3.2.7), for a variety of boundary conditions, but with the
fluid always in an initial state of rest. The angular velocity of one or
both plates is impulsively increased and the calculations are carried
out until the final steady state is achieved. The steady solutions
obtained this way are in overall agreement with the direct calcula-
tions of the time-independent equations by Lance and Rogers[1o4]
in every case presented except one, which is discussed shortly.

One example of a transient numerical solution for small Ekman
number, E = 1078, is shown in fig. 3.8. In this problem, O, = $(t),
0, = o. Especially noteworthy is the fact that two flow regimes are
in evidence. In the interval of spin-up, t==E-%, (5 <t < 150), the
flow consists of a single, almost steady, boundarylayer on the surface
of the moving disk. Elsewhere, the fluid motion is very smalil and
essentially inviscid; most of the fluid particles are as yet unaffected
by viscous diffusion. Vorticity diffusion radically alters the pattern
in the longer characteristic time scale, t == rooo == E~*,when viscous
processes permeate the interior. By that time, all fluid particles have
experienced some viscous control and the ultimate steady state
predicted by the steady boundary layer calculations is obtained.

It seems clear that if, in real circumstances, the internal fluid can
be affected by viscous diffusion, either directly or by recirculation,
then the flow should be similar to the final steady state pictured. If,
however, the configuration is arranged so that the main body of
fluid is unaffected by viscosity, then the flow established by the
boundary layer-alone in the spin-up time is more relevant.

Numerical results for the case of counter-rotating disks are shown
in fig. 3.9. The Ekman number there is only 1072, not truly small,
and the boundary layers are very broad. Steady and unsteady
calculations agree when O, = —Q); and E = 1072, but this is not
the caseatsmaller values of the Ekman number. AtE = 103, Rogers
and Lance[169] compute a symmetric pattern about the mid-plane,
but Pearson’s results show a marked asymmetry with an internal

10-2
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angular velocity of greater magnitude than that of either plate. The
source of this discrepancy is not clear but it seems possible that
there might be some inherent numerical instability associated with
the internal flow when the effects of each plate tend to cancel. Since
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Fig. 3.8. The transient fluid motion between two plates, one of which is started
impulsively; Q; = 8(t) and Q; = o. E = 102 and functions G, H and F are
defined in (3.2.6), [143].

neither plate exercises predominant control, the initial setting, and
conditions at the sidewalls, may also become crucial factors in
the selection of the final state.

The boundary conditions at the lateral walls naturally enter into
‘the determination of which solution occurs in the case of finite
rotating disks. T'wo configurations have received considerable
attention from an experimental standpoint (Schultz-Grunow[179],
Picha and Eckerif:sz], Stewartson[z87]). The first involves an open
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arrangement of two centred disks of equal size; one disk is
stationary and the other rotates uniformly. Observations show that
the main body of fluid or gas between the disks remains essentially
quiescent. There is motion in the boundary layer on the rotating
plate, but little elsewhere. On the other hand, if the disks are sur-
rounded or shrouded by a close fitting cylindrical container, there is
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Fig. 3.9. The final steady motion between counter-rotating disks with Q; = 1,
Q, = —1, —0'9, —0'5, —0'25, —0'1, —0-04 and E = 1072, [143].

motion of the internal fluid which closely resembles the flow between
infinite plates. The azimuthal velocity is then about three-tenths
the speed of the turning plate, over most of the central core. The
experimental results regarding counter-rotating disks show no
circular motion of the internal fluid and, hence, support the
numerical results of Rogers and Lance. '

The different flows can be explained on the basis of Pearson’s
numerical work. The boundary layer on the rotating disk in the
unshrouded or free configuration acts upon an inexhaustible supply
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of inviscid fluid fed continually by the infinite, external reservoir.
A particle entering the region between the plates remains there for
the order of the spin-up. time, E-%, before it is ejected from
the boundary layer back into the reservoir by centrifugal forces.
. Thus, viscous diffusion is always counteracted and can never
permeate the entire fluid domain. The resultant motion is that
established directly by boundary layer action (the profiles shown
in fig. 3.8 which correspond to the spin-up time, t == E—%). The major
flow is confined to the boundary layer, and motion elsewhere is of
a much smaller magnitude. However, for the shrouded disks, the
interior is affected by viscosity because the fluid between plates is
contained and the same fluid particles are acted upon continually.
The ultimate state then corresponds to the infinite disk problem
wherein diffusion plays a similar role.

When both disks of an unshrouded configuration revolve (not
necessarily at the same frequency), a central core of the internal
fluid is also set into rotation at a comparable rate, but elsewhere the
almost quiescent interior conditions are unperturbed. The reasons
for this may lie in the fact that any rotation whatsoever, acquired by
aninterior fluid particle, is markedly accentuated as it approaches
the centre line because of the conservation of angular momentum.

3.5. Spherical boundaries

Motion produced by a rapidly rotating sphere in an otherwise
quiescent fluid of infinite extent was studied by Howarth[8o].
Fox[s3] and Banks[3] computed his solution in greater detail; the-
former author generalized the approach to solve analogous problems
pertaining to many other body shapes. In most respects, the flow
pattern resembles that established by a single rotating plate, the
identification being strongest at the polar regions. Boundary layers
form at these positions and mass, drawn in from the outside, is
expelled along the surface towards the equatorial latitudes. Near
the equator, the flows within the modified Kérman boundary layers
on both hemispheres impinge upon each other. The interaction
produces a radial jet of fluid at the equator, shown in fig. 3.10 which
is taken from the work of Bowden and Lordfx3], (see also Kreith
et al.[oo]). A theoretical analysis of the motion at the equator is
given by Stewartson{z8¢].




(N

Fig. 3.10. Schlieren photographs, by Bowden and Lord [13], of the boundary
layer on a rotating sphere. A radial jet is clearly visible and appears to grow
shorter as the equatorial speed is increased from 6 m/s in {(4) to 18 m/s in (f),
possibly because of some turbulence. No jet is present in the case of a rotating
half body shown in (f).

(facing p. 150)
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Although ordinary boundary layer theory is incapable of
describing the collision, it seems to apply extremely well over
the rest of the spherical surface. The disturbance created near the
equator has a minor influence on the incoming boundary layer flows
when the Ekman number is small. The numerical solutions
discussed shortly corroborate this conclusion.

The steady axisymmetric boundary layer equations (the dimen-
sionless form of (1.6.3)—(1.6.5) with Q = o) written in terms of
spherical co-ordinates

(§17 gz, §3) = (@)7 e, r— I)’
(hl» hz, h3) = (Ii SiIl @: I):
(ql’ Q2, q3) = (u7 9, ZU),

T 9, . Oz
are n5 76 @O +5 =0, (3-5.1)
3u 2 '
55+ —v2cot® = Ea = (3-5-2)
ov 6 :
UGGt W T cot® = E (3-5-3)

Here, the pressure outside the layer is a constant and the usual
characteristic scales, [t, Q~%,1,Q], have been used in the
dimensionalization. , :

The method of solution is based on a series expansion in the

polarangle ®; 4, — @F,(&)+ ®3F,(0) + ...,

v = 0G()+O3Gy({) + ..., (3-5-4)
w = EAH(£)+0Hy()+...],
where | {=E-3(1r-1).

A system of ordinary differential equations for the unknown
functions results from the substitution of these series into (3.5.1)~
(3-5-3), and equating like powers of 0. The first is

dF; dzF.
2 ek P T
F3+H, @ G = Frel
2F1G1 +H, d(gl ddg;l . (3-5.5)
d€

W1th F (oo) Gy(0) =0, Fy(0) =Hyo)=0, G40)=1.
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The first seven functions of each set were computed by Fox and
Banks and the numerical values seem to imply good overall eon-
vergence in non-equatorial latitudes. Furthermore, there is no
indication of either separation or premature mass efflux from the
boundary layer as predicted by Nigam(i3s, r36]. The equatorial

1-6
148
1-2
10 03
08
v 02 3
06 N5
, u //
04 01 2 Sy
=7
02 e
I I T ==CF
1 2 3 4 5 6 7 8 9
4
04 +— //“\\
02 N\
A\
IR ABMAVAVA VR S W
12345\678910 ¢
....0.2 - \
@ &) \Z
—04 3 S
._0.6 [ 1
._1.0 L. -

Fig. 3.11. The azimuthal, radial and meridional components of velocity at the
equator, & = 47, [31. The number labels indicate the highest order function
used in the series in (3.5.4).

velocity components, given by Banks, are shown in fig. 3.11; the
numbers on the graphs indicate the highest order function included
in the computation.

Linear motions between concentric spheres, first treated by
Proudman(rss], were discussed in the last chapter; flow within a
narrow gap spherical annulus receives further attention in chapter 5. -
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Here, we will describe some of the numerical results obtained by
Pearsonfi44] for the time-dependent problem of axially symmetric
motion between concentric spheres. The spheres rotate about the
same axis but with different rotation rates. {The narrow gap annulus
is one particular case of the genéral problem and there is no indica-
tion that special difficulties arc associated with it.)

The completed calculations are, at present, too few to be able to
draw many inferences apart from the important one that the pro-
gram works well. Some information is available about the flow in the
annulus whose gap width is the radius of the inner sphere. In this
example, the inner sphere is kept stationary while the outer one is
started impulsively. 'The transient evolution and the ultimate steady
circulation are shown in figures 3.12 and 3.13. The formation of an
internal shear is quite evident and the flow pattern near the pole is
similar to that which develops between concentric disks. With a
little effort, it should be possible to determine the structure of the
free shear layers and their dependence on the Rossby number. The
behaviour of the fluid near the equator would be of significant
interest when the inner sphere spins too. A number of standing
questions will be resolved now that an aceurate numerical technique
is available. 'That new questions will arise seems inevitable.

3.6. Momentum-integral methods

A much more empirical approach to the solution of the equations
of motion is based on the momentum-integral methods introduced
by Kdrman[o4] in a study of both laminar and turbulent boundary
layers on a rotating plate. Later, Schultz-Grunow[r7¢] analysed the
flow between finite rotating disks in this manner and more recently
the same methods have been applied to problems of this sort by
Mack[122, 1231 and King and Lewellen[o6], among others. Rott and
Lewellen[177] review the applications of the theory dealing with
rotating fluids.

A great difficulty with relatively crude procedures is that to
succeed they depend very much on hindsight and the ingenuity,
experience, and knowledgeability of the particular researcher. One
can never be sure in completely new situations that gross approxi-
mations are really adequate and will yield trustworthy results. (For
example, is a monotonic boundary layer profile always an accurate
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approximation?) However, in many situations, especially those
involving turbulent boundary layers and other strong interactions,
there are essentially no other theoretical techniques available and

0506 0°7 0-8 0910

()
Fig. 3.12. The inner sphere is held fixed and the outer sphere is started im-
pulsively, [144]. Contour lines of ro%y, the axially symmetric stream function
defined on page 101, are shown at varying times: (a) t =8, (b) t = 47,
(¢) t = 223. In all cases, E = 1073,

in these cases, momentum-integral methods become a most
practical means of analysis. The presentation in this section is based
on the work of Rott and Lewellen[1771. :
Consider steady, axially symmetric fluid motions in a container
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with the same geometrical restrictions. The analysis of a boundary
layer formed adjacent to the wall may be facilitated through the
introduction of the arc length, s, which éncreases in the direction of
boundary layer growth. The surface itself is described para-
metrically in terms of this co-ordinate by
' ‘ dR\?  ([dZ\?
4 r=R(s), z=Z(s); 1= (_ds_> + (dg) .
According to the notation of § 1.6, let
(‘El’ §2> 63) = (87 e) 1)): (hla h27 hs) = (I> R(S), I);
Vand (492 95) = (qsr v, ql))'

05 06 07 08 09 10
T

Fig. 3.13. Contour lines of angular velocity at t = 223, E = 1079,
Conditions are the same as for fig. 3.12. :

"The unscaled boundary layer eéquations are then
8q,, oq, v?dR _ vBdR  aug

b2 Ty "R Rds ! oy’ (:6.1)
s gl _ o
Ra TR o oy’ (3.6.2)
i L 0qy
R"%(Rqs)'l‘% = 0, (3'6'3)

Here, 1 is the co-ordinate normal to the boundary; i, 7, are stress
components; ) =Ry;

and conditions outside the boundary layer, which are assumed to be
known, are denoted by the subscript I. A dimensional notation is
used because several different scales will enter into the following
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analysis; the co-ordinate system here is an #nertial or laboratory
Sframe.

Upon integrating each of these equations in the normal direction
from zero to ‘infinity’, it follows that

ds (Rf dl)) f ( )(F-"- r3)dy = —Ra®?, (3.6..4)

© dr- ]
& (R[ar-roaw)+ () Raty ~ -Reatp, 569)

1d @
Ay |y = Qyy = “Rds (Rj0 Js dn) - (3.6.6)
with 9 = o

Approximations are now made to reduce these equations to a system
of readily soluble, ordinary differential equations for certain mean-
ingful averages that describe the boundary layer structure. Two
quantities are most significant—the meridional mass transport with-
in thelayer, .#(s),and theboundary layer thickness, 6(s). Theformer

is, by definition, w
AH(s) = f , RE)gsdy, (3-6-7)

but the latter concept is less precise. Experience with boundary
layer phenomena indicates that very little change occurs beyond a
certain distance from the wall, (s). Moreover, within this distance,
the dependent variables are very often of a similarity form, since
the length scale characterizing the total geometry is not relevant
to local considerations. An approximation based on these observa-
tions is

A d
F(I) d¢ F({,‘) SRF(1)dZ 57 FE) (3.6.8)
I'=Tw+ (M —Tw) G(), (3.6.9)
with » £ = v/8().

Here, both F and G are identically zero for £ > 1, and subscript W
indicates evaluation at the wall. For { < 1, the functions are chosen
freely to model the actual flow and to simplify the mathematics.
In other words, it is explicitly assumed that the boundary conditions
at ‘infinity”’ can be satisfied to a high degree of precision at a finite
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position, and that the velocity profiles are of the prescribed form.
The conditions G(1) = 1, G(0) = o, F(0) = 0, hold.

The substitution of these expressions into (3.6.4) and (3.6.5)
leads to a system of ordinary differential equations for .4 and §:

d (4% & dR
Xegs (RT?) TR [(Mx—Tw)? X5+ DTt —Tw) X, = ~Ra,
(3.6.10)
d /(. d 2l
"&5 (M —Tg) A —XI,//ES MN=xRaP, (3.6.11)
where
1 1 dF 1/ 1 dF\2
1 [ LI & = o5
X = fo F(I) dg (I G(g)) dg) Xa J.() (F(I) dé) dé’, ‘
‘ ) ) (3.6.12)
X~ [ G-G0)L, xi=2 | (c-GE)L
. o
The remaining equation is used to calculate the normal flux:
rd 5
Q=g o) aty=co. (3-6.13)

The forms of the stress functions, 1{ and 1, have deliberately
been left indefinite so that a general formula can be used that is
appropriate for both laminar and turbulent flow. The shear laws at
f) = o employed by Rott and Lewellen[r77] are

o _ ~ Ti—Tw)? (L)ﬂ
T~ = X5 R2 ([‘I_rw) 3] .
a9 = A ([1-T'w) ( vR )ﬂ (3.6.14)
s = Xe R28 ri=tws)

where = 1 for laminar flow, and g = } for turbulent fow (the
Blasius value). The constants are

d ., 1 d2
X = d—gG(O); Xe = 6] E@F(O),

in the former case, and o-0225 and x;/F(1), in the latter. Note that
the forms of a{® and 1 for laminar flow follow directly from the
basic assumptions. V‘

In ordinary examples, the flow conditions at the plate, I'y,and
in the inviscid interior, 'y, are usually assumed known, as is the
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direction of boundary layer growth. Reasonable guesses are made
for F({) and G({) and the parameters, y;, are calculated. Equations
(3.6.10) and (3.6.11) are then solved, numerically if need be, for the
unknown functions, -#(s), &(s), subject to proper boundary condi-
tions at the origin of the viscous layer, say, .#(0) = o, (o) =o. If
the choices are made judiciously, the resultant solutlons can be
excellent approximations.

In rotating flow problems, the swirl, I'y(r), is most often an
unknown. In fact, the determination of Iy(r) may be the prime
objective, in which case it is necessary to obtain approximate
analytical solutions of the boundary layer equations that retain this
function in an explicit manner. Further simplifications are required

_ for this purpose.

Consider the flow above a stationary plate, ['wy= o0, and let
['1(r) = (r). The solution of (3.6.10) and (3.6.11),near s = o,
(8(0) = -#(0) = o), can be obtained in the form of a series. If

8(8) = 37(30-]—381'1" ...), } (36.15)

M (8) = s*(My+ sty +...),
and I'(s) = Fy+sl+...,
R(S) - R0+SR1+ tesy

o—. ) —0
8, = ([(X1X5)2)%(2 - ( R Rl)%(l‘z”)( )2(1 )’
I (3-6.16)
oty = QR £ (= Ry Ry T 1020, f

with

then

248 ‘7= T {,=3+2,u& Xo
T2t 2(x+p)’ 244 Xs XiXaXs

In the neighbourhood of the origin, the boundary layer thickness is
related to the flux by
sotn — X1Xs? [ (Ro) L W

B 0

(3.6.17)

This relationship is taken by Rott and Lewellen to apply throughout
the entire boundary layer domain with the initial constants, R,, [,
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Rl, replaced by their local values, R, Iy, cé—I:; therefore

, X1 Xs? R(s) )Hﬂ
82Hr = i/ . .6.
TarY (r (3-6.18)
ds

It has been found that this approximation is the only power law
consistent with both initial and terminal similarity.

Equation (3.6.11) can now be solved in closed form using (3.6.18),
which, in effect, replaces (3.6.7). Thus,

M= o (Xl xs)za'—l £o—1y2(1~0) r%{;,—-l

(o) o
x{ f:r]%—w“)(—R%) ds}. (3.6.19)

This equation is still too complicated for practical use and a
simpler approximate relationship between the local value of .# and
I'; is desirable. A manageable formula can be obtained for laminar
flow over a flat plate by interpolation between two extreme cases. Let

1 dF e N2
Tayag = 128(1=8P% G(6) =2{-&, (3:6.20)

so that ¥, =25, Xp=1-375, Xs=0467, Xy=0667. Xx;=2,
Xe = 12. The potential vortex, I'y = constant (=TI), then has an
associated mass flux, according to (3.6.19),

M = 1260 )t (RE —RH), (3.6.21)

whereas for rzgzd rotation, I'y = QR?,

M =1 26vz

(Ro —R¥yk, (3.6.22)
A formula that includes both of these results as limiting cases is
M =1 26( ) (Rf-Ro)iT, (3.6.23)

and this will be used as the basic relationship between .# and Iy,
- when a rotating flow persists above a stationary plate.

"The analysis of the problem in which the plate rotates faster than
the fluid is similar and will not be presented here. As a rule, Qr2 T
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must not change sign for the approximations to remain valid. If
'y = QR2 and R = s, then the laminar flux calculation leads to the
following approximation;

M= 055 (é)f(QRZ— ). (3.6.24)

These results, (3.6.23) and (3.6.24), may be combined to solve
the problem of flow between shrouded disks, one of which rotates
while the other remains stationary. The reasoning is based on the
fact that mass conservation requires the nef radial flux between
plates to be zero. The transport in either boundary layer is O(E2%),
but the interior flow contribution is only O(E). (This is'a rather
simple result and it is established by a formal analysis in the next
section.) Therefore, to lowest order, the boundary layer fluxes must
balance each other at every radial position. This local matching and
detailed balancing determine the possible interior flow, ;. Equating
the expressions for .# in the preceding equations yields

. Y2 N
CEELE S (3.6.25)

6 r\H\i
oss+r26(1- (%))

where R, = a is the radius of the tank. This formula implies that
vy = 0-30r near the central axis, which is in exact agreement with
the analysis of the infinite disk problem, and it compares favourably
at all positions with the experimental data of Maxworthy[z27],
fig. 3.14.

Further development of these procedures, their improvement
and modification, may be found in the cited reférences.

Mi(r) =

3.7. Spin-up

The small convective circulation established by viscous boundary
layers is the most important process controlling spin-up even in the
non-linear regime. The predominance of this mechanism makes
certain that the spin-up time scale, E-2Q2, is characteristic in all
circumstances. The principal difference between container spin-up
from one rotation rate to another and spin-up from rest is the role
of angular momentum. In the latter case, the main body of fluid is
not rotating initially and must be completely flushed, spun-up from
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rest and returned to the interior by the boundary layers. This is
probably the more interesting situation at this time because of the
new features exhibited and it will be discussed first for this reason.
Spin-down to rest is not considered because the flow is unstable and
becomes turbulent.

If the fluid is already revolving, then comparatively little motion
is required to effect a change of rotation rate. The conservation of
angular momentum requires a particle to spin faster as it is con-
vected inward and the concomitant stretching of vortex lines by
the induced boundary layer flux increases the total vorticity. The

1-0

®in

Fig. 3.14. The angular velocity of the interior fluid between two finite shrouded
disks, one fixed and the other rotating, as given by (3.6.25). The circles are
experimental points of Mazworthy[127],

particle moves just so far until its speed and vorticity are at their
required levels. Obviously, this non-linear problem is a direct
extension of the linear problem and only quantitative changes are
expected.

Consider a very simple problem of spin-up from rest. A sym-
metrical, fluid-filled container is initially in a state of rest and the
container is then impulsively set into rotation about its symmetry
axis with constant angular velocity Q. An analytical description is
desired of the approach to the final state of rigid rotation.

From a physical standpoint, the flow development is as follows.
Boundary layers form at the container wall within the first few
revolutions following the impulsive start. These layers remain

IT GTO
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essentially steady thereafter, throughout the critical phases of
motion. Their main function is to produce a secondary flow to draw
in non-rotating fluid, spin it up and return it to the interior.
Rotating fluid emerging from the boundary layers is convected
across the breadth of the container and the process concludes'when
the original fluid has been completely flushed and replaced.

The dimensionless equations of motion, scaled by [L, E= Q-1,0OL],
are, in terms of a cylindrical, inertial co-ordinate system,

o S
P Y a Ve T T wt e tar o ,
: (3.7-1)

ov ov v] " ov v ov v\ -
4%,1 s — — e JUETER SR
E Pl [c’)r +r] W o E (6r2 Far T 6‘zz> > (372)

- fu du _v? P (32u du 6211)

ow ow ow P Pw 1w 3w
3 i A ol A T T i
E P e oz +E(8r2» ror 622)’
' (37:3)

a% (ru)—i—a—az(rw) =o. (37-4)

The Rossby number, ¢, is taken as unity and the container height, L,
characterizes the length scale. Certain terms have been eliminated
because, by symmetry, all functions are independent of the azi-
muthal angle. The boundary conditions are

U=V~r=w=o0 (3-7-5)

on the container surface, and u = v = w = o initially.
"'The solution is once again representable as a combination of a
boundary layer flow and a nearly inviscid, interior motion. Only
the motion in the inviscid interior shall be described in detail.
Since the induced secondary circulation must be O(E?), the internal
velocity components and pressure are expressible as
u= Etuy(r,2,7) + ...,

v = vy(t, 2, 7) + Eivy(r, 2, T) + ..., ' (37.6)

W= o Elwy(r,z,7)+ ., 37

P =p = py(r,2,7)+Edpy(r,z, )+ ....
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The substitution of these expansions in the foregoing equations
shows that

Vi _ 9pg
r o’ ' ( )
377
Y
oz "
Thus, the azimuthal velocity is independent of height to this order,
Vo = Vo(r, ). - (378)
Furthermore, it follows from (3.7.2) that
., o (%0 oy
ot or + TV, T
| B 2
whence p (rvp) +uy e (tvy) =0, (3+7.9)

by virtue of (3.7.8). 'The radial velocity is also independent of the
vertical co-ordinate, z. (For steady motions, u, = o, is an immediate
consequence of this relationship and proves, in particular, that
u = O(E) in the interior. This fact was used in the last section in
_the discussion preceding (3.6.25).) In order to solve (3.7.9), an
explicitrelationship between u, and v, is needed and this is provided
by a detailed boundary layer analysis. The exact relationship can be
found only under severe restrictions—meoderate spin-up from one
speed to another—and the theory in this case is developed later in
this section. It has not been possible to analyse spin-up from restin
this fashien, buta very successful approximate procedure was intro-
duced by WedemeyetT2231 which in spirit and execution is similar
to the momentum-integral methods of the last section.
Information accumulated in previous chapters shows clearly
that the boundary layer processes are nearly steady throughout
the essential phases of certain transient fluid motions. Many
results derived from an analysis of steady boundary layers apply
almost as well to time-dependent situations—after the first few
revolutions. Therefore, the crucial step is to regard all boundary
layers as steady and to use the established formulas connecting mass
transport in the viscous layers with the inviscid secondary citcula-
“tion. In this manner, an approximate formula is derived relating
u; and vy The cylindrical container is considered first since this is

IX-2
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the configuration about which most is known. The analysis is then
extended in the same spirit to include arbitrary axially symmetric
geometries.

"Thenet radial transport of fluid in the boundarylayersand inviscid
interior must be zero at any time, and at any position r = constant.

This is expressed by "
f udz = o,
0

which is the result of the vertical integration of (3.7.4) from one
plate to the other. The radial velocity component, like all the others,
is, in essence, composed of three parts—an inviscid, interior com-
ponent and representations for two boundary layers;

u = uyr, T)+ i + g,
Subscripts refer to location. In this particular geometry, the

boundary layer flows are identical, tig = @iy, and the replacement
of u, above, by this decomposition yields

111(1' T)+2f uB(r’ g) T) dg = 0 (3’7'10)

However, the transport within the boundary layer is related to the
normal mass flux there, and the integration of the continuity equa-
tion through the boundary layer implies

Jd [*. .
—&rfo d¢ = —rw(r,0,T).

For the configuration consisting of two infinite concentric plates,
W(r, 00, T) = W(0, T),

and the radial integration of the preceding equation in this special
case results in

J: t(r, §,T)dE = —gﬁr(oo, 7). (3.7.11)

It is assumed next that the real transient boundary layer can be
locally approximated by the steady layer having the same in-
stantaneous conditions in the interior and at the plate. The steady
computations of Rogers and Lance[:69], summarized in fig. 3.4 (),
can then be used to relate the normal velocity at any radial position
to the difference in rotation rates there of the internal fluid, Oy, and
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of the plate, Q; (in the previous notation, (); = O, O = Q). This
dependency is nearly linear and it will be taken as such;

~%(c0,T) = xE} (1 —%1)

with the constant » to be chosen appropriately. Hence, (3.7.11) is
approximately

[ ate 6 7y = e (- 2).

* Another major simplification is now introduced. Following
Wedemeyer[223], the preceding formula is taken as a local approxi-
mation in the general time-dependent situation as well, where Oy
is also a function of r, and 7. The interior rotation rate, O, is inter-
preted in terms of the internal azimuthal velocity by

Or_wilt,m)
Q r -
The result of combining all these approximations is the formula
uy(r, T) = —%E¥(r—vy),
or, in view of (3.7.6),  u; = —x(r—v,). (3.7.12)

This equation expresses the desired connection of the secondary
circulation with the primary swirl as established by the viscous
boundary layers. :

Substitution of (3.7.12) for u, in (3.7.9) yields a first order partial
differential equation for the azimuthal velocity:

0
T ¥ (1 —‘%) P (xvy) = 0. (3.7.13)

Wedemeyer takes » to be 0-886, but Rott and Lewellen use 1-10.
For reasons that will be apparent shortly, we shall set % = 1. The
solution of this equation subject to the boundary condition,

Vo=a

at the sidewall, r = a (= r,/L), and the initial condition, v, = o, is

et ae™, (37-14)
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The locus r = ae~" represents the position of a column of fluid
particles originally at the sidewall as it is convected inward. This
surface separates the rotating fluid whichisinjectedinto the interior,
from the non-rotating fluid that is drained into the boundary layers.
The azimuthal velocity is shown as a function of time in fig. 3.15-
The characteristic time scale of spin-up remains E-$Q-1.

09 08 07 06 05 04 03 02 01 0

Fig. 3.15. Spin-up from rest in a cylindrical container. The interior azimuthal
velocity is shown as a function of position with time as a parameter.

The linear problem corresponding to an impulsive but infini-
tesimal change in the angular velocity of the system was solved
completely in §2.6. Under present conditions of axially symmetric
spin-up, the dimensionless radial velocity u, in the rotating frame
can be determined directly from (2.6.17):

_ 10y,

Uy =—— 7,

2 ot’

The azimuthal component (see (2.6.7), (2.6.23) and (2.8.9)) for
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the most general axisymmetric container configuration, is

Vo(t, T) = tf1 —exp (= Y(r) T)};

() = (I i (%) 2)2551 + (%)3% (37-15)

Hence, Uy = — 1Y) (£ —v,), (3.7.16)

and this expresses the radial velocity in terms of the instantaneous
and infinitesimal differential between the rotation rates of the fluid
and the container. In the right circular cylinder givenbyf=1,g = o,

Uy = —(r—v,),
and this relationship between the dimensionless velocity components is
identical with (3.7.12)if % = 1. Asa'working hypothesis, the equation
for the scaled radial velocity component and the rotation differential
that is obtained from the linear theory, (3.7.16), is also assumed to
hold in the non-linear range, for a large Rossby number. Therefore,
the introduction of (3.7.16) into (3.7.9) results in

ROV g =0 (71

The initial condition is one of quiescence but the spatial condition
must be suitably modified. If the container has a lateral sidewall, as,
for example; a circular cylinder with a conical bottom, then the
condition is unchanged. However, in other cases, typified by the
sphere, the condition v = r applies at the position of maximum
radius only. The boundary layers pump liquid outwards and the
fluid having acquired rotation returns to the interior in the most
lateral regions of the container, where the bottom and top boundary
layers interact. Observations of spin-up in the sphere show an
initial turbulent out-flow near the equator which very shortly
thereafter resolves itself into a laminar motion of the type predicted
by the theory. This is also the region of return flow in the linear
case. ' o
The general solution of (3.7.17) is

DY L SRS
T Zf r Y(E)(E2—1vy(r, 7)) dé; (3-7-18)
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and the lead particle path of the rotational flow regime is obtained
from this by setting v, = 0. The complete integration of (3.7.18)
need not be trivial but the specific formula for the sphere

fr) =glr) = (-3} a=1,
is found to be

g (z—12)F
T= 41—+ (1 —1vy)iln [g X"gi—gfiz;ﬁ

1—r2
21 —rvy)tant (;wr) G 7.19)
There are other geometries for which it is feasible to derive an
implicit functional relationship for T and v, and the cylinder fitted
with a conical bottom is one that is perhaps particularly suited for
experimental purposes.

Wedemeyer reported experimental results in reasonable agree-
ment with the theoretical predictions for the cylindrical container.
This was true for turbulent boundary layers too, but this aspect will
not be discussed here.

In§1.1, a rather elementary visual demonstration of the core ﬂow
was described (see fig. 1.4). The photograph shows that after the
container is spun-up, a light front moves from the outer wall across
the width of the tank. The ‘front’ corresponds to the motion of the
lead particle, and is convincing evidence that the core flow is
strongly independent of the vertical co-ordinate. The boundary
layers top and bottom are shown as the thin, dark horizontal regions
adjacent to each plate.

Non-linear spin-up from an initial state of rigid rotation can be
analysed in much the same manner. Itis convenient to think of the
rotation rate of the container being changed from (1—€)Q to QO
(with the dimensionalization based on [L, Q% 1.Q}). Equation
(3.7.13) with 3 = 1 is then still the approximate formula for the
azimuthal velocity in the cylindrical tank but the boundary condi~

tions are NOW v (y o) = (1—g)1, vo(a,T) = a
The solution, in the fluid domain of partlcles which are or1gmally
in the interior and remain there after spin-up, is
r-
Vo =
1+ e——-2T
I—€
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A better analytical approximation of the curve infig. 3.4 than that
of (3.7.12) would lead to a more accurate formula for v,.

A different approach to non-linear spin-up was developed
by Greenspan and Weinbaum[76]. This treatment presumes a
moderately small change of angular velocity from an established
state of rigid rotation and represents the direct extension of the
linear theory. The analysis is exact, in a formal sense, but spin-up
from rest is not a problem that can be successfully analysed in this
mannet.

The problem considered involves a filled, axially symmetric
container initially revolving about its symmetry axis with angular
speed Q. Subsequently, the rotation rate is impulsively changed a
modest amount to (1 +¢€) QQ and the fluid ultimately adjusts to the
‘new state of rigid rotation.

It is advantageous to formulate this problem with respect to the
original rotating co-ordinate system whose angular velocity is Qk.
In this frame, the dimensionless equations of motion, [L, Q1 ¢QL],
are VV- q=o,
D3 a%_ q-+eq-Vq+ 2kxq=-Vp +EV2q.} (3.7.20)
The introduction of a stream function by

q= ‘%—Xf—l- 6— Ez——( )k (3.7-21)

md the elimination of the pressure lead to two equations forx and v:

1y 2 X 28 )2V 2 92<

(Ezg B '8'_r> [6’2 ar (v oz or r X)] 2 ©
, (3:7.22)
(Ej‘g——) Gy — e[Ea (6r( X)—~ (ﬁx)
_E? v ov ov
#0502 5| r2g =0 G72)
910 0%

where ZEEEEEH_T%

The solution procedure is a familiar one by now. Each dependent
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variable is a composition of boundary layer terms and representa- -
tions valid in the inviscid core:
7 V= Vg +VB +{7T,
X = X1+ X+ Xz ,
All functions are expanded as power series in E? and a series of
non-linear problems evolve which must be solved sequentially.
Actually, only terms of order E? are ever of interest, and, practically

speaking, two terms of the series suffice. The basic interior motion
(E = o) satisfies ~

ovy € foy; @
b?—l_ (az ar( VD)~ ﬁz 81‘( I)) +2 o = (724
evy) Ovy _ ,
(I " ) = O (3:7:25)
from which it may be deduced that
vy = v(r, T),
vy
oxy - ot
and = (3.7.26)

€ d )
2+; "6‘1‘ (I‘VI)

"The last two equations are the direct analogues of (3.7.8) and (3.7.9)
in the new co-ordinate system.

From this point on, the analysis becomes very complicated and
only a general description of procedure, the aims, methods and
results can be given here. In principle, the analysis follows the same
steps as in the linear theory, except that now the Rossby number
must always be included in a manner that maintains uniform
validity through the spin-up phase. Solutions for the boundary
layer functioris must also be uniformly valid in their spa’aal»
dependence.

The boundary layer equations are steady to lowest order but
involve radial derivatives. Hence, a solution'of a system of non-
linear partial differential equations is required and for this reason,
it is assumed that & is moderately small. The analysis leads to six
transcendental equations in six unknowns (two for the core and two
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for each viscous layer) from which a single equation is obtained that
relates the azimuthal velocity with its time derivatives:

aVI " )
g =F (I', T, VI).
The requirement that the solution be uniformly valid necessitates

the introduction of a stretched time co-ordinate
T =t4er(r,f)+...

and use of techniques developed by Poincaré [z53] and Lighthill [107].
A consistent expansion procedure is carried out in this fashion and
the final result is a uniformly valid representation for each variable
in the separate regions. Results valid in the core are perhaps the
most important and the solution, accurate to O(¢?) uniformly in
time through spin-up, is

vi(r,7) = r[1 —exp (~Y(r) )] + O, (37-27)

T=t+e{_z+ﬁ_dr_(3(x =

' ) df +dg

+[ 4 47 dr Y +59 69 r dr dr] v} (34.28)
sY(r) 280 Y2(r) @ 140 X(r) f+g

Y(r) is given in (3.7.15). The solution for the stream function is

given here to O(g) only, because the next term is excessively com-
plicated in the general case (see [76]):

r [f(I " (gf) ) _g(I . (%E)z)i] e—ff+o(é). (3.7-29)

*2 f+g

Flow between the disks, f = 1, g = 0, has the particulat form
w=t—et), |
Xt = ~1(z—}) [1—e(f ~ e ) e, (37:30)
T=1t+e(—t+ 21 —e)).
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A plot of the azimuthal velocity versus time for E = o-oo1 is shown
in fig. 3.16 together with Pearson’s transient numerical solution
for the same configuration{z43]. Obviously, both approaches are in
excellent agreement and this tends to confirm the validity of the
boundary layer approximation and the accuracy of the numerical

1=
r

0-01 1 I B I ; 1 I L !
5 10 15 20 25 30 35 40 45 50

t=FE-t7

Fig. 3.16. The deviation from rigid rotation in the non-linear spin-up between
concentric infinite plates. The solid curves result from boundary layer theory,
(3.7.30); the circles are taken from Pearson’s transient numerical solution of the
complete equationsir4s]. The parameters are E = o001, € = o, +0°5.

calculations. "The computations do indicate the occurrence of small
inertial oscillations, a feature not detectable by this boundary layer
theory.

Evidently, a significant variation of the Rossby number produces
little effective change in the fluid motion during spin-up. This some-
what negative conclusion really means that non-linear effects are of
minor importance compared to basic viscous process in this parti-
cular problem.
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Another interesting conclusion is that the e-folding time, 1, of
the decay is essentially a constant, independent of € in the range
le] < 0-5. (At T =T¢, vy = r(1—e1).) Note carefully that this state-
ment is true only when the time is made dimensionless with
respect to the original rotation rate, Q, of the container. An appro-
priate scale factor, which is generally a function of &, is involved
when another characteristic time is used.

Although the experiments of Greenspan and Howard [75] qualita-
tively corroborate these conclusions, no exact measurements
have been made. It should not be difficult to check theory versus
experiment for any suitable container shape and the findings dis-
played in fig. 3.16 seem especially suited for this purpose.

3.8. Some experiments with non-linear phenomena .

A few experiments are described in this section which specifically
probe into the effects of non-linear processes on Taylor-Proudman
columns and vertical shear layers.

Hide and Ibbetson[84] extended Taylor’s original column experi-
ment in order to acquire more quantitative data on column forma-
tion. The important objectives of this program are the delineation
of the parameter space for which pillars form, the dependence of the
shape and structure of the column on the Rossby number and its
relationship to the geometry of the moving body that produces the
disturbance. Unfortunately, only a preliminary report of the results
attained is available and, as a consequence, discussion of all these
points must be brief and incomplete.

In one experiment, a circular cylinder of height H and diameter L.
moves at a uniform speed U across the base of a large rotating tank
(radius r;). As the Rossby number, &€ = U/Lr,, increases, the flow
changes from an almost purely columnar state to one in which the
fluid penetrates the region above the cylinder, as shown in fig. 3.14.
The drawing was made from streak lines observed visually at a
position above the object, near the middle of the tank. The stream-
lines are, for the most part, essentially two-dimensional.

As the Rossby number is increased further, non-linear effects tilt
the column and alter the streamlines significantly by producing a
strong cross-flow over the obstacle. Surprisingly, a flow pattern of
this general nature, fig. 3.18, was predicted by Stewartson[186] who
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o

(a) {6) ()

Fig. 3.17. Drawing of the relative fluid motion past a cylindrical body moving
perpendicular to the rotation axis, [84]. The values of the Rossby number are:
(@e=310"% B e = 1°4. 1072 (¢) &€ = 23 1072,

=N\
N\

Fig. 3.18. Streamlines relative to a sphere moving slowly and uniformly in a
direction perpendicular to the rotation axis, [186}. The horizontal plane shown is
any one which does not intersect the object.







Fig. 3.19. A photograph by W. V. R. Malkus showing free shcar layets
in a slowly precessing, rotating sphere.

(facing p. 175)
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" studied the slow, time-dependent motion of an ellipsoid moving

perpendicular .to Q'in an unbounded fluid. This similarity of a
distinctly non-linear motion and the limiting flow, as.t->o0, of a
linear theory is probably accidental. But a relationship of this kind
does exist when the body moves along the rotation axis because the
governing equations can be shown to be analogous (see § 4.6).

The occurrence of a column also depends very critically on the
height of the obstacle, but there is insufficient information on this
aspect of the problem to be very definite. Eventually, it should be
possible to determine, experimentally and theoretically, the different
flow regimes in which columns are or ate not observed. One
continuing difficulty is the lack of a precise experimental criterion
for columnar flow.

The experiments of Malkus[xz5] display a number of unusual
effects that arise from non-linear wave interactions in a precessing
sphere. The spin-over problem, in which the rotation axis of a fluid-
filled sphere is impulsively turned through a small angle «, was
analysed in §2.12 (see equation (2.12.13) et seq.). The agreement
between experiment and the linear theory is good if the angle
change is only a few degrees. As a is increased to about 8°, a new
phenomenon appears in the fluid which persists and grows stronger
at still larger values of the inclination angle. The new effect, shown
infig. 3.19, consists, in part, of free shear layers within the flowwhich
are almost perfectly straight. The same phenomenon develops when
the rotation axis of a sphere is precessed about a fixed direction in
space. Precession can be viewed as a sequence of small impulsive
changesinangleainthemanner just described. (Actually, the photo-
graph is one of a precessing configuration.)

Measurements of the velocity in the precessing sphere indicate
that a steady two-dimensional zonal current is established which
changes direction several times in o < r < 1. The magnitude of this
circulation seems consistent with the hypothesis that it has its origin
inanon-linear mechanism. Non-linear terms can couple twoinertial
waves with frequencies A; and A, to produce additional waves at
frequencies A; +A,. In particular, a single wave can interact with
itself to provide a steady zonal current, and an oscillation at twice
the basic frequency. Interactions within the boundary layers at the
critical latitudes mayalsobeimportant (seethediscussiononp.179).
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Malkusf124] conjectures that instabilities forming on these shear.
layers could be of great significance in geophysical problems related
to the magnetic field of the earth. Further work will be required to
substantiate this view. Some experiments on free shear layer
instabilities are described in chapter 6.

3-9. Large angle precession

The motion within a precessing spheroid was studied in §2.13.
Here, the problem is considered anew, but without the restrictions
presumed by a linear theory. The experiments of Malkus with
precessing spheres are described in the last section.

The configuration is that shown in fig. 2.9, p. 71. The rotation axis
of the spheroid is made to precess about its original direction in space
by tilting the topmeost turntable of the apparatus through an angle o.
The inclination angle need not be small but otherwise conditions
are identical with those detailed carlier.

The co-ordinate system selected to describe the motion is one for
which the symmetry and precession axes, Q and w, are fixed. This
reference frame, designated as system &, rotates with angular
velocity w, but has the z axis aligned with the main rotation axis &
of the body. This is an especially useful set of axes when the body
is symmetrical about &, but then, the shell appeats to slip on the
surface of the contained fluid mass.

In terms of the velocity vector u defined by

) Qinert = W+ (0 +2) x 1,
the inviscid dimensional equations of motion in & are

iu+2(w+9.) xet+H(Vxu)x(2xr)

+(Vxu)xu= ~5Vp+t><(wx$2), (3.9.1)

Vou=o, (3.9-2)
where @ =0k and = w(—sinaj+cosak)=wd.
The initial condition corresponding to an impulsive change in the
direction of Q, (R, =Q att=0+, 2 =Qd att=0-)1is, in
terms of the vorticity,

B = Vxu=—20Qsinaj+@—cos)kl.  (3.9.3)
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Furthermore, the inviscid boundary condition is u-fi = o at the
surface . L
Lty =

(The vorticity is unaffected by an impulsive shift in container
attitude although the velocity must be immediately corrected by a
potential flow that arises to maintain the boundary conditions. All
this was discussed previously on p. 72.)

Since the initial vorticity vector has no spatial dependence,
Hocking{8s] assumed simply that thereafter, the components of B
remain functions only of time:

B = (®+2)A(t) i+ (2 +2)BO)j+22CH K. (3.9.4)

Vorticity solutions of this type have a long history and a compre-
hensive discussion of early work appears in Lamb[1o3]. The corre-
sponding form for u turns out to be

u = [—a?yC(t) +2%2B(t)}1
+[2?xC(t) —a?2A (V)] § + [ — £2xB(2) + £2yA(t)] k. (3.9.5)
The continuity equation and the spatial boundary condition are
then automatically satisfied. By taking the curl of (3.9.1) and sub-
stituting for w, the following equations result for the unknown time
coeflicients:
(a*+£3) d&—? = 20 sin &+ {(#? — £%) Q + 2042 cos ) B
+2220sinaC+a2(a2—42) BC, (3.9.6)
(a?+6%) ((11% = —((e*—£3)Q+20a%cos) A
~ —aa*~F)AC, (3.97)
,dC

7 = —df2%s1
LA wfisine A, (3.9.8)

The 1nitial conditions are

A(o) =0, B(o)= —tbz—z_%sinoc, C(o) = ~§(1—c0so¢).

(3.9.9)

The velocity u also satisfies the complete equations of motion,

including viscous terms, but the no-slip boundary conditions are
violated.

iz GTO



178 THE THEORY OF ROTATING FLUIDS

The solution of the foregoing system can be obtained in exa(.:t
form, but it is more convenient to integrate the equations numeri-
cally, having chosen a particular parameter setting. However,
certain special cases warrant comment. »

In the linear range, with o small, C(t) is effectively zero and all
product terms, BC etc., are negligible. The integrations can be
performed easily and the solution is the inviscid version of that
quoted earlier in §2.13, when the different co-ordinate systems
are related. Furthermore, if the factor (a?—42) Q4 2wa?cosa is
zero, it is apparent from (3.9.6) that at early times

v 2wQsina
MO =Tty &
the growth is then proportional to time and a linear resonance is
produced. Theinclusion of non-linear terms restricts the amplitudes
to finite values and the solutions are oscillatory in time. Thus, no
unbounded solutions exist in the non-linear inviscid range when all
the terms are properly taken into account.

For o = {m, the solution is particularly simple; 7

A(t)=o, B(t)=B(0), C(t)=C(o). ,
The motion observed is then completely steady in this system of
co-ordinates, and is given by (3.9.5). The vorticity vector is a
constant and lies along the ray, y = z, for y and z negative.

Fig. 3.20 shows the coefficient A(t) versus time for various para-
meter settings including ‘resonance’. The other coefficients show
similar behaviour and a typical set of curves is illustrated in
fig. 3.21. ‘ '

The omission of viscous effects in this analysis severely restricts.
the usefulness of the solution. For example, at small eccentricities,
for which «—# = O(E#}), the viscous boundary layers are as im-
portant in producing motion as the normal pressure forces exerted
by the casing. In fact, the Ekman layer is the only driving mechanism
in the precessing spherical container; the inviscid, non-linear
solution for this geometry represents rigid rotation about the
original rotation axis. The absence of dissipation also makes it
impossible to describe the eventual development of a steady motion
although the initial transient phase is correctly given.
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Fig. 3.20. The time-dependent coefficient A; (3.9.4), for various parameter
settings. (@) Four values of the axes ratio #/e at ®/Q = —o0-1 and « = 10° in-
cluding the ‘resonance’ setting, £/« = 0-896. (b) Four values of the inclination
angle at ©/Q = o1, £/ = 0-896, including the ¢ resonance ’ setting,

- Experiments with the precessing spheroid, and the linear theory
of §2.13 reveal that a steady, constant vorticity flow component
(relative to system &) does indeed arise in the interior. An investi-
gation of nori-lincar effects in the steady, viscous, precession
problem was initiated by Busse[22], whose approach consists of a
systematic perturbation expansion in powers of the Ekman and

I12-2
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Rossby numbers, similar to that in § 3.7. Although the interior flow
is assumed to be one of nearly constant vorticity, the magnitude
and direction of the vorticity vector are determined as part of the
analysis. In this manner, corrections are made for the location of the
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Fig. 3.21. The complete solution of the precession problem for

alf = 0896, & = 20° W[Q) = o°1.

critical latitudes, which are found to be symmetrically placed with
respect to the main rotation axis of the fluid and not that of the shell.
"The analysis is quite complicated but the formula obtained for the
vorticity vector reduces correctly to the linear result and seems to
agree well with the preliminary experimental evidence of Malkus.
A detailed comparison is yet to appear.




NON-LINEAR THEORIES 181

3.10. Vortex flows and similarity solutions

Meteorological and oceanographic phenomena motivate the
search for exact solutions of the Navier-Stokes equations that
represent intense vortices. Although the literature on vortex flows
and similarity solutions is extensive, most often it is very difficult to
attach real physical meaning to the particular solutions that have
been found. This is so because the effects produced by spatial
boundaries are rarely included in special solutions. These effects,
boundary layers and secondary circulations, are truly basic in
rotating fluid phenomena and the significance of any analysis of a
homogeneous fluid problem that takes no account of such funda-
mental processes must be seriously questioned.

There are certain outstanding exceptional cases and some of
these, Karmin’s solution for example, have already occupied a
central position in previous sections. However, this particular
approach to the subject will not be pursued here with any special
vigour. Reference is made to the comprehensive review of
Donaldson [38] and the treatise of Truesdell [z09] for those who wish
to explore this direction more thoroughly. The few examples
presented in this section seem typical, and the most relevant of the
entire class to the study and understanding of strong vortices
occurring in nature.

The potential flow,

- A

r -~ — A
q= —urr+%._9+2uzk, (3.10.1)

is an exact solution of the complete dimensional equations of motion
in enertial space ((1.2.1) and (1.2.2) with = o) and represents an
axisymmetric, stagnation point flow. 'The parameter E, (sec™),
characterizes the disturbance. Although many vortices may be of
this type, the solution is not completely satisfactory because there
is a singularity at r = o. Burgers[21] and Rott[r75] found the follow-
ing solution that corrects this difficulty:

= T EN\Ts . &
q=—grf+_ [1 —exp ( ——E)] 0+28zk. (3.10.2)

"This shows that in equilibrium, swirling fluid is carried toward the
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axis and the motion is essentially inviscid outside a central core of
radius

Of course, viscosity is also an important factor at the surface z = o
and (3.10.2) is enlightening only in a restrictive interpretation.
Information is given on the nature and extent of the viscous core
which prevents singular behaviour at the axis of the incompressible
vortex. Rott[176] found a class of time-dependent solutions which
include thermal diffusion and have (3.10.2) as a limiting case.

A more systematic procedure for the analysis of vortex flows was
developed by Lewellen[to6] who managed to put many earlier
efforts within one consistent framework, His method involves per-
turbations about a vortex flow that can have a more general radial
dependence than that corresponding to rigid rotation. However, 2
similarity assumption imposes some difficulty in satisfying arbitrary
boundary conditions.

Lewellen makes the problem dimensionless using L, T, .# to
characterize the length, swirl, I" = rv, and the axisymmetric stream
function, y, defined by

1oy _ 1oy

r oz’ r oo’

Here, .# is the radial mass flux and it is not necessarily small or
related in magnitude to the Ekman number. The radial velocity, u, is
scaled differently from v to model atmospheric conditions.

"The dimensionless theory, in an znertial frame, is

ey (1 ..\ 189 & } 2 ol
Egy 2l 7Y © (= _tN 94
Y e {r oz 31:(1'2‘9 ) r or 3zgw rzrﬁz %
(3-10.3)
oy ol oypor - ,
E@F——(E ﬁ_—é}?é_z_) o, (3.10.4.)‘
&2 &1 &
whe = apL2 2
e Z 6z2+ orr or
and ¢= MLy, E=v,.

All functions can now be expanded in powers of &; however,
Lewellen first sets '

E= E/RE
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and takes the radial Reynolds number, Ry = #/vL, and not E, as
an independent parameter. To proceed with the derivation of a
particular class of solutions, let n = 12, and set

M= % [, z) 2",
n=0 N

Y= > W,(n,z)e*
n==0

It follows upon substituting these expansions into (3.10.3) and
(3.10.4) that or
o

Iy % =° - (3.10.5)
42T, Oy, dl,
and ‘ 2Rz a ~ % 371 =o. (3.10.6)
"Therefore, the stream funetion must be linear in z:
Wo = Agy(N) +2Ag(n)- ’ (3.104)

(The solution of Burgers and Rott corresponds to y, = —zn.) It is
even possible to prescribe boundary conditions at two axial positions,
say z = o and z = 1. These might be of the general form

YoM, 0) = Yre(n)  (Yel0) = 0),
Yo, 1) = ¥y(n) (¥4(0) = o),

which can be used as the appropriate conditions exterior to Ekman
layers. Thus, (3.10.7) and (3.10.6) become

Wo = '/’1(71) +[Yrom)—¥:(m)] z,

2R3 n-f-—[z«’fo(n) zh(n)]~ =o. (3-10.8)

"The intégration of the last equation subject to conditions

lim Fy=TFg,, T[ylo)=o0
‘n—)ﬁO
and the arbitrary prescnptmn of functions 9, and y1e1ds one
particular solution for I'y. Models for many phenomena can be
constructed on this basis.
As many higher order terms can be computed as desired, and the
theory can be extended [ro6] to include viscous boundary layers at
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container walls. The centrifuge problem, (see §2.19), with large
mass injection was analysed in this way as a perturbation about an
established vortex flow that is not solid body rotation. However, the
qualitative character of the flow is found to be much the same as
before.

Lewellen has shown that it is not possible to join a boundary layer
to an internal motion whose swirl, I';, decreases with increasing
radius. The potential flow, I, = constant, has the weakest radial
dependence for which a match to an Ekman layer can still be made,
but what happens when [, is forced to have an unacceptable radial
variation is a matter for speculation.




CHAPTER 4

MOTION IN AN UNBOUNDED
ROTATING FLUID

4-1. Classification

The separation of rotating fluid motions into two classes was made
in§2.1. Asthetitle implies, this chapter deals with motions produced
by bodies moving through unbounded rotating fluids. Before plung-
ing into the analysis of specific problems, it is well to pause and
reflect upon the validity of the basic idealization—an unbounded
rotating fluid. Certainly the approximation is sound in many
circumstances and it is perhaps most appropriate in problems of
steady, viscous flows, or transient motions at early times. However,
there are situations in which it can be the source of difficulties and
there is serious trouble in the theory of smviscid, steady motions,
either linear or non-linear, when the container walls are placed at
infinity. Teo many conceptual limit processes, v — 0, t = 00, L — 00,
ete. are invoked and whether or not the final results of an analysis
make sense may depend strongly on the ordering of the limits. For
these reasons, problems of this type may not even be well-posed.

The control exerted on the main inviscid flow by the boundary
layers at container walls has been definitely established in the
preceding chapters. The extent of this influence is one of the most
interesting and important features of the subject, so much so, that
caution is required whenever the bounding walls are to be excluded
from consideration.

4.2. Plane inertial waves

The fact that small disturbances in a uniformly rotating, incom-
-pressible fluid can propagate as wave motions has long been
established, an early discussion of the theory having been given by
Kelvinlos. Among the important theoretical and experimental
investigations that have appeared since, are those of Fultz[6o],
Longlr:3], Chandrasekhar[so], Phillipsfzs51:1; some of this material
was discussed previously in connection with contained inertial
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waves and the general theory of chapter 2. However, many im-

portant and particularly revealing features of wave propagation

remain to be studied and the present section is an attempt to com-

plete, or at least bring to date, our knowledge of wave motion in a

rotating field. The presentation here is based on that of Phillips.
The dimensionless, linear, inviscid theory

V-gq=o0,
‘gat-q+2§?.><q=—Vp,} , ‘ (4-2.1)

has wave solutions of the form

= R QeitrM) }

p = Be® i), (4:22)

where k is the wave vector, ]K[ is the wave number and A is the
frequency. (The length scale L is arbitrary.) This is entirely
analogous to the form of contained inertial waves, but far simpler
because Q and @ are now constants. The substitution of these
expressions into (4.2.) leads to relationships among the quantities
1, A, Qand ®. For example, the continuity equation implies

Qx=o0; - (4-2-3)

the velocity vector is perpendicular to the propagation direction
and the wave is transverse. This is the only possible type of motion
in an incompressible fluid.

It follows from the momentum equation that

A=+2QR = +2c0s0, (4-2.4)
where R =1/|x|

and O is the polar angle measured from the rotation axis. Thus, the
frequency is dependent on the direction but not the magnitude of
the wave vector. Moreover, if v is any vector perpendicular to k, then

Q=+ xv+iv, i - (4-2-5)

and o= i[ [Q-% x v +iQ-v]. (4.2.6)

|
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Therefore, with v real,
q = +R xvcos(k tF2Q-Rt)—vsin (k-1 F 282-Rt), (4.2.7)

p= ]i'—l[ﬂ-fé xvcos (k-1 F 28-Rt)
T Q- vsin(ic-tF2R-R1)];  (4.2.8)

a change in the definition of v brings these equations to the form
stated by Phillips. To obtain solutions incorporating the viscous
terms as well, it is only necessary to multiply each of the foregoing
by the factor exp (~E [«]2¢).

In fact, the expressions are then exact solutions of the complete
non-linear equations, [30], but the principle of superpos1t10n does
not hold.

The phase velocity of waves moving in the direction x, i.e. surfaces
mamtalmng a constant value of -k —At (with A = +28-R), is

6= err & (429
The phase speed is inversely proportional to the magnitude of the
wave vector and the waves are, in general, dispersive, dissipative
and anisotropic. The long waves, small ||, travel fastest and the
short waves slowest, a condition reminiscent of surface waves in
classical hydrodynamics.

The group velocity, ¢, is the Veloc1ty of energy propagation and
may be determined by calculating the energy flux. A comprehensive
theory of wave and energy propagation exists (see Whitham[z25]),
but for present purposes only the relationship of group velocity and
frequencyisrequired. For awavetrain of theform expi(ic- t —A(x)t),
the group velocity is given by

67\ o, O

—1—a 2+dK i, (4.2.10)

where € = K 1, + K1, +Kyi,. Ina totatmg fluid

¢ = Vi M(K) =

A BA Q_1K14—_£)2K2+Qa1<3
A=20& =2- o W (4.2.11)

and it follows that ¢ = | (o} —-cp,y (4.2.12)

x|
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or with the use of (4.2.9)
‘ €= [%l'é x (2 x R). | (4-2-13)
This result shows that the energy transport is at right angles to the
phasevelocity. A wave appearing to move in one direction, according
to the surfaces of constant phase, is actually propagating energy in
a perpendicular direction. ,

It may be suspected now that the reflexion of these plane waves
off rigid boundaries will display many odd properties. Phillips[xs1]
showed that the reflexion involves a change of wave number and a
new direction of energy transport that does not satisfy an ‘equal

angle’ rule (Snell’s law) typical of non-dispersive systems.

L Y
« q = (R xv+iv)expi(kc-r—28-Rt) (4-2-14)

denote a wave incident upon an infinite plane whose unit normal,

pointing out of the fluid, is f1. It is convenient to choosev as coplanar

with & and #, and this may be done without loss of generality

because the origin of the time scale (the phase) is at our disposal.
The reflected wave is then of the form

q = (R xv' +iv)expi(x’-tF2R-R't).  (4.2.15)

The boundary condition at the wall, ¢+ = o, requires that the
normal component of velocity be zero:

fi-(q+q’)=o.
Hence, (@+q)

B+ (R x v +iv) exp iic- £ — 2~ Rt) ,

+A-(£R x v +iv)expi(’ -t F2R-R't) =0. (4.2.16)

Since this relationship holds at any time, and at any point on the

plane, the frequencies and tangential wave numbers of both waves

must be identical OL=10-,  (421y)
and K-t =x'"1.

The last equation can be manipulated into a better form by writing

t=—-fAx(fixr),
(which holds because t-A = o defines the plane) and it follows that

(Axr)-(xxfi—x' xH) =o.
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However, fi x ¢ is an arbitrary tangential vector in the bounding
plane and the second vector must be identically zero:

kxi=«' xfi, (4.2.18)

"The exponential factors can be eliminated from (4.2.16) to obtain
conditions on the amplitudes of incident and reflected waves. These
are

A AT

A-Rxv=TFAR xv; (4.2.19)
fi-v=—A-v'. (4.2.20)
Finally, the sign is chosen to insure that the energy flux of the
reflected wave is directed into the fluid away from the wall.
It is a rather straightforward task to calculate k¥’ and v’ from these
equations, but Phillips’ graphical construction, presented next, is

simpler and more informative. To begin, note that the vectors k and
v, k" and v’ are orthogonal:

Kv=0=x"-v. (4.2.21)

"T'his follows directly from the conservation equation (4.2.3) and the
amplitude relationship (4.2.5). Furthermore, i, x, &’ are coplanar,
and v has been assumed to be in this plane, too, since the origin of
the time scale is arbitrary. Equations (4.2.19) and (4.2.20) then
imply that v’ is also in this plane. The task is now to find ', v/,
given &, «, v, and fi. Let Qp, be the projection of  in the plane of
all these vectors which, in fig. 4.1, lies along the directed line
segment AO. Let « be OB and £ the unit vector OG. The con-
struction proceeds as follows:

(i) Equation(4.2.18) implies that vectors k and k' must have the
same projection on the reflexion plane, and this is segment OJ.

(i) Equation (4.2.17) implies that vectors ® and &’ have the
same projected length on Qy, the line FA. To insure that the
reflected energy flux is directed away from the wall, it is necessary
to choose the minus sign in this equation; ¥’ must then be OC, and
£ is OH.

(1ii) Vectors v and v’ are orthogonal to x and &’ respectively.
Equation (4.2.20) requires the normal components of both vectors
to be of equal magnitude, OM. Let DO be v then v’ is the dlrected
segment OFE.
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(iv) The group velocity is normal to « and its projection in the
plane of « and # is parallel to v and in the direction DO.

(v) The corresponding projection of the group velocity of the
reflected wave is in the direction OE.

The process pictured here is one of backwards reflexion. The
incoming and reflected flux vectors make equal angles with Qp, and
not with the normal to the plane, #, as a non-dispersive wave would.

/ e

Incident energy flux

¥ Reflected energy flux

Fig. 4.1. Djagram for the graphical construction of a reflected inertial wave.

A forward reflexion occurs when the angle DOA is larger than
angle AOL, If the two angles are equal, the energy of the reflected
wave travels parallel to the wall and is, accordingly, much more
susceptible to viscous dissipative processes. The wave vector k' is
generally not equal to x and it is possible upon reflexion to scatter
energy into different wavelengths. Incident and reflected waves do,
have the same frequency and the same component of « in the plane
of the boundary.

The similarity of triangles DOE and BOC implies the following
identity:

) o] _
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"This, in conjunction with the relationship

1 1
[ Je]?
may be used to establish the fact that the energy density per unit
volume of wave number space,

1 xtde
6 =23 ol
remains unchanged in the reflexion process,
E(x) = E(x).

A study of reflexions in a viscous fluid and analysis of the bound-
ary layer regimes, [151], leads to the conclusion that there is an O(E?)
loss in amplitude upon reflexion; here, the length scale L is the
typical wavelength, Thus, a contained inertial wave packet, of unit
amplitude, reverberating from one wall to the other, is dissipated
after E—% reflexions, in the approximate time E-2Q2. "This has, of
course, already been established, but the plane wave analysis pro-
vides a new interpretation of the dissipative process. In one case,
this conclusion fails. If the reflected energy flux is parallel to the
plane surface, then the energy may be totally absorbed. (Care is
required in this situation because the reflected amplitude is also
infinite.) This critical case occurs when

dx = di’,

QR =+ Qpf, (4.2.22)
which, in terms of the frequency, is
| | A=x20-4

"This is exactly the same condition on frequency and normal vector
that identifies the location on the container surface of boundary
layer eruptions which are predicted in the theory of contained
inertial oscillations. Thus, the breakdown in the boundary layer at
critical latitudes is connected with the total absorption of plane
inertial waves in the boundary layer at these locations. A more
explicit description of the erupting boundary layer in terms of
inertial waves awaits an adequate theory. It would seem that
there is now sufficient information-about the essential mechanisms
to make an attempt feasible.
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4.3. Slow motion along the axis of rotation

The aim in this section is to analyse a simple, transient, rotating
flow problem that explicitly exhibits the propagation of inertial
waves and the evolution of a steady state. Visualization of the
process by which these waves organize to form a Taylor column is
the first objective; other examples are discussed later.

The particular configuration utilized in this analysis is a finite
disk of radius r, that initially rotates rigidly with an infinite body of
fluid. Subsequently, the disk is moved perpendicular to itself along
the rotation axis, but its angular velocity is not changed. The move-
ment may be one of slow forward motion with velocity U1, or a small
amplitude oscillation at frequency A about its original position. The
latter situation is explored in the next section.

The theory for the disk is easier than that corresponding to other
geometries, and it is typical as well. For example, it is possible.to
obtain a detailed solution for slow, steady motion in a viscous
medium, (Morrison and Morgan[132]); an informative, asymptotic
approximationforimpulsive forward motion, and evena closed form
representation for quasi-steady oscillations in an inviscid fluid,
(Oser[139], Reynolds[161,162]) which has been experimentally
verified, (Gortler[67], Oser[140]). Furthermore, both the transient

inviscid and steady viscous solutions for slow motion agree identi-
cally in the respective limiting cases, t—o0, and v—o. The
generalization of specific results for more arbitrary body shapes is
discussed in the coutse of the analysis.

The relevant boundary conditions for the slow forward motion
of a disk are, in the rotating co-ordinate system,

q=111’i onr<r,z=I1t fort >o;
q—>o0 as || o0;
g=o fort<o.
The dimensionless, linear boundaty value problem (infinitesimal
Rossby number), utilizing the scaling rule ry, O, U], is
;itq-l-zl)i xq = —Vp+EV2q,
V-g=o,




MOTION IN AN UNBOUNDED ROTATING FLUID 193
withq = konr < 1,2 = o, fort > 0; qiszero at infinity and g = o
fort < o.

"The inviscid problem, E = o, requires only that q-k = 1 on the
disk for t > o, and this is the first situation to be analysed. Let
(u, v, w) be the velocity components in the cylindrical, symmetry
co-ordinate system and introduce an axisymmetric stream function,
¥, by u_ia_‘!’ W 18y (43.1)

r oz’ roe 43

The Laplace transform of the linear boundary value problem,
with -
¥ = f ety dt = Z{y},
0

leads to the following equation for the transformed stream function:

2 169 Y.
Yoy o (I +3‘2) = (4-3-2)
. . 10y 1 , _
subject to W=—ro-=7 onr<nz=o. (4-3-3)

The Hankel transform of (4.3.2) results in an ordinary differen-
tial equation in z, whose solution, symmetric in z and satisfying
the requirement of no flow at infinity, is readily obtained. The
general solution is

9= AR exp[—xz

this follows directly from the inversion formula for the Hankel
transformation. The function A(x) is determined by satisfying the
remaining boundary conditions on the plane z = o, which imply

f?oKA(K)Jé(Kr) dx = —-5, r<1;
o 4

4 +4) ] dx;

B (4-3-9)
fo KA(K) Ji(xkr)dk = o, r>1.

These dual integral equations arise in classical potential theory and
their solution is given by Titchmarsh{z08], p. 339:

sin K

- KA(K) = %2—4 (cos K— T) . (4.3.5)

i3 6TO
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The complete solution of the boundary value problem for z > o

is then 2t (=T, (0) o ,
2t [ Jy(xr) ~ | | .
¥ou fo K (COSK ” ) 8z t,9dx, . - (4.3.6)
4%y, e SIDK 4
vt ) (coon= T Mt 43)
where @ =P {5 exp [~ 1<z4(42_,_4)_;.]},'

: “(4-38)
%= 22 gy bexp s+

Of course, the task is incomplete until these integrals can be reduced
to a comprehensible form and useful information extracted. To
this end, consider the first of the integrals in (4.3.8) and the mani-
pulations by which an asymptotic approximation for large time is
obtained. The transform of & has a simple pole at the origin and
two branch points of rather severe form at 4 = + 2i. A finite vertical
branch line between these points suffices and the contour of integra-
tion can be wrapped around this segment. If the loop integrals are
carefully evaluated, then it follows that

f=1-2 2COsmsin( b )dt),

TJo 9 (493 ,
where 4 = i) on the imaginary axis. The change of variable
-t
" G-

brings this into the form

R‘=.I_3f°° cos( 21 ) sinbny  dn
™ .

' o T \EH@MY T @y
where e (439

enters as an important parameter. Therefore, in the asymptotic
range of large t, large z, but moderate b, :

- A sinBﬁ
@NI——f cos 2n———dn).
T jo 1 n &

With some simple trigonometry, the last integral can be written as
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two, each of the more elementary form, fm %ﬂ dn. The final result
0

is then R ~S(2—b), (4:3.10)

where § is the unit step function (see p.. 102). By an entirely equi-

valent procedure, it is found that

N~ 18(2~D). - (4-3.11)

Approximations for small times are easily derived but are not
sufficiently informative to warrant discussion.

These formulas can be interpreted in terms of the known pro-

perties of plane waves. The requirement, b < 2, is interpreted best

in the form .

(_35 <t, - (43.12)

K
2
because ‘ = LA

is the group velocity of plane waves of wave number x whose phase
velocity is.in a direction perpendicular to the rotation axis. The
energy in these waves propagates fastest along the axis of rotation.
Hence, z{(2(x) represents the travel time for the fastest wave
disturbance of wave number « to reach a vertical height z. The
inequality (4.3.12) means simply that a certain minimum time must
elapse before waves of this wave number arrive at a given vertical
position. :

"The asymptotic solutzons for stream function and velocity com-
ponents are obtained by substituting the formulas for R and &
into (4.3.6) and (4.3.%). The results are

2tjz
Wy~ 35] Ju(xr) (COSK 1n1<) dx, (4.3.13)
™ Jo K -
2 2z SI
v T (COSK~—K—) de, (4-3-14)

and these expressmns are partlcularly suited for numencal inte-~
.gration. .
For the-purposes of visualization, it is better to describe the flow
in terms of the co-ordinate system of the moving disk. In this frame,
132
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Fig. 4.2. Instantaneous streamlines relative to a disk that moves slowly along the.
Totation axis after an impulsive start. The plateisatz = o, r < 1. The advancing
front is the initial phase in the development of a Taylor-Proudman column.

the velocity at infinity is —k, the stream function is
¥(5,2,1) = 32 +y(5,2, 1), . (43.15)

and v is unchanged. Fig. 4.2 shows the instantaneous streamlines
¥ about the disk (with respect to the observer on the disk). The
vertical co-ordinate is z/2t, and as time increases the pattern must
be continually stretched in the z direction to picture the true motion.
Note the appearance of a ‘stagnation point’ in the flow, the broad
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bluff front and the reverse cellular flow behind it. A particle above
the disk is eventually engulfed by the lengthening, stagnant flow
regime; the major oscillations occur behind this advancing front.
The net effect is similar to the flow about an imaginary obstacle the
same width as the disk, but of a constantly increasing vertical
dimension. This is, of course, the formation and development of a
Taylor column.
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Fig. 4.3. The azimuthal velocity as a function of radial position for increasing
values of the parameter 2t/z. A discontinuity forms on the cylindrical surface
1 = 1 as the column becomes fully developed.

Fig. 4.3 illustrates the azimuthal velocity, v, as a function of
radial distance for several values of 2t/z. An obvious feature is the
velocity discontinuity that forms across the vertical cylinder
circumscribing the disk. It becomes clear from these two diagrams
that the larger wave numbers, corresponding to dimensional wave
lengths of the order of the disk diameter or smaller, carry most of
the disturbance into the fluid. In other words, wave lengths approxi-
" mately the size of the obstacle are the important part of the spectrum
in the propagation of disturbances produced by the slow motion
of a body.

"The final, steady, inviscid motion, at t = o0, is obtained from the
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asymptotic formulas, and the integrals in this limiting case are all
known. The results are

]:'2
‘ , -5 r<i,
W(r, 2,00) = Yy = (4-3.16)
|L ((rz—— 1)%‘—1‘2 sin‘l-{), r>1I;
T r
v = _% (I—::-IT')_%S(I —1). (4-3.17)

(Equation (4.3.15) is employed to find the corresponding formulas
for motion relative to a reference frame fixed in the disk.) ‘

Fluid particles in the Taylor column move with the disk, but
possess an additional swirl that is independent of height. Particles
outside the column have both longitudinal and azimuthal velocities
but are constrained to move on a cylindrical shell because the
radial velocity is zero. '

The discontinuities in v and  across the lateral surface of the
column and at the disk imply that viscous processes are important
in these regions. An Ekman layer exists on the disk surface and
vertical shear layers separate the inside and outside fluid domains.
A complete study of the steady viscous problem (slow motion only)
was given by Morrison and Morgan[132], butitis not presented here
because the main features of viscous action are already well under-
stood. One very important conclusion of their study is that the
steady viscous solution agrees with the ultimate steady state of a

transient inviscid analysis in the limit of zero viscosity, E - o. In
this instance, the two limit processes, tlim , }‘ljmo are inter-
changeable, S ,.
Although the theory so far concerns only the motion of a disk,
theresults for other bodyshapes are entirely similar, in fact, identical
when the circumscribing cylinders are the same. The important
factors are the existence of a slowly moving obstacle and the shape
of its shadow projection onto a z = constant plane. Stewartson[18s]
solved the problem for a slowly moving sphere (see Grace [68, 69, 701
for an earlier attempt) and although he neglected details of the
transient development, the analysis proved that the final steady
state was jdentical to that produced by 2 disk of the same radius.
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Reynolds’[161] extension of Morgan’s[x3o] rapid-forcing similarity
rule for axisymmetric bodies, presented in the next section, is
further evidence in support of this general conclusion.

The formula following (4.2.8) shows that the characteristic decay
time for a plane inertial wave is

to=E-1k2,

in dimensionless units. An estimate for the length of a Taylor-
Proudman column in an unbounded medium can be obtained upon
calculating the vertical distance travelled in time t. by the energy
inthe principal part of the wave number spectrum. These are waves
in the wave number range k == 2 for which the group velocity is

leo| = 2= 1.

"The vertical height reached in the characteristic time is then
leg] te=E1,

or dimensionally, E-"r,, (r, being the radius of the disk). The pene-
tration distance is huge compared to the size of the obstacle. (This
conclusion was also obtained by Bretherton[t6] who examined
another transient problem in great detail.) Non-linear effects may
provide a different limitation on size.

"Taylor[zoz], in his original investigation, remarked that the centre
streamline lifted off the surface of the body, a sphere in his case,
and gave a formula relating the occurrence of a column with the
Rossby number of the flow. He found that it was necessary ‘to make

“the ball move at a rate less than about one diameter per revolution of
the system’ to achieve columnar motion, i.e.,

n 1

E=— <=,
O

"The present theory, based as it is on slow motion, is certainly not
capable of confirming this finding. However, a qualitative estimate
can be obtained by calculating the counter-current, 11, that would be
necessary to keep the ‘stagnation’ point fixed on the disk. If the
instantaneous stagnation point can move upstream, it is assumed
that a pronounced column will ultimately form. This point moves
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with dimensional velocity, 0-6751,Q, and, roughly speaking, Il
should be of the same magnitude to keep it stationary. This implies
that the critical Rossby number is 0-673, which is a factor of two too
large, but encouraging nonetheless in view of the rough nature of the
calculation. The non-linear convection terms must be taken into
account in a proper theory and some progress along these lines has
been made, but these matters will be reviewed in § 4.6.

4-4. Oscillatory motion

We continue touse the disk as a representative body shape because
it is an easy configuration to analyse in a thorough fashion. The
processes illuminated this way, when divorced from specific detail,
are of a fundamental nature and apply as well in cases of arbitrary
geometries,

The configuration is then the same as in the preceding section
but now the disk is to execute infinitesimal oscillations normal to its
surface (parallel to ). o

Morrison and Morgan[13z] solved this problem and found integral
representations for quasi-steady oscillations in a viscous fluid. Their
limiting form with zero viscosity agrees with the formulas obtained
later by Reynolds[1621, who considered the inviscid, initial value
problem. However, Reynolds’ analysis leads to an exact solution of
the linear theory in terms of simple known functions.

"The fina] state of the oscillatory, inviscid flow can be determined
directly by factoring the exponential time-dependence from the
equations of motion and solving the reduced system. This classical
procedure requires a radiation condition to make the resultant
problem well-posed. The energy flux must always be directed away
from the disk which is the source of the disturbance. Although this
I8 €asy to do, confusion can arise when the group and phase velo-
cities are not in the same direction. An analysis of either the time-
dependent or viscous problems circumvents the trouble by elimi-
nating‘the unwanted oscillatory terms as a natural part of the solution
procedure. Slow forward motion is then also a special case corre-
sponding to a limit involving zero frequency.

The discussion of general oscillatory motion began in the intro-
ductory chapter, equation (1.3.3) et seq., and certain observations
made there warrant reiteration. It will be recalled that the equation
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governing the spatial dependence of the pressure changes character
as the frequency increases. For A < 2, the equation is hyperbolic
and the fluid can support wave mction. The characteristic surfaces
are cones given by .
r=+ (%—— 1) ’ Z -+ constant.

Equation (1.3.7) is elliptic when A > 2 and it bears a strong
resemblance to Laplace’s equation. In fact, the identification is
exact because the positive factor I —4/A? can be absorbed into a
rescaled vertical co-ordinate, a procedure used many times alveady.
It should not be surprising then that a rapid-forcing similarity law
exists which relates oscillatory solutions at A > 2 with steady irrota-
tional flows. Morgan{rso] found such a rule for disk-like shapes and
Reynolds[161] generalized the result and made it applicable to a
wider class of axially symmetric bodies oscillating in a rotating
fluid. But this aspect of the problem is perhaps of secondary im-
portance, and for this reason further discussion is deferred to the
end of this section, after analysis of the hyperbolic regime, A < 2.

The mathematical formulation of the vibrating disk problem
is the same as in the beginning of §4.3 except that the inviscid
boundary condition on the disk, r < 1, z = o, is replaced by

q-k = FnS(t) expint. (4.4.1)

Once again, the Laplace and Hankel transforms are applied con-
secutively to reduce the partial differential equations to ordinary
differential equations in the vertical co-ordinate z. These ate easily
solved and the final oscillatory behaviour is determined from the
inverse Laplace and Hankel transforms. The former is essentially
a residue calculation at the simple pole g = —iA, and no attempt is

made here to describe the transient evolution as in the last section.
The solution for A < 2 is found te be

W = ._.g ® (51,{,1_5_003 K) sin (E__ (i—'I)_%ZK) Il(Kr) dK’
™ K 2 K

(1}
(4-4-2)

2 ()L (e
V=——}1I~—— —— —CO8K
™ 4 0 K

At
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These integrals, or ones very similar, are tabulated, Erdelyils2], and
the resultant expressions for ¢ and v are in terms of elementary
functions. The formulas are easily obtained but are too lengthy to
-reproduce here. 'The instantanéous streamlines at two times are
shown in fig. 4.4. Fluid motion occurs in different domains over one
period of oscillation; particles immediately above the plate move
with the plate in 6ne phase while in other regions a state of rest
persists simultaneously. Neither spatial variable, r nor z, is ever
clearly designated as zhe time-like co-ordinate. The smgular
characteristic sutfaces
4\
I— (xz - I) z ] »

4 -3
I=I+(ﬁ—l) Z, I =
demarcate the four different flow regions in the upper half plane
and the adjustment of the flow from one domain to another is made
through thin viscous shear layers about the discontinuity surfaces.
The particle velocity is not in phase with the disk oscillations
because the energy flux must be directed outwards. Except for the
appearance of singular characteristics, the flow pattern is quite
complicated, a common occurrence especially when one deals with
- dispersive wave problems. However, the critical surfaces can be
observed experimentally, as shown in fig. 1.3, and the dependence of
conical apex angle on frequency measured. In this respect, agree-
ment with theory is very good, Gortler[67].
It might seem desirable to consider point singularities instead of
a body of finite size, for the formulas would surely be simpler.
. However, it turns out that a length scale is necessary in the inviscid
problem to assure the convergence of the integrals to an acceptable
final state. The realistic geometry allows a distinction to be made
between waves of wavelength longer or shorter than the body
dimension, and provides, thereby, a patural cut-off—a wave number
beyond which the contributed effect is minimal. '
As mentioned previously, the rapid forcing problem is related to
irrotational flow. If yi(r, z) is the irrotational stream function for
flow past a disk, then for any value A > 2,

, AW
W, z,t) = Ay, (r, (1 Y z) sinAt
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Fig. 4.4. Instantancous streamlines about an oscillating disk showing the
separation of the flow into distinct regions bounded by characteristic cones. In

(a), t = o, corresponding to the maximum downward displacement of the plate.
In (b), t = %7 and the plate has its maximum upward velocity.
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is the solution in the rotating field. Morgan showed that this result
was valid for disk-like objects but Reynolds generalized the con-~
clusion to cover any axially symmetric body undergoing small
oscillations. If z = f(r) specifies the actual body shape, then to apply
the similarity law a related irrotational flow must be found about a

distorted geometry : 1
- (1_%) (o).

Though this relationship precludes values A < 2, two special cases
appear to be possible exceptions. These correspond to a zero value
of either multiplicative factor in the last equation. For example,
f(r) = o represents the disk, an invariant shape as far as the trans-
formation is concerned. Slow forward body motion, for which
A = o, apparently relates any shape to a disk of the same projected
cross-sectional area. Here again, there is the indication that only the
projected shape on a z = constant plane is important as far as
steady longitudinal motion of an object is concerned. In applying
these results, one must make sure that the similarity solution is
physically acceptable. The energy flux must be directed away from
the object at large distances and this may require careful considera-
tion of phase relationships. '

" 4.5. Wave propagation in a uniform current

An important problem, still unsolved in many respects, concerns
the flow of a rotating fluid past a fixed body. This is equivalent to the
motion of an object in an unbounded rotating fluid. Specifically, let
us consider fluid motions whose far field, upstream velocity consists
of rigid rotation, & x r, and a constant, uniform current, 2, i.e.,
q., = R x v+ 0. The properties of wave motion in this field, akin
to those established in § 4.2 for plane inertial waves with % = o, are
set out here. :

The linear, dimensionless, inviscid equations of motion, scaled
with [L, Q1 1], were derived in §2.2, and are

V-q=o, -
;;q+sﬁ~Vq+z§2xq= —Vp.} (4-5-1)
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The Rossby number, s = 1/QL, is not necessarily small and

A 5 2
=5 2=5.

As in (4.2.x), these equations are independent of any particular

cartesian co-ordinate system, although the identification € = k is

made shortly, once again. ’
Plane waves are sought of the form

q = Qexpi(-t—At),
P =0 expi(x-t—At),

and the replacement of these expressions in(4.5.1) leads to the result
A= 220 -R4ell-R. (4-5.2)

Moreover, the phase velocity is

fz R Al A
6= (iZW-I-Eﬁ’K) R, (4.5.3)
and the group velocity is

= I.a x (€ x &)+l (4-5-4)

- These formulas are the appropriate generalizations of (4.2.4),
(4.2.9) and (4.2.13) respectively. The meaning is clear: the wave
speeds areaugmented by the free stream convection; the frequency
is corrected for a Doppler shift.

Suppose 1l = — £, then energy can be transmitted upstream,
against the current, if the component of the group velocity in this
direction is positive, ¢,- € > o. This condition is

21— (@) > e (<= fil)

obviously there are always waves of sufficiently long wave length for
which this inequality is true. Looked at another way, waves of wave
number k cannot propagate against the uniform flow if

2
€>—,
K

Thus, if the energy of a particular disturbance is concentrated in a
limited wave number range, very little can teach far upstream when
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the counter-current is strong enough. In the case of a moving disk,
the main part of the spectrum is x > ™. These waves cannot
penetrate the upstream flow if

£>=,
an estimate which is comparable with that derived previously. Of
course, this cut-off value is not precise for it can very well be decided
that x > 4 is a more appropriate restriction. However, it seems
plausible that the oncoming flow prevents much of the disturbance
from moving upstream for some value of ¢ of about this magnitude.

. Waves, with wave vectors in the range « and « + Ak, generated by
a localized oscillatory disturbance of frequency A, may be expected,
asymptotically, to concentrate in the radial direction % that is
parallel to their group velocity ¢g. This result can be proven in
general by the arguments to be introduced, but the discussion,
henceforth, is restricted to the important special case,

fi-_0--k

for which the current is directed anti-parallel to the rotation axis.
The situation corresponds to uniform motion of a body along 2.

The general features of wave propagation can be ascertained
by studying a more or less typical boundary value problem for the
pressure function. This consists of the inhomogeneous, inviscid
form of (2.2.4):

(ft séi) Vep +4 a = F(x,y,z) e, (4+5:5)
with the conditions that p and all its derivatives are zero at infinity.
The inhomogeneity represents some sort of local energy input and
- it is assumed that F decays exponentially fast as t becomes large in
any direction. A solution is required consistent with the radiation
condition. The physical basis of the inhomogeneity is left

U.nspecﬂied
Let P = (D(X: Y, Z) e_ﬂ\,t’ (4"5 '6)
A Cac '
$0 that (17\+ g a_z) V@4 = F(z,y,2)-

The solution of the last equation can be represented in terms of a
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three-dimensional Fourier integral

o5, 7,2) = 70 = [ [ [Bespx-v)ak,  (s)

where k =K i+K,j+ K3 k, and dK = dk, dx,dx,. Furthermore,
since

F = #(F),
then O=F {gg“g} (4-5.8)
where G(x) = M2 (1B + 13+ KE) — 43 - (4-5-9)

is a real function of its arguments. The contour integrals in (4.5.7)
are chosen in accordance with the radiation condition. Lighthill[zo8]
has used the method of stationary phase to obtain asymptotic
representations for multiple integrals of comparable type which
occur in all problems of anisotropic wave motion. The results of
this analysis, applied to the present problem by Nigam and
Nigam[:371, show that the asymptotic solution of (4.5.6) satisfying
~ the radiation condition is ,

4 oe AFer o '
p~ TeT € ZIV Glye (4-5.10)

‘as t—>o0 along any specified ray, call it ¥,. The sum  is over
all points (Ky, Ky, Ky) on the surface G = o where the normal to the
sarface is parallel to ¢ and

r'V“G<o ‘ (4.5.11)
@y~ 5

This result is valid provided that the Gaussian curvature, %, is non-
zero at each of these points, in which case A = +iwhere € <o0;
A = t1, where € > o and the surface G =0 is convex to the
direction of + VG. Reference is made to the cited paper for details
and a complete discussion of the exceptional cases. Our interest is
in the physical and geometrical interpretation of the general result
and the -qualitative description of the propagation process. No
specific problem awaits solution.
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Equation (4.5.9) for the wave number surface, when equated to
zero is identical to the relationship between frequency and wave
number components established previously, (4.5.2), from the con-
sideration of plane waves. In other words, for a given frequency A,
the wave vector satisfies G(x,\) = o.

Furthermore, —(V,. G)/(6G/d)) is really just the group velocity for
waves of frequency A. Since

=ity j+i K,

this conclusion follows by implicit differentiation:

_ (9G[ex;\ _
('55“;’/2";7\ ) T ok
Thus, the normal to the wave number surface is parallel to the group
velocity vector ¢,. The conditions underlying the asymptotic
formula (4.5.10) simply state that the dominant effect in a specified
radial direction ¢, is produced by the waves whose group velocity
is in the same direction. The added constraint (4.5.11) insures that
the energy flux is always propetly directed from the source of the
disturbance.

The wave number surface is a surface of revolution about the x
or z axis and its projection onto the Ky, K, plane is shown in fig. 4.5
for A < 2. The arrows designate the direction of the group velocity
which is most easily determined by mapping the wave number
surface for two neighbouring values of A. Since ¢, = V, A, the group
velocity vector is always directed towards the surface with the larger
value of A.

Some conception of the different types of waves and the manner in
which they propagate can be obtained by examining the surfaces of

constant phase, K-t—At =%, (4.5.12)

of the asymptetic solution at different times. 'The wave with vector
k, say to point p, in the figure, contributes to the asymptotic
state only in the spatial direction that is parallel to its group
velocity vector ¢ . Att = t;, let B; = P +At;; by this time, the energy
in this wave number range must have propagated a distance

o B

Tl (4-5-13)
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in the direction dictated by ¢,. «-% is the projection of  onto the
line parallel to ¢, and is indicated by segment A, O. The distance
traversed in time t, is obtained by reflecting the length A, O in the

12

Fig. 4.5. The heavy solid lines show the three branches of the wave number
surface for A = 1-2, € = 1-0. The construction of a surface of constant phase
S; (light line) is indicated. Point nt is an inflexion point.

sphere of radius /8, and is shown as Opj;. The image of the wave
number surface obtained by inversion in the sphere is called the
polar reciprocal surface. In this manner, the location of the major
contribution from each wave is determined; the loci of all these

14 . GTO
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Fig. 4.6, Surfaces of constant phase at two slightly diﬂ'erent times. The insét
shows the surfaces on a éontracted scale. Here 7\ = 12,6 =1, Py =1, 332—1 I.
The cuspal points fall on cone C;.

points constitute the surfaces of constant phase shown in fig. 4.6 for

two different times. The amplitude variation along the surface
depends on the particular forcing function F(x,y, z). .
Three wave systems are discernible, each corresponding to a
different branch of the wave number surface. Surface S; produces
57 and waves that propagate both upstream and downstream, but
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which always lie outside the cones C, given by

' -2
r= i(%*]f) "2

These cones are the characteristic surfaces in the absence of a
counter-current (g = 0), and were studied in §4.3. The image of
surface S,, S5, shows a wave system which travels downstream, com-
pletely contained by a limiting cone. Finally surface S;, produces 2
_cusp-shaped wave travelling downstream but contained within

2:0 -

10 |-

K3

10 20 3-0’4-'0 50 60 70 80 90 100 11-0 120
Ky '

Fig. 4.7. The two branches of the wave number surface for A = 3,& = 1.

another cone C, which is the locus of the cuspal points. The
- peculiar shape of this wave arises from the fact that surface S; has
a monoclastic or zero curvature curve Whose projection in the
Kp = 0 plane is the point m.
Tt is interesting to note that when no streaming motion exists and
£ = o, surfaces S; and S, assume their limiting shapes, the cones C,
wherteas S; degenerates to a single point at the origin.
The case A > 2, corresponding to a frequency of excitation
~ larger than 20) in absolute magnitude, may be analysed in the same
fashion. The wave number surface, monoclastic curves and surfaces
of constant phase are shown in figs. 4.7 and 4.8. Here, only two
I4-2
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systems of waves exist, both cusp-shaped and both propagating in
the downstream direction. As €0 or A >0, the two surfaces
reduce to a single point—the origin; the motion, in this limit, is
comparable to potential flow in an incompressible fluid.

02 04 06 08 10 1-2 14

Fig. 4.8. The surfaces of constant phase (heavy lines) for A = 3, & = 1 and
B, = 2, By = 2-5. Light lines are the loci of cuspal points, Both systems of
waves propagate downstream only.

The initial value problem can be handled by a superposition of
these waves over all frequencies, in other words, a Fourier integral
in time. However, real problems involving bodies of finite size
moving in a rotating fluid with constant forward speed, require the
specification of proper boundary conditions and just what these are







Fig. 4.9. Uniformmotionof a rotating fluid past a body consisting of 2 hemisphere-
cone combination, [115]. Dye streaks show that waves develop in the downstream
direction. The radius of the tube, 1y, is 14-5 cm. ; the radius of the sphereis 3-8 cm.
and the upstream vertical velocity is U = 0-276Qx,.

(facing p. z13)



MOTION IN AN UNBOUNDED ROTATING FLUID 213

in all circumstances is by no means obvious. This important issue
has not been completely resolved as yet, but it receives some con-
sideration in the next two sections.

4.6. Motion along the rotation axis at moderate speeds

Taylor[zoz, 03] confirmed the existence of columnar motionin a
rotating fluid and also established some parametric relationships
that seem to characterize this flow regime. For example, & < 1/ was
found to be a requirement in producing stug flow as a sphere moved
along the rotation axis. At higher values of the Rossby number, no
strictly two-dimensional effects were observed. Substantially the
same results were obtained later by Long[1:s], who used a body
consisting of a hemisphere-cone combination. Long concluded that
at large values of the Rossby number a definite system of waves was
generated in the downstream direction; at extremely small values
of ¢, a forward column was observed. (Long did not find 2 column
behind the body at any value of ¢.)

Fig. 4.9 is an example of the motion, made visible by dyefilaments
in the fluid. These experiments motivated many theoretical efforts
to determine the precise conditions separating the different states
of motion. Reasonable progress has been made in understanding,
at least qualitatively, the dominant processes but final success
remains elusive for a number of reasons to be set forth in this section.

The slow motion problem (g = o), analysed in §4.3, revealed
that in the formation of a Taylor column the main part of the
disturbance is borne by waves whose wave lengths are of the order
of the body diameter. Presumably, a column cannot form if these
waves are convected downstream by a current flowing with a speed
exceeding their group velocities. On this basis, crude initial esti-
mates of the critical Rossby number above which columnar flow
does not occur (see §§4.3 and 4.5) led to the conclusion that
£==2/T.

Wave motion of the type studied by Long does not have a
theoretical basis in the ‘slow motion’ approximation. However, the
analysis of the last section does account for convective and inertial
termsin the equations of motion. Itis shown there that three systems
of waves develop in uniform flows; two consist of waves that pro-
pagate downstream only, while the other permits wave motion in



214 THE THEORY OF ROTATING FLUIDS

either direction. These results lay the groundwork to explain the
wave motion behind the obstacle, but they also raise questions con-
cerning the lack of a forward disturbance at large Rossby numbers.
As we have seen, waves of sufficiently long wavelengths can always
penetrate the current and reach far upstream. Consequently, some
disturbance must be evident in this region although the net effect can
be small, perhaps negligible; if the principal waves emanating from
‘the body are swept backwards, or if significant cancellation occurs.

"The nature of the ultimate upstream conditions is one issue of
central importance. Another atises in’ attempting to set a well-
posed boundary value problem due to the number of waves pro-
ceeding downstream, but thiswill be considered later. Oneshould be
aware from the outset that unbounded motion is already a highly
idealized state and the inviscid limit, E = o, tends to aggravate this
sensitive situation. End walls and Ekman layers, which were vital in
all work to date, are here removed to infinity as are the lateral sur-
faces. The effect of these approximations must be gauged carefully
for it seems very probable that the various limits involved are not
interchangeable. ‘

The assumption is often made that there is a class of steady
longitudinal motions in which the flow disturbances do not appear
sufficiently far from the body in the upstream direction. This
hypothesis immediately precludes columnar motion. The rational- -
ization behind it is sometimes based on two arguments. First, the
experiments described earlier seem not to indicate upstream motion
except at extremely small values of &. (Later work casts doubt on this
conclusion.) Secondly, there is a loose analogy with hydrodynamical
surface waves produced by a travelling pressure pulse for which
waves appear only downstream. We will cons1der the latter argu~
ment first. :

Water waves on a deep ocean constitute a dlsperswe wave systen
with propagation speeds of all values. The steady motion of a
disturbance leads to an indeterminate mathematical problem for

- which waves fore and aft are possible. The additional assumption,
that no wave motion exists in the upstream-direction, is sufficient
to make the solution unique in a physically acceptable manner,
meaning that waves trail the obstacle, as observed. The phase
velocity of the main waves that are generated equals the speed of the
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disturbance, but their group velocity is only half this and in the same
direction. This provides ample reason for the waves to fall behind
the body. The solution may also be obtained as the limit of a time-
dependent, initial value problem, or alternately, by introducing a
little viscous dissipation into the steady equations. There is no point
of disagreement and consequently, no doubt about the validity of
the solution.

Waves in a rotating fluid are anisotropic as well as dispersive and
energy can be channelled more effectively in the direction of the
rotation axis to establish two-dimensional or columnar flows. More-
over, columnar motion is a confirmed fact showing that in certain
circumstances waves do precede the body and do alter conditions
at infinity. In this respect, the analogy between rotating and
stratified fluids is more relevant. Furthermore, solutions based on -
the assumption of no upstream disturbance have not been shown
to be the result of either a transient process or the limit of a viscous
flow as viscosity vanishes. On the contrary, the analysis of an -
unsteady flow by Trustrumlz11], to be discussed shortly, indicates
that the final motion does indeed incorporate a two-dimensional
geostrophic component extending to infinity in both directions.
Its structure depends on initial conditions and the transient
development. The discrepancy between these theoretical and
experimental findings requires explanation; in this respect, it must
be noted that precise measurements have not been made over the
entire flow field. Long does not fully report upon the introduction
of dye directly above the object where the columnar effects are most
prominent. Cleatly, a more definitive set of experiments is needed
and recent unpublished results by 'T'. Brooke Benjamin do indicate
column formations in both fore and aft directions.

Tt seeins likely that the hypothesis of no upstream disturbance is
not strictly correct and that a body introduced into the stream will
always affect the entry conditions at infinity to some degree. How-
ever, the assumption may be, and indeed probably is, an excellent
approximation over a wide range of parameter settings because the
amount of energy appearing upstream can be a small fraction of the
total generated. Solutions derived on this basis can then be meaning-
ful and significant. ,

The theory developed by Taylor[zoz], Long[11s], Fraenkel[s4],
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and Squire[18x] concerns steady, non-linear rotational flows and it
becomes advantageous, for the time being, to use the dimensional
equations of motion written in an inertial co-ordinate system.-

A dimensionless notation is re-employed shortly; Squire’s develop~
ment is followed here.

Let (&, &, &5) be a general orthogonal co-ordinate system with
metric coeficients 4y, &y, 25 and let q, g, 5 denote the correspond-
ing velocity components. Consider now, only steady axially sym-
metric motions and take &, to represent the azimuthal angle about
the symmetry axis so that &, = r. All variables are then independent
of the angle §, and a general stream function, ¥, can be defined by

i d 1 oY
hz‘h—h‘z%; hz‘ls':—;l; 78, (4.6.1)

It is also convenient, as in § 3.6, to introduce the swirl,
r = k2 q2, (4.6-2)

The substitution of these expressions into the basic inviscid
equations of motion (i.e., (1.2.2) with @ = o) leads directly to several
important conclusions. For example, it follows from the §, com-
ponent of the steady momentum equation that

a¥,T) — ol
A(EwEs)
Therefore, under the stated conditions, the swirl depends only on
the stream function,
. I'=T(¥). (4-6-3)

The azimuthal component of the steady vorticity equation can be
written as

AT, ALY, i
T3 (& §3) 2 (&, §3) 2DY g ey (€, €3) o’, (4.6.4)

k hy &Y e [k Y
where DY =2 [—-( 3 ) 2 <_1_)] 6.
s |3 \nty ) Vo, Gy o5,) o 40-5)
* The Jacobian is defined as follows;

oF,G) _oF 6G o aG
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the individual components of vorticity are
1 T 1 ol
T e, Ba= @‘i’
hohy 887 TP By = Fyhy 08,

Considerable simplification is gamed by choosing §, = constant to
be a surface of constant ¥'; in other words
Y =Y. : (4.6.6)

[ and Y are then independent of §;, q, is zero by definition and
(4.6.4) reduces to

1581=_‘

2 oh, dr
d—gsw—— o (@w rdq,)

Upon integrating this equation, we obtain
a ., _ dar
@\Y -+ I H‘F by A(\P) = r%2+ r a\‘i‘}, (4..6.7)

where A is an arbitrary function.

Another important result follows from consideration of the §;
component of the momentum equation:

16@

B —quB, =5~ =,

GoR01— 12 haaga

where B =g+l

denotes the total ‘pressure’. In terms of the stream function, and
with use of (4.6.6), it follows that

$ = 9(¥). (4.6.8)
Thus, the total ‘pressure’ is a function of ¥, which is, after all,
Bernoulli’s theorem.

If the swirl is very small, (4.6.7) reduces to the equatmn governing

symmetric flows with vorticity (potential flows if the vorticity is
zero). This is discussed in Lambl[zo3].

On the other hand, when the swirl is very large, two distinct
possibilities arise. I'dI"/dY can be large compared to B, in which
case (4.6.7) is approximately

ar
r a”q; =Y A(\P).
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Since both I"and A depend solely onY, this expression implies that
Y =Y(). ‘ (4-6.9)

"The stream function does not depend on the vertical co-ordinate and
columnar motion is predicted. Of course, this is just the Taylor-
Proudman theorem described in a laboratory co-ordinate system.
The second possibility occurs when the terms are of comparable
magnitude. Equation (4.6.7) is then very similar to the Helmholtz
equatlon of classical wave theory, and wave motion in the rotating
fluid is to be expected.

The evaluation of the arbitrary function, A(Y), depends on the
specific problem under discussion. Let the fluid far upstream
consist of a constant uniform velocity along the line of symmetry
plus a rigid rotation about this axis. (Attention is drawn, once
again, to the possibility that this assumption may be untenable.)
Asymptotically,

(El: §27 §3) ~ (1‘, ea Z)’
and q ~ Ok x t—1k,
so that . (Q1, Gz, Gs) ~ (0, O, —1).

These upstream conditions may be expressed as
F=Qr Y=l p=py+EpQie,

or, equivalehtly
t Q 0?2 ’
Te2gf, 9= %’+~§-112+2=ﬁ‘l’. (4.6.19?
This establishes the relationships between I, § and ¥ along all
streamlines originating at infinity in the upstream direction. It is
convenient now to abandon the general co-ordinate system in
favour of cylindrical co—ordmates Equation (4.6.7) can then be

© written as

DY + 4Ly = 20 Y
+4WY=21‘ -11‘,
218 o*

where zra;a—l—é;z
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The deviation from uniform flow is measured more appro-
priately by the perturbed stream function,

A
- which satisfies ’ Qtﬁ+4 T 1/r =o.

1t is remarkable that with the stated hypotheses a system of non-
linear partial differential equations reduce to a linear equation for
the stream function alone. It becomes clear why this theory deserves
and receives much attention.

The dimensionless form of the foregoing is

@1//+;i2 Y=o, (4-6.11)
where the usual characteristic dimensions have been used,

L, Q1]

and & = 1I/QL. In particular, 1112 scales the stream function itself,

An inconsistency obviously arises as € — o because the upstream
boundary conditions are no longer compatible with the existence of
an obstacle in the fluid. It is interesting to note that although no
approximations were made in the derivation of (4.6.11), it is never-
theless identical with the equation obtained from a linearization
based on the Oseen replacement. This fact lends credence to
analyses based on that kind of substitution.

The wave motion exhibited in fig. 4.9 has its theoretical analogue
in the solutions of (4.6.11) appropriate to the cylindrical container.
If the dimensionless radius of the tube is @ = r,/L (L is the body
radius), then separable solutions can be found of the form

()i (8- ()]

with TG =0, n=1,2,....
For values : 2 (gﬂ) ,
o g a

the solutions grow exponentially as |z| =0 in one direction, and
decay in the other. In this case, the superposition of all such modes
to solve the problem of the flow about an arbitrary body must yield



220 THE THEORY OF ROTATING FLUIDS

afluid motion that is essentially similar to potential flow. However, if

4 [Ny
€ a2)’
then a certain number of these natural modes represent wave motion
in the longitudinal direction. The first instance of wave motion
occurs when < 2a
T én
with £;; = 3-8317. If the Rossby number satisfies this inequality,
the wavelength of the disturbance is
2m 4 (Ea\A\F - 6
— .6.12
e A (82 ( a o (4 )
and in dimensional terms, these results are

n_2 amw___(40° 514)2)‘%
Qf6<511’ K —zw(uz‘ (1'0,

Values appropriate to fig. 4.9 are ry = 14-5 cm, and 11/Qr, = 0-276;
the theoretical wavelength is 1479 cm. Far behind the obstacle,
this wave should represent the major part of the disturbance; the
measured value of the wavelength for the wave shown agrees with
the theoretical prediction.

To actually solve the problem of flow about an obstacle, requires
the superposition of all possible modes and the complete satisfaction
of boundary conditions including that of no upstream wave motion.

. This is not a simple task because fundamental solutions fulfilling the
prescribed wave requirements are difficult to construct. A notable
success in this direction was achieved by Stewartson[igo], who
obtained the solution of (4.6.11) subject to the stated conditions in
the case of flow past a sphere in an unbounded container.

Thefirst step of his procedureis to determine the class of solutions
that satisfies all the imposed conditions except those at the surface
of the unit sphere. These functions, each of which implies no

upstream maotion, are ‘
2.\ d
Von(ts0) = 0= 1) [Ty o (21) £ Pan)

o @+3)@E) m+1) ]y (zr) ;u Pyjra(H) }
2 T T G am T
(4.6.13)
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and

Vana(5,0) = vl . (1o () £ Pons®

o @G g () o Pa) }
—g;)j!(]+1)!m!(m—1)!(m+]+1)(2] —2m - 3) 22amt)

(4.6.14)

where © and O are spherical co-ordinates, y = cos® and P, (1) is a
Legendrepolynornial Both odd and even functionsmay bewritten as

o= o1 () P ZouTin (3) 200),
(4.6.15)

where the coefficients can be identified by comparison with the
preceding equations. The general solution is represented by

¥ = élAi ¥.(r, 9), (4-6.16)

and only the determination of the unknown Fourier constants
remains. The coeflicients are found by satisfying the boundary
condition on the surface of the spheret =1,

Y=—1%=—(1—p2).
Therefore i Ai(1,0) =—(1—1?),
i=1

but according to (4.6.15) this is equivalent to
SAS 2 2\1 d
igl.Aiigl [5,;,- :L“lf"' (E) + 0t ]y (_)] du Pyu) = ~1,
where By = {0 L],
I i=j.

Thefunctions, (1 — v?) (d/dw) P;(1), 5 = 1,2, 3, ... constitute a com-
plete set in the range |u| < 1 and the orthogonality integral for
Legendre polynomials is used to establish that

ig1Ai [8“]_‘1’?—5 (EE) R (3)] = =08y J=1,2,...
(4.6.17)
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"T'his infinite set of linear equations must be solved numerically for
the coefficients and Stewartson provides the following table of

results:

e A A, Aq A, A,

2 0903 001 — — - m
L 208 o35 001 — —
2 381 248 034 015 -—
%

382 10°92 4:36 109 o 12

Stewartson concludes, upon investigating the properties of the
numerical solution and the coefficient determinant, that the solution
certainly breaks down below € = 0-347. At this point, the upstream
boundary conditions definitely become untenable and a cylindrical
component of flow develops. This critical Rossby number is very
close to Taylor’s experimental value, but the agreement may be
accidental because the drag increases by two orders of magnitude
betweene = 1toe = }, and the behaviour is also rather erratic in this
region. This is an indication that slug flow occurs at these values of
£ too; indeed, there is every indication that some two dimensionality
exists at all values of . Therefore, columnar motion seems certain
if € < 0-347, most probable for € < o-5 and extremely likely at all
larger values.

"The modifications due to a closed geometry, such as flow within
a cylinder, probably change the quantitative rather than the qualita-
tive aspects of the solution. If a two-dimensional component is
always present, then little else can be added by considering different
configurations. On the other hand, if this is not true, then a definite
relationship should exist between container shape (tube radius)
and Rossby number that separates the wave motion and columnar
flow regimes. This would be of significant interest but as a matter
of pure speculation, the former possibility seems more likely.

4-7. Time-dependent considerations

The complete equation governing the axially symmetric stream

function is ( P P

: . 2 azw )
a_séng@) DY+455 =0, (4-7-1)

which is comparable to (2.2.4) for the pressure. This equation in
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conjunction with the usual viscous constraints and initial conditions
constitute a well-posed boundary value problem. 'The special theory
for slow inviscid motion, € = E = o, is also well-set if the spatial
boundary conditions are diminished in number to one (for the
normal velocity component), because (4.7.1) is then only of second
order.

The subject for discussion here is streaming rotational flow
corresponding to the values E = o, ¢ # 0. Equation (4.7.1) which
then reduces to a fourth order partial differential equation stands,
seemingly, somewhere between the two preceding cases. Some care
is required in setting proper boundary conditions, (Recall that
wave motion in streaming rotational inviscid flow—studied earlier
in § 4.6—is a composite of three different wave systems. Only one
represents propagation in the upstream direction whereas all consist
of waves moving downstream.)

Stewartsonfrgo] and Trustrumlzxz] have applied transform
methods to obtain solutions of (4.7.1). This procedure leads to
complicated algebraic relationships among the transform para-
meters which must be sorted out before the inversion integrals can
be successfully performed. As yet, no initial value problem has been
solved that concerns flow about a body with the parameter setting
td+0,E=o0.

Solutions have been obtained by Fraenkel[54] and Trustrum for
flow in a cylindrical pipe girdled by a surface ring source in a plane
perpendicular to the rotation axis, No obstruction exists in the flow
and the vertical co-ordinate, z, varies from plus infinity to minus
infinity along any axial line in the fluid domain. The question of type
and number of boundary conditions is circumvented by requiring
all variables, and their derivatives to all orders, to be zero at
infinity. Though somewhat artificial, the solutions have many inter-
esting features. Fraenkel analysed steady motion utilizing the exact
equation of motion (4.6.11) and the assumption of no upstream
disturbance; ‘T'rustrum solved the initial value problem based on
(4.7.1). The relationship of the two theories has already been com-
mented upon. The most significant difference is that the steady
state developed from the transient flow has an extratwo-dimensional
or geostrophic component. Thus, columnar motion, specifically
excluded by hypothesis in steady theories of § 4.4, is a natural result
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of an initial value problem. Furthermore, the structure of the
geostrophic flow is dependent on the initial conditions and the
manner in which the final state is approached.

Though the last word has yet to be spoken, it seems that a
columnar formation is an intrinsic feature of rotating flows and
cannot be dismissed. The assumption of no upstream disturbance
must be interpreted instead as an approximation appropriate in
certain situations.
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CHAPTER §

DEPTH-AVERAGED EQUATIONS:
MODELS FOR OCEANIC CIRCULATION

5.1. Introduction

This chapter deals with rotating fluid motions that are relevant
to the understanding of the large scale oceanic circulations. For the
most part, emphasis is placed on the study of flows produced i the
laboratory which exhibit phenomena also observed in the ocean.
A complete exposition of planetary fluid motions is not intended nor
attempted. However, the theory of previous chapters is formulated
in a manner that invites direct comparison with a fundamental and
much analysed oceanic model. The uses of the former and the
limitations of the latter then become apparent.

5.2. Depth-averaged equations

Consider the steady, forced circulation of a contained rotating
fluid in a configuration of very slight depth variation and without
closed geostrophic contours. Fig. 5.1 illustrates a basin of this type
which is a section of a spherical annulus. Although the basin shape
can be irregular, the sidewalls are assumed vertical for simplicity.
Motion is produced by subjecting the top surface of the fluid to an
applied stress (the wind) or by prescribing the velocity there as in
most earlier work. The motion within a disk-driven sliced cylinder,
§2.20, which is a rather typical problem, has already demonstrated
some striking parallels between laboratory and planetary circula-
tions. In fact, the information obtained from that analysis will be
valuable in motivating and substantiating aspects of the procedure
to follow.

The dimensionless equations of motion are

V.gq=0o, - }

sq-Vq+2ﬁxq = —Vp+EV3q, (5.2.1)

and the boundary conditions state that the velocity, or the surface
stress, is known on the top surface 3y, andq = oon all others. There

I35 GTO
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are at least three distinct regions in which the solution can exhibit
markedly different behaviour. These are the Ekman layers at the-
top and bottom boundaries, the inviscid interior and the boundary
layer ad_]acent to the sidewall. To account for this, the velocity and
pressure are represented as

- b= f)+PI+f)L:

(5-2.2)

Fig. 5.1. An ocean basin having no closed geostrophic contours. The sidewalls
are vertical and the top surface is subjected to a ‘wind-stress’. "The basin may be
part of a spherical annulus as shown in the inset,

but it is not necessarily implied by this that the relative magnitudes
of all terms are of the same order. If we were to proceed as before, a
formal perturbation series would be constructed and a problemi
sequence resolved. However, the general approach is too cumber-
some, if not impractical (there are three small parameters:
& E, a==|Vh|) and a more flexible procedure is adopted.

An approximate theory is formulated which might correspond"
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to the first step of a consistent asymptotic development. The
variables appearing therein could be identified with the lowest order
terms of the appropriate expansions in the different regions and

- they are referred to as such.But the adoption of certain terminology
(lowest order term, primary unknown, etc.) is really the limit of
our involvement with the larger formalism and there should be no
doubt on this point. ‘

The principal objective isa theory governing the motion outside
the Ekman layers. These layers may be excluded from the discussion
because their net effect on the interior motion, the induced mass
flux at the boundaries, is known. Equation (2.17.3) gives the
boundary condition on q, at a surface moving with a relative
velocity, %, of unit magnitude. The non-linear correction to this
formula is neglected from the outset because ¢ is assumed small.
The same boundary conditionappliestoqy + f;, inany sidewall layer
whose thickness is much larger than E%. '

"The prescription of the surface stress on =y (scaled by €E¥p Q2L)
1s equivalent to making

\} . Ja= a_g('l (5'2'3)

at { = o, a known function in problem 7;, p. 42; the magnitude of
this stress is the same as that produced at a moving plate. Subse-
quent discussion is restricted to motions generated in this way.

It follows from the calculation of the Ekman boundary layer at 2y
that the normal flux at this surface is :

sammavxf ey

The particular problem solved in §2.20 showed that topography
imposes a severe restriction on the internal motion; the steady
interior velocity is O(E%) when the container has no closed geo-
strophic contours. As a direct consequence, the normal flux into
the bottom Ekman layer can only be O(E) because %g = o; the
velocity constraint at the bottom wall is mainly geometrical, that is

fig-q; =0  on Zp.

" We conclude that the bottom Ekman layer has a negligible effect on the
primary circulation in all such problems of steady, forced motion.

I5-2
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To lowest order in € and E, the interior velocity is gebstrophic:
ZE Xy = —Vpla

with V-q; =o.
Both q; and p; are independent of the vertical co-ordinate, to this
degree of accuracy, but z reappears when higher order corrections

are made.

The boundary conditions on the interior flow arising from the
Ekman layer calculation can be absorbed into the equations of
motion by introducing the depth-averaged internal velocity. Let

. £
O GO I (5:2:5)
—g

it is important to observe that g;(x,y) is just the horizontal com-
ponent of the interior velocity vector. The.vertical integration of
the continuity equation across the interior, from the bottom to the
top Ekman layers, provides the relationship

V-hgr = —np-qr—ng-qi.

However, the normal flux on Ty is effectively zero to the order of
approximation used here and this becomes simply

V-hg; = —nr-qr. (5.2.0)
Here V is the horizontal gradient,
s 0
. J -
and. npqp = — 3Eing- = — 1Eing -V {-A ITA}, (5.2.7)
" N -k
Since, in effect, o =q;—k-qy

the momentum equation can be written as A
2k x g = —Vpy (5.2.8)
and then solved for the horizontal velocity in terms of pressure,
a; = 3k x Ppy.
Hence ‘ Vegr=o, . (5.2.9)
and this allows the reduction of (5.2.6) to :
G Vh = Ein,-%. 7 (5.2.10)
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Any two of the three equations, (5.2.6), (5.2.9) and (5.2.10), may be
taken as an independent set. Actually, the velocity component that
is perpendicular to constant-depth contours is evaluated from
(5.2.10), which already implies that its magnitude is O(E#/|Vh]);
(5.2.9) is used to find the tangential component in conjunction with
the calculation of the sidewall boundary layer. This is the procedure
employed in §2.20. '

The equation for the pressure, py,

: k-Vp xVh =—Ein; g, (5.2.11)
completes the specification of the interior flow field.

We proceed next to develop the equations governing the sidewall
boundary layer. This may be viscous or inertial in character but in
either case, {y, is clearly larger there than q;. Theexactlinearanalysis
of the disk-driven flow, culminating in (2.20,21), showed that fr, and
the horizontal components of &, are essentially independent of
height but that k- §;, varies linearly with z. In fact, the vertical
component of velocity must vary with height in order to allow for the
stretching of vortex lines as the fluid element is transported across
depth contours.

The assumption is now made on the basis of earlier work, and
subject to confirmation a posieriorz, that the horizontal components
of welocity in the sidewall boundary layer do not depend on the height,
to lowest order in all parameters. The pressure is then mnearly
hydrostatic and suffers a changein magnitude across the layer which
is only a second order effect. The vertical component of velocity is
a linear function of z to the same order of approximation. It will be
shown that this boundary layer structure is consistent with the form
of the linear, inviscid, interior flow.

The applied surface stress is assumed not to vary appreciably
across the sidewall boundary layer and the same condition is im-
posed on the total depth, h, although its variation along the layer
is important. :

N £
Let qL+thk=15J &y, dz.
The relationships, N
q= q1+ﬁL+Wk’ P =PitPw
are now substituted for velocity and pressure in the momentum
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equations. If only the important terms are retained—those ‘which
are not negligible in direct comparison with others in a boundary
layer scaling—then the momentum boundaty layer equations for
the horizontal components of velocity are, approximately,

(9 +8p) - Vi, + 2k x §r, = — Vi, +EV%i.  (5.2.12)

The equations governing the interior motion have been used in this
reduction. .
The correct form of the continuity equation within the vertical

boundary layer is 7 -hijy, = o. (5.2.13)

In the problems considered, circulations which close via the Ekman
andsidewall boundary layers are small compared to the main interior
motion if E¥ < |Ph| < 1, and these conditions arc assumed.
Explicit mention of the pressure function (and its variation) can
be avoided, if this is thought desirable, by considering instead the

vorticity equation. If By, = k-7 xii,

then it follows directly that the equation for this component is
2+ E%L

E .«
(qI“I'qL) 4 (T) }—1 VZ%L, (5.2.14)

which may be identified as a version of Ertel’s theorem proved in
§ 1.5. Hence, if E = o, the potential vorticity

? + E%L
H h ’
is conserved as a particle moves within the boundary layer.
The introduction into (5.2.14) of a boundary layer stream
funetion, hijy, = k x Py, =~V x Lk, |

leads to a single boundary layer equation:

/b , : é+sV-%VzﬁL E_
; (5-2.15)
The relationship of q; to Vpy has been employed and only the
important part of the viscous termis written. (Here, I’ =V, because
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z does not appear explicitly.) The problem is then to find solutions
of (5.2. 11) and (5.2.15) Wthh at the sidewall, satisfy the boundary

condition,” i, +9;=o. ; (5.2.16)

Thus far, the equations governing the largest and mostimportant
flow components in each domain have been identified and a well-set
boundary value problem posed. Instead of separating the problem
in this manner, a theoretical model can be formulated in terms of a
combined depth-averaged velocity given by

1t &k
0+ Bk = ;—lf_g(‘lri‘"h)ﬂdz = g+ + (101 + for) k.
(5.2.17)

It is only necessary to retain in the development all terms which
assumme major importance anywhere in the container. For exarnple,
the appropriate form of the continuity equation is

V-hQ = —np-q; = $Eing- 2. (5.2.18)

The right-hand side of this expression is crucial in the interior,
where Q = gy, butitis entirely negligibleinthe boundarylayer when
Q = §,+ ;- 'The momentum equation can be replaced by

eR-VQ+2kxQ = —Fp+EV, (5.2.19)

and the equation for the vertical component of the vorticity becomes
v (2 Jf%) - 212% Elng- z+§‘ 728, (5.2.20)
It is seen that when terms mult1pl1ed by € or E are neglected,
(5-2.20) reduces to (5.2.10). On the other hand, all terms in which
the curl of the ‘stress’, T, appears are of no consquence in the lateral
boundary layer and there, the equations reduce correctly to (5.2.12)
and (5.2.14).- Note that the applied stress enters these equations
in the form of a distributed fluid source. Not all of the terms in
the preceding equations are essential, but all essential terms are
present. In specific studies, a proper boundary layer analysis in
_terms of a scaled variable will reduce the formulation to the bare
minimum. ,
- The internal fluid velocity, 2, is O(E#o?) because the motion is
steady and no closed geostrophic contours exist. The violation of
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either of these conditions generally leads to an interior flow of unit
magnitude. A depth-averaged theory can still be developed in this
circumstance if the motion remains quasi-geostrophic, i.e., the time
variation is very slow.

_An unsteady motion of this type was considered in § 2.16, in con-
nection with spin-up in the sliced cylinder. The major conclusion
there was that low frequency Rossby waves are generated to com-
pensate for the loss of a purely geostrophic mode. This result turns
out to be of general validity.

The slow change of a quasi-geostrophic flow should really be
characterized by a long time scale 7Q0%, and the scaling rule
L, 7Q7, eQL], in which case the dimensionless term

10
rad
. must be added to the momentum equation, (5.2.1). The large
dimensionless parameter 7 is often related to the depth variation,
|[Vh|, and this connection was clearly illustrated in §2.16 where
T = 1/, « being the small inclination angle.

The construction of a quasi-steady, depth-averaged model
proceeds as before, with the same basic assumptions in force.
Although the applied stress may now have a slow variation in time,
the induced mass flux from the Ekman layer is calculated using
steady conditions. However, a zetoth order interior velocity means
that the contribution from the bottom Ekman layer is of the same
magnitude as that from the top and must be included in the analysis.
The depth-averaged continuity equation is then

V-hQ = —np-gr—np -y,
and, in particular,
5 , “
Vb = o Tt g (i x 2 - 2) K[

( 5.2.21)‘
The inhomogeneity, once again, is negligible in the sidewall
boundary layer. The revised form of (5.2.20) is found to be

1 0B y2+e8 _ (2-+D)
R

EH{ }+1 78,
(5.2.22)
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where the bracket is that defined by the previous equation. Ertel’s
theorem is recovered from this by setting E = o; the potential
vorticity of a particle is conserved in the absence of dissipation,

Consider the important class of problems dealing with the un~
forced relaxation of an initial disturbance in the configuration that
is described at the beginning of this section. To be definite, let

I
h= h(,+; 8(x,y), (5.2.23)
where h, is a constant, and take

I
s,E’%<;< 1.

Theordering of the parameters, g, E,and 7, impliesthatin the interior
(5.2.22) is approximately

B 2
—'az —B-OQ‘VD = 0. (5224)
Although the depth law allows no closed geostrophic circuits, the
interior velocity is still in a state of near geostrophic balance so that

g =2 =3k x Vpyp.

The substitution of this expression into (5.2.24) yields the funda-
mental relationship governing p;:

2 2 N
= V2py——Vd-(kx Vp;) = o. (5.2.2
ot Pr h, ( P) (5-2.25)

The proper boundary condition at the lateral wall is that the normal
velocity component be zero there. This is the same problem for
Rossby waves that was encountered in §2.16.

If convective terms are retained in the equations of motion, then
the basis is laid for an analytical study of non-linear interactions of
Rossby waves. A numerical solution of the complete depth-
averaged boundary value problem, consisting of (5.2.18) and
(5.2.20) and requisite boundary conditions, is feasible and results of
recent investigations are reported later.

If, for any purpose, the motion is scaled against the usual charac-
teristic time O~ then the factor, 1/7, mustappear multiplying I'd
in (5.2.24) and (5.2.25). This form of the equations is employed in
§5.5- :
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5.3 Oceamc models

The ocean is for our purposes a very thm layer of a radlally
stratified fluid that covers part of the surface of a large globe.
Movement within the fluid sheet is induced by an applied surface
stress or by differential heating. '

Fluid stratification, though slight, is an essential property because
it implies that the direction of the gravitational force (and not just
the direction of the rotation vector) is important over the entire
spherical surface. As a result, the component of £ along the surface
normal, 8, enters the theory as a key factor, A severe geometrical
constraint on the motion of a homogeneous, constant density fluid,
like that posed by a spherical annulus of small gap-width, also glves
special significance to the normal direction.

Another consequence of either stratification or a restrictive

- geometry is the emphasis placed on the component of absolufe
vorticity along the unit normal to the sphere:

(2R 4-B).

The role played by stratification in this connection can be established
directly from Ertel’s theorem (z.5.11), wherein & is identified as the
equilibrium density field p,(¢). In this case,Vp, is almost parallel to,
and it follows at once that in an incompressible, non-dissipative

medium, -
—Vp,-(222+8B)
Pe

is-conserved in the motion of a fluid particle.

The geometrical constraint described above also leads to a similar
conclusion. This can be shown by constructing a theory for motion
in the spherical annulus that is based upon approximations in-
volving the ratio of gap-width to radius, and the proximity of the
fluid element to the equator. Restrictions on separation distance and
position, of this type, necessarily arise for although geometry can
exercise tremendous influence on the motion of shomogeneous fluid,
it cannot completely subvert the basic fact that the rotation axis is
the only true direction of note. In view of this, it is anticipated that
discrepancies between a constant density model, utilizing (2-%)%
instead of 2, and an exact theory will depend to some degree on the
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extent to which the rotation axis and surface normal are aligned.
The geometrical constraint is more effective as the gap-width
decreases, but a shallow water theory, constructed from integrated
averages in the radial direction, cannot be valid uniformly over the
entire global surface. However, it may sometimes happen that in
regions where this type of theory ceases to be valid on its own merits,
its use and relevance can still be rationalized by arguments invoking
the stratification of the real ocean.

Attention will continue to be focused primarily on the precise
analyses of laboratory-produced rotating flows and the applicability
of results so obtained to the study of oceanography. Comparison is
made between the depth-averaged theory developed in the last
section and similarly constructed oceanic models in current vogue,
but not much consideration is given to 2 critical overall evaluation
of the oceanic models per se (accuracy, relevance, etc.).

In the most widely studied model for the large scale circulation
of a homogeneous ocean, only the velocity components tangent to
the sphere and averaged over the ocean depth (the gap-width of
a spherical annulus) appear in the formulation. Since variations
with depth are averaged out, the curl of the surface wind-stress
enterstheequationsasabody force, §. A coefficientof eddy viscosity,
v¥, usually replaces v. The model equations governing the depth-
averaged, tangential velocity vector, Q,,' are

V-HR, =0, (5.3.1)
Bit,g”_}_g”' VQD+ZQCOS@§ xRy = —% Vp-l—v*VzQ,,-l-&

(5-3.2)
where H is the true ocean depth, Q cos ® £ is the component of Q in
the direction of the spherical normal, £, ¥ denotes the surface
gradient, and all variables are functions of position on the surface of
the sphere. A fairly complete discussion of the derivation of these
equations can be assembled from the works of Morgan(z3r], Carrier
and Robinson[z8], Fofonoff[sr], and - Stommellzg4]. A formal
development would involve a perturbation analysis with suitable

restrictions imposed on ‘ocean depth, location, etc., but this is not

1 'The depth-avéraged velocity here differs from that in §5.2 because the flow
within-the Ekman layers is included in the definition.
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our intention. However, it should be noted that the shallowness of
the ocean, with respect to both the lateral scale of typical planetary
motions and the radius of the earth, is a vital requirement, lying at
the very heart of the development. The formulation in § 5.2, which
also makes use of depth-averaging techniques, is zo¢ limited to thin
strata of fluid but requires instead that the total depth variation be
small, i.e., E¥ € |Ph| < 1. Thisis animportant distinction especially
for the planning and execution of laboratory experiments designed
to simulate oceanic phenomena.

In a dimensionless formulation, using the scales [H,, Q2 U],

(5.3.1) and (5.3.2) are
V-HR, =o,

%QD"FEQD‘ VQD+f§ X QD= _VP+EVZQD+%,} (5'3'3)
with f=2cos@®, e=U/QH, E=v*QH2

A characteristic velocity, U, is chosen to make the motion due to the
applied stress of unit dimensionless magnitude; H, is the typical
ocean depth. The solution of these equations is required that
satisfies prescribed initial conditions, and boundary conditions
at the coastlines surrounding the ocean basin.

Certain features of the relationship between this system of
equations and those of the last section, can easily be uncovered by
considering steady, unforced, inviscid motion. For example, it
follows that the form of Ertel’s vorticity theorem for the steady

model equations is .
+e%
2V (LH—”) =o0. (5-3-4)

(The quantity, V -f£, is negligible because the radius of the earth is
very much larger than the ocean depth.) Equation (5.3.4) should be
compared with the inviscid version of (5.2.20), ,

Q.7 (z—l—s%) _

=.0. .3-5)
b (53-5)
The extent to which these two equations are substantially the same
is a measure of the accuracy and validity of the oceanic model.
A comparison of this sort is made by Veronis[z14, 215].

Both of the preceding equations are expressions of the conserva-
tion of vorticity, in some sense. Since the separation distance, H,
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between the concentric spheres (see fig. 5.9, p. 264) is small com-
pared to the spherical radius, 4, the following approximate formulas

hold as long as h/a < cos®, a condition which precludes the
equatorial latitudes:

H h h\ 2
= ;mcos®+£(1~l) g}icos(;).
a~a 2\a a

But then, the vorticity component that appears in (5.3.5) can be
wrtten as -, 1 e ~2c0s0+eBcos® f+eBcos®

h = H = H
and this is very nearly the form required in (5.3.4). Hence, the two
equations are approximately equal if B cos® and Q-V are nearly
B, and Q,-V, respectively. This is exactly true only at the poles;
elsewhere, the approximation loses accuracy as thesurface normal, £,
and Q becomeless parallel. The errorinvolved is O(H/a) over most of
the spherical surface excluding a band about the equator (see [2141).
It is important to note that 1/h plays the same role in the general
depth-averaged theory governing laboratory flows as the Coriolis
parameter T does in the oceanic model. Therefore, the analogy of the
depth-averaged equations of § 5.2 with the oceanic model equations
really has a dynamic rather than a geomeiric basis. Oceanic pheno-
mena can be studied in the laboratory by suitably arranging the
depth topography of a tank so that the variation of the Coriolis force
with latitude is covrectly simulated. It is not necessary for many
purposes to construct a container that is geometrically similar to
the earth, as for example a spherical annulus with a small gap-width

toradius ratio. Of course, the flows insuch a container areinteresting

in themselves, but at present that is beside the point.

Assuming that the model equations are relevant and useful, it
now becomes clear why many contained flows studied in chapter 2
can have an extremely close relationship with large scale phenomena
in the oceans. The sliced cylinder configuration, which has a total
depth that varies linearly with position, corresponds to a Coriolis
parameter of the form f =t Ay, (5.3.6)

where y is a Cartesian co-ordinate of latitude. This formula for f,
the normal component of planetary vorticity, is a central assumption
underlying the #-plane approximation in oceanography. Spin-up
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in the cylinder, which was effected through the propagation of
vorticity by Rossby waves, most probably has its oceanographic
analogue in the transition from one steady oceanic circulation to
another. A change of seasons could bring this about in certain parts
of the world.

In the sliced cylinder problem, § z.20, the bottom slope simulates
the variation of Coriolis force with latitude on the surface of the
earth and the shear produced by the top disk acts like an applied
‘wind-stress’. The sidewall boundary layer that forms on half the
perimeter of the basin is dynamically analogous with the Gulf
Stream, and there is some indication that the separation of this
current from the Atlantic coastline may also be reproduced. Many
of the gross features of oceanic circulation are present in this simple
experiment. Indeed, von Arx[zzo,2z1], Faller and von Arx[48],
Stommel, Arons and Faller[196], and Fultz[61] have utilized this
important principle to construct a number of imaginative experi-
ments, some of which have already been described (see p. 117). It
seems conclusive that much can be learned about the basic dynamic
processes in the controlled environment of the laboratory. The
essential point is to arrange a correct dynamic analogy using the
total depth variation to simulate f.

54 Steady circulations and inertial boundary layers

The analysis in §2.20 is rather typical of all investigations of
steady flows in enclosed basins where constant-depth contours are
open curves. No other viscous flow problems of this type will be
solved for this reason.

Solutions of the linearized, ‘viscous’ model equations for oceanic
circulation, which are inherently of the same class, were obtained
by Stommel[zg3], Munk{133], and Munk and Carrier[134], among
others, Discrepancies between these theoretical predictions and
oceanic observations led to Stommel’s suggestion that non-linear,
rather than viscous, processes constitute the dominant mechanism
controlling the great ocean currents, ‘ .

The theory of non-linear or inertial boundary layers, developed
by Charney[s1] and Morgan[r31], provides a reasonably accurate
description of the Gulf Stream in regions where it borders a coast-
line. Non-linear processes also seem to dominate when the stream
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leaves the boundary to become a free inertial jet, Warrenfzz2].
Comprehensive accounts of the entire subject are given by Stommel
[z95]1 and Fofonoflfs1]. :

The extreme importance of non-linear processes in oceanography
motivates the study of inertial boundaty layers in contained rotating
fluid motions. The correspondence between the theory pertinent to
laboratory motions and that concerned with geophysical circulations
has been demonstrated. Consider then, a rather general configura-
tion of the type shown in fig. 5.1, and the depth-averaged equations
of motion, (5.2.18), (5.2.19) and (5.2.20).

Boundary layers are a feature of singular perturbation problems
in which a very small parameter multiplies the most highly dif-
ferentiated terms. Viscous boundary layer theory stems from the
fact that E is small. However, even if the Ekman number were
identically zero, in (5.2.15) for example, the most highly differ-
entiated terms that would remain, would still be multiplied by the
small Rossby number, s. Hence, the inviscid, non-linear theory is
also singular in this sense, and the existence of a boundary layer can
be inferred wherein the convective terms become as important as
any othefs. If E and € are both small but non-zero, then the structure
of any boundary layer will combine features of both the viscous and
inertial layers, depending on the relative magnitudes of the two
parameters. .

The interiot circulation is assumed to be known; the problem is
to find the snertial boundary layer that corresponds to a prescribed
interior state. In actuality; both flow regimes exert a strong influence
oneachotherandthe precise determination of theinterior flow(there

_is usually an unspecified function to be found) depends on the
properties of the boundary layer and vice versa. The non-linear
problem is intrinsically more complicated to solve than the corre-
spondinglinear, viscous problem, although thesingular perturbation
techniques used in both are comparable. Aside from questions of
the greater skill and ingenuity required, difficulties of a fundamental
nature can be involved, For example, steady, inviscid, non-linear

‘ problems may not even be well-posed. The reason for this is that an
arbitrary applied wind-stress will usually create vorticity in the

~ fluid which cannot be removed in the absence of viscosity. A steady
state cannot exist in such a situation unless dissipation occurs
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somewhere in the ocean basin (or the applied stress is of a very
special form). Evidently, inertial effects do not predominate over
the entire ocean; dissipative processes are not only important in
certain regions, but are essential to the over-all motion and vorticity
balance. These conclusions are confirmed by the numerical work
of Bryan[zc] and Veronis[z17]. There is ample reason then to study
only the local structure of an inertial current without attempting
a complete determination of the entire flow field.

A difficulty of much less seriousness is the inability of a strictly
inertial theory to satisfy the no-slip boundary condition. A very
thinviscous sublayer within the inertial layer fulfils thisrequirement.

In terms of the perturbation boundary layer stream function, ¥y,
the inviscid, inertial boundary layer equation is, from (5.2.13),

24l th#L
( VP1+V¢L)><V —5 /=9 (541)

By assumption, py is a known function and the total depth, h, has no
boundary layer character.

The inertial boundary layer exists because rapid variations of the
relative vorticity must occur somewhere, if a fluid element is to
overcome the strong topographical constraint and complete a closed
circuit. Thus, the relative vorticity, eV - (h=2 V'), is of unit mag-
nitude in the boundary layer and this implies at once that the
dimensionless thickness of the layer is £, if ¥y, is itself O(1).

Let fig, be the outwardly directed unit normal at the sidewall and
§ be a unit tangential vector to this surface, so that §, fiy, and k
form a right-handed, orthogonal triad, shown in fig. 5.1. (The arc
length, s, increases in the clockwise direction about the perimeter
of the basin.) Furthermore, let ¢ be the boundary layer co-ordinate,

defined by
fig -V > —g z-—

¢
By hypothesis, only ¥y, varies with ¢, and (5.4.1) can be reduced to

(Rt Bl 58)
B o o
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The interior pressure and the depth are prescribed functions of s
at the lateral boundary, { = o, and we may write

df _hép
ds 2 &s°

With this transformation, (5.4.2) can be recast as a Jacobian,
1 1 o2
ot r+i 5] Fuv) [ags) =,

and integrated once:

;z Oa? f = FWn+9). (5-4-3)

Here, F is an arbitrary function which can be evaluated at £ = o,
because ¢y, is a boundary layer function and lim ¢, =o. It

{~>w

follows that . 2

0lloWSs ]:(((1)) = E’ (5.4.4)
where both ¢ and h are functions of s only. Necessary conditions
for the existence of inertial boundary layers can now be ascertained.
If (5.4.3) is rewritten as

O~ R+ )~ T®)

then for large ¢, ;2 aa? > ( T F((I))) T (5-4-5)

The function ¥y, has the proper boundary layer character—an
exponentlal decay for large §—on1y if

dCI) F((I') >0, (546)

and this is a criterion for the existence of inertial layers. It is readily
expressed in terms of the total depth and the value of the interior
" horizontal velocity at the wall. The equivalent statement is

N dh
(B 1) 35 <o (5-4-7)

which has a simple interpretation. For example, when h decreases
with increasing s, a mass influx from the interior is required to

16 GTIO
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sustain an inertial layer. Moreover, a sign reversal in the derivative ‘
of h necessitates a change in direction of the velocity vector or the
layer cannot be continued along the wall. In that case, the inertial
current may become time-dependent and/or break away from the
boundary to become a free inertial jet. Of course, any one of the
processes omitted in this formulation may possibly exert a strong
influence in the neighbourhood of predicted separationand allow the
jet to proceed along the boundary, unaware of any difficulty. The
numerical studies reported in § 5.5 indicate that something like this
can and does happen Viscous processes offer sufficient control to
abort separation in certain situations.

The form of (5.4.5) shows that the width, &, of the 1nertlal
boundary layer is

S.1fe\b_ (Bl
i—li QE = 2 dh ) (5'4"8)
de hds

g;-fi is the magnitude of the normal component of the interior
velocity at the edge of the layer, scaled with respect to eQL..

~ An analysis of the oceanic model, Greenspan[7z], leads to the
same criterion given above except that 1/h is replaced by the
Coriolis parameter f (or §/H, if H varies across the boundary layer).
Since f increases with latitude, and is an increasing function of s
on the western side of an ocean basin, the interior velocity must be
directed towards the western coastline to support an inertial jet
there. Similarly, the velocity must point away from the eastern
boundary. It is interesting to note that the Gulf Stream separates
from the coastline at a position where the current suddenly enters
deep water off Cape Hatteras, At this location, the ocean depth
increases more rapidly along the stream path than does the Coriolis
parameter and the derivative of {/H suffers a sign reversal. Thus,
separation occurs at the same position where the simple criterion is
violated by changes in the local topography. The Japanese current
also leaves its coasthne under the same conditions, but Whether
this agreement is purely fortuitous is not absolutely clear. It seems
likely that topographic changes are responsible for the separation
of the cutrents from the coastlines (or vice versa), but the reasons
behind this may be more complex than those provided by a theory
based on a single, homogeneous fluid layer,
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Laboratory experiments designed to take full advantage of the
close theoretical analogy of § and 1/h could be invaluable in the
resolution of these questions. It should not be too difficult to con-
struct a tank whose vertical depth varies in a manner that would lead
to a separated inertial current. The factors controlling the process
could then be examined closely, hopefully to provide new ideas and
impetus for further theoretical investigations. It was in this spirit
that Stommel, Arons and Faller[zo6] undertook the study of
boundary layers in a closed basin. Extremely interesting results
were obtained and these were described briefly in §2.19.

"The experiment with the sliced cylinder, discussed in §2.20, had
the same motivation. At very small values of the Rossby number, &,
the flow is essentially that predicted by the linear theory. As the
‘Rossby number is increased, the centre of the interior gyre shifts
sharply away from the wall, in the direction of the boundary layer
current. The position of the vortex centre varies little at still larger
values of &, but the boundary layer becomes strongly non-linear and
separates intact from the wall to penetrate the interior as a broad,
steady, meandering stream. In the final flow regime observed, the
meanders begin to fluetuate and vortices (Rossby waves) are seen
propagating across that part of the basin while a steady motion
persists elsewhere.

Asnon-linear effects become predominant over viscous processes,
the structure of the western boundary layer must approach that of
an inertial current although the limiting form may not be attainable.
‘According to (5.4.7), an inertial layer can develop along this border
only if the interior flow is directed towards the boundary and this is
made possible by the movement of the main gyre 1n the manner
described.

The numerical solutions of related theoretlcal problems, pre-

- sented in § 5.6, reproduce all the nnportant qualitative features of
this experiment.

Inertial and viscous boundary layers seem always to arise on

“the same preferred side of the basin although they do not necessarily

coincide. ("The latter usually overlaps the former.) The reasons for
* this are connected with the properties of wave motion in the basin,
specifically, the different propagation speeds and dissipation rates
of long and short waves. For example, the ‘western” boundary isa

16-2
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source of short Rossby waves which decay rapidly, and the pro-
minent viscous boundary layer is the region wherein these waves are
entirely dissipated. A complete discussion of the wave interpreta-
tions of viscous and inertial layers is given in the next section.

The eastern boundary layer exudes mass into the interior and,
as a consequence, must be fed continually by a strong fluid source.
This can occur if the western current empties directly into the
eastern jet or if a strictly meridional current (along a constant-depth
contour) transports mass across the basin from one side to the other.,
In either case, the flow circuit is completed by the slow, westward
oceanic circulation.

An intense current flowing along a boundary that is a constant-
depth contour is also governed by (5.4.3), or (5:4.5). The function
dF(¢)/dd is then constantalong this bounding curve, and necessarily
positive for a boundary layer to exist. However, this condition
cannot be converted directly into a criterion like (5.4.7) without
miore information about the interior solution.

Fofonofl(so] studied a class of free, non-linear, steady circulations
for which the dimensionless equations of motion are the homo-
geneous versions of (5.2.18) and (5.2.20):

V+-h@ =o, (5-4-9)
Qv (z_f%) = o. (5.4.10)

The absence of an applied wind-stress removes the difficulties
mentioned earlier about the generation and dissipation of vorticity.
Introduction of a stream function,

hQ =k x Py,

permits the integration of the vorticity equation and the result is

i sy & Vw+ = F(y). (5-4-11)
(The constancy of the potential vorticity along streamlines was used
in chapter 4 in the same way to obtain exact, non-linear solutions.)
The boundary layer equation (5.4.3) is a special case of this general
relationship. The function F() may be determined from the nature
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of the unforced interior flow, assuming, of course, that the solution

exhibits a boundary layer behaviour. The interior flow is directed
along depth contours because

2
F(\PI) = E,

and this formula is identical to (5.4.4) at the boundary. The
existence criterion for an inertial layer along a boundary of constant
depth can then be written as

e T e e e e e e e e

.m0

X

Fig. 5.2. Streamlines of a free flow in 2 homogeneous ocean computed by
Fofonoft [sel. The circulation pattern is closed in this case with a meridional jet
along the northern boundary.

Hence, the direction of the tangential flow along the outer edge of
a meridional inertial layer is intimately related to the gradient of
the depth. An interior flow that supports such a meridional jet
is also one that is consistent with inertial layers on other boundaries
at the same latitude (the same value of h). Therefore, a free, non-
linear mode can exist in which mass from the slow, westward move-
ment of the ocean is returned completely via inertial layers. Fofonoff
has calculated some of these ‘natural’ solutions for the rectangular
basin in the special case for which F is a linear function of y. One
such pattern is shown in fig. 5.2. Closure of the current system can
be made with a northern or southern jet, or both, depending on the
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particular form of F. The non-linear, numerical solutions for the
~ wind-driven circulation, § 5.6, produce flow patterns which resemble
this strongly.

5.5. Rossby waves: part two

Consider a container whose total depth variation is a linear .
function of one spatial co-ordinate:

h=1-ay. (5-5-0)

Here, o is a small number and the positive y axis is chosen as the
northward direction to make 1/h an increasing function of y, just as
the Coriolis parameter f increases with latitude. The sidewalls form
a vertical cylinder whose intersection with the plane, z = constant,
is a simple closed contour line of arbitrary shape. :

Analysis of wave motion in the sliced cylinder shows that, in
addition to ordinary inertial waves, a new class of very low frequency
waves is generated to replace the loss of a purely geostrophic mode. .
The frequencies of these Rossby wavesare proportional to ‘angle’ «;
each modal function is independent of the depth, z, and represents
a wave that propagates from east to west.

Rossby waves are discussed again in this section, but from a more
general standpoint that is less dependent on a particular container
shape. Plane waves are examined first, and the discussion parallels
that given in § 4.2 for ordinary inertial waves.

Equation (5.2.25) for the interior pressure governs the slow time
variations of a fluid in a container such as that described above. If,
according to (5.2.23), we choose

,T=I, h(,:l, b:'—CIy,
then - : %V%%—z&j-(ﬁx Vp)=o, (5-5-2)

(Note that the scaling rule here is'[L, Q-1 eQL]. The time scale
does not incorporate the factor « which then appears multiplying
the eigen-frequency directly, as it did in §2, 16.)-

Plane waves of the form

p=Pexp 1(1c r—At),

with KT = K X+K,
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are solutions of (5.5.2) provided

_ —2K; X
7\ - K%'{‘K% - (5'5'3)

If K, is taken as positive for convenience, then X is negative. For a
given frequency, the loci of possible horizontal wave numbers is a
circleinthewavenumber space, of radius |a/A|, centred at (—o/A, o),
fig. 5.3 (a). Moreovet, the fact that —x; and A have the same sign
means that the wave pattern, as visualized by lines of constant
phase, always propagates westward in the direction of decreasing
values of x. The calculation of the phase speed yields the result

2K,

R G54
Likewise, the group velocity
cg =V,
. , -—x} , K
15 g = 2 (Kz K22)21+4 (Kzl 1?2)2 I (5-5-5)

which indicates a westward ‘propagation of energy for ‘long’ waves,
K3 > K3, butan eastward flux for ‘ short’ waves, & > §. Although the
phase speed points-to the west, the propagation of energy is not so
restricted and the direction of the energy flux depends on the wave-
length. This has an important bearing on the preferred formation
of boundary layers on the western side of an ocean basin and we shall
come to this shortly.

The phase and the group velocities are proportional, respectively,
to the directed line segments BO and AB in the wave polar diagram,
In particular, ¢, is always directed away from the centre of the
circle, A. For wave vectors lying on the arc OD, energy moves to the
west as do the lines of constant phase.

The reflexion of ordinary inertial waves off a rigid wall exhibits
rather unusual features (see § 4.2) and Rossby waves prove to be no
exception to this rule. A Rossby wave propagating energy towards
the plane boundary, x = o, reflects as a Rossby wave with a different
wave vector, whose group velocity is directed away from the
boundary. If the pressure functions of the incoming and reflected

‘waves are

Aexpi(x-r~nt), A expi(x’-r—Nt),
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1

Fig. 5.3. (@) Wave number surface for plane Rossby waves accoi'ding to (5.5-3).
(b) 'The reflexion of a plane wave off the wall x = o with the phase speeds and
group velocities shown. : !

then the condition of zero normal velocity at x = o implies

Ky A expi(,y —A)+ x5 4 expi(kzy—A't) =o0. (5.5.6)
Itfollowsthat * A=2A", K,=x5 A=-—4" (5.5.7)
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In other words, the frequencies of both waves are identical,

Ky K
D R

as are the components of the phase speeds parallel to the wall.

A complete graphical construction of the vectors ’, ¢, and ¢, is
not as straightforward as that in §4.2, but it is enlightening to
determine the directions of the various vectors in this way, (Longuet-
Higgins[116]). If the incoming wave vector is OB in fig. 5.3(a), so
that ¢, and ¢, are parallel to BO and AB, then the reflected wave
vector is OC and ¢, and ¢ are proportional to CO and AC. The
reflected energy flux is outwards and the group velocity vectors
make equal angles with the normal vector to the wall. Thus,
the direction of energy flux, but not its phase, is reflected in the
usual manner, i.e., the angles of incidence and reflexion are equal.

A wave propagating energy westward, to the left in the figure,
reflects as a wave of shorter wave length, in order for the reflected
energy flux to be properly directed away from the wall. Similarly,
a short wave must reflect off an eastern boundary as a long wave.
Hence, the western boundary acts as a source of short waves whereas
long waves are created at the eastern boundary. But short waves
are highly susceptible to viscous action and dissipate rapidly. As
a consequence, manifestations of viscous phenomena should be
most apparent in regions where these waves originate and this is the
mechanism undetlying the formation of the viscous, western
boundary layer. Pedlosky[z46] has shown that the characteristic
widths of both viscous and inertial boundary layers can be calcu-
lated from the known properties of Rossby waves.

The group velocity of short waves, k2 > «3, is approximately

their decay rate is exponential, e=%, and 4 can be estimated from
the basic momentum equation by balancing the viscous term, EF2,
against the time rate of change, 8/6t. This implies that

4=Ex«,

ie., short waves decay in the dimensionless time scale E-lk7?
(see p. 187). Let the wave whose amplitude decreases by the factor
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. . 0, 1 ) :
e in the distance f” =, about one wavelength from the wall,
1

define the region of dissipation, the boundary layer. This distanceis -
traversed in the decay time by an energy packet travelling with the
group velocity. Thus, ,

S Jedl

K L 4’

3

A
and it follows that % (E) ’
L o
which is the same thickness for the viscous boundary layer as deter-
mined by analysis of steady motion in the sliced cylinder.
_ In order to have an inertial layer on the western boundary, the
interior flow must be directed towards that boundary. A short
wave generated at that wall can penetrate back into the interior
domain only if its group velocity is larger than the speed of the in-
coming current. In other words, the complete group velocity aug-
mented by convection must have a positive horizontal component,

(¢g+eqp)-i> o,

for a wave to avoid entrapment at the boundary. Waves that are
trapped contribute to the formation of the inertial boundary layer

and the longest of theseis determined upon replacing the 1nequahty ,
by equality in the preceding expression:

"This yields the boundary layer thickness

St (—em-i)d
L x, \ o /7

which as an estimate agrees with (5.4.8).

Rossby waves in an enclosed basin can sometimes be determmed
rather easily by superposing plane wave solutions. However, it is
more instructive to relate the general problem with: the problem of
membrane oscillations, Longuet-Higgins[z16]. To this end, let

p= Q(x,y)exp[—i‘(%x+7\t)]; . (558) :
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upon substituting this in (5.5.2), we find that

o
V%@‘I‘}\Ee@ = 0. (5.5.9)

"The boundary condition on the lateral surface is simply
Z =o.

This shows that a Rossby wave can be interpreted as an exponential
carrier ‘wave (moving to the west), modulated by an amplitude
function, &, which is itself a solution of a classical boundary value
problem. Obviously, all that is known about membrane oscillations
becomes applicable to the oceanographic problem. Any solution
can be immediately associated with a Rossby wave and, perhaps of
equal importance, is the acquired ability to make full use of all
established approximate methods and techniques of analysis,

Rossby waves in the rectangular container,0o < x < 2,0 <y < b,
are related to the membrane eigemnodes

# i
Pok%¥) = s1n—gZ —sm—;)—ry
PR
with A = (" +’Zz) :.

Moreover, if (x',y’) is a co-ordinate system obtamed from system
(%,¥) by a rotation of axes through a fixed angle, then

'@nm(xl’ yl) €xp [_1 (‘j\fx_x'l“?‘nmt)]:

are the Rossby waves in the new frame, as long as the depth is gwen
by (5.5.1). e

It is a relatively difect procedure to solve the general initial value
problem in the rectangular domain. This has already been done for
the sliced cylinder geometry, and since the results are much the
same, discussion of this particular problem is omitted.

The mixing of two waves by non-linear convective terms generates
additional waves at the sum and difference of the primary fre-
quencies. In particular, a zero frequency response develops from
a single wave interacting with itself, and this can be a substantial
part of the total steady circulation pattern. The discussion of steady
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inertial currents requires consideration of the entire spectrum of the
applied wind-stress and not justits average. The non-linear response
to an oscillatory forcing function in a rectangular basin is con-
sidered by Pedlosky[145], Veronis[z18], Veronis and Morgan [219],
and Longuet-Higgins[117].

A linear variation of the total depth h, corresponds to the

approximation f= o+ Ay
- 1o

for the dependence of the Coriolis parameter on latitude. This is
often used in the oceanic model equations, (5.3.4), and it is an
essential part of the f-plane approximation which also requires that
By be neglected whenever it appears in conjunction with f,. The
validity of results obtained on this basis and their relevance in
oceanography has been the subject of many investigations, Longuet-
Higgins[116, 118] and Veronis[z14, 2151, but this is not of immediate
concern here. However, certain mathematical aspects are too inter-
esting to be ignored. For example, Longuet-Higgins found a
general class of unforced, linear, inviscid solutions to (5.3.3), with
f =2cos®, for an ocean covering the entire surface of a sphere.
These can be compared directly with solutions of the S-plane
equations and, in this way, the effects of spherical curvature can be
gauged and the relative accuracy of f-plane analyses assessed.
(Equations (5.3.3) are already depth-averaged approximations and
strictly speaking do not apply over the entire spherical surface,
being of questionable validity near the equator.)
Let H = 1, f = 2 cos @ and the scaled radius of the sphere be ‘a’

It follows from the continuity equation that

0 I oyn
Q, = aV x[w(®, ©, t)F] = ﬁ(‘;e Y e

the linear, inviscid equation for the radial component of vorticity is

of 1 @ aq; 1 Py 8\]}_
ﬁ(sin@a@) in® 7 +§1;?@'ge§)+25~e o. (5.5.10)

Bounded solutions of this equation are

—Pm(cos®)exp[1m(6+ AT )] (5.5.11)

and represent waves which all move westward relative to the -
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rotating frame. (It is not really necessary for the polar axis of the
co-ordinate system (8, ®) to coincide with the axis of rotation, The
solution can be referred to an arbitrary co-ordinate system (¢', @’),
as long as the new polar axis revolves about the rotation axis with
the relative angular velocity —2/[n(n-+ 1)]. However, the discussion
here is restricted to the natural co-ordinate system (8, ®).)

A very interesting feature of Longuet-Higging’ analysis is the
trapping of Rossby waves in a band about the equator. If attention is
directed to waves of very large order n, for which m/n neither
approaches zero nor one as # — o0, then the asymptotic forms of the

\
i

o

#

(@) ) ® ©

Fig. 5.4. Wave patterns on the surface of a sphere given by (5.5.12): (4) A trapped
Rossby wave for the general case m =+ #, [116]. (b) m = o and the wave is sinu~
soidal over most of the surface. (¢) # = n and the “wave’ is confined to the
equator. '

spherical harmonics reveal markedly different behaviours depend-
ing on the condition

, . m
sin® 2 g

In the case sin @ > m/n, the formulas indicate an oscillatory varja-
tionwith colatitude ®, but only an exponential decay is possible when
sin @ < m/n. Hence, the wave pattern is effectively trapped within
an equatorial belt; the limiting latitudes are ray caustics. Fig. 5.4
illustrates the wave patterns in three cases, (@) m +n; (b) m = o;
)y m=mn.

Although the preceding analysis is concerned with the model
equations, it seems likely that entrapment of inertial modes near
the equator is a general feature of motion in a spherical annulus.
Indeed, Stern[:84] and Bretherton[:s] have shown this to be true
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and some rather interesting conclusions, drawn from these in-
vestigations, are discussed in §5.8.

Some of the many references dealing with Rossby waves in
geophysical context are Margules[126], Haurwitz[78, 79], Rossby[174],
Rattray and Charnelllzs7], and Phillips[z4¢] (who provides an exten-
* sive bibliography). :

An account of the experiments of Fultz and Frenzen[63], and
Frenzen[ss] concerning inertial wavesin a spherical annulus appears
in the last section of this chapter.

A very simple demonstration of Rossby waves in a rotating
cylindrical annulus with a free surface is given by Ibbetson and
Phillips[or]; its theoretical analysis is to be found in Phillipsizso].
Among the various classes of sutface waves that can be excited in
this geometry, isone which corresponds exactly to the low frequency
waves studied in this section. Waves are generatéd by oscillating
a paddle at a fixed azimuthal position and the resultant disturbance
is examined as the excitation frequency changes. Although the
phase propagation is always to the west, the direction of group
velocity depends on the frequency in the manner detailed earlier.
Experimental results correlate well with theory and the photo-
graphs of the waves on one or the other side of the paddle, depending
on frequency, are striking. Further discussion of this interesting
experiment is omitted because its theoretical formulation stands
somewhat apart from the general development pursued here.
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5.6. Numerical studles

Most numerical investigations-to date have been based on the
oceanographic model equations, further simplified by the f-plane
appromma’uon (5-3.6). The depth of the ocean is usually taken as
constant, K is in the vertical direction and all dependent variables
" are functions of the cartesian co-ordinates (x,y), which measure
distancetotheeastand north, respectively, In this case, the gradient,
V, and the horizontal gradient, I, may be used interchangeably.
The equations governing mass conservation and the vertical com-
ponent of vorticity are derived from (5.3. 3)

Ve, =o, e
o8, , (5.6.1)

2+ VBo+ i 0o = BVBy + k- V' x§.  (5.62)
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Velocity and vorticity are expressible in terms of a stream function,
Yolx,¥), as 2, =kx V%,}

6.
%, = iy, (5-6:3)

the three numbered equations constitute the system to be solved
subject to proper boundary conditions, which are usually homo-
geneous. The forcing function may be chosen freely.

The boundary of the ocean basin is most often a rectangle or a
figure made up of perpendicular straight line segments. This makes
the selection of a computational grid as simple as possible. The
memory capacity of available computing machines severely limits
the mesh size in either direction. Techniques for altering the grid
dimensions wherever greater precision is required (for example in
the boundary layers) have not been fully developed.

The ability to solve the non-linear boundary value problem
rapidly and accurately provides the means of conducting informative
numerical experiments. The relative importance of various processes
can be quantitatively assessed in this manner, over 2 wide range of
parameter settings which fall beyond the reach of analytical methods.
The information from such studies often leads to the improvement
of the model and motivates better approximations of both a physical
~ and a mathematical character. ,

One major conclusion resulting from the treatment of the com-~
plete equation is that viscous dissipation is an essential mechanism
somewhere in the basin, Znall problems of ‘wind-driven’ circulation.

Bryan[z0] considered a rectangular basin, o <x < 1,0<y< 2,
subjected to an applied force field

k-Vxg= —,b’singy. (5.6.4)

(The parameter § can be scaled out of the problem by redefining the
characteristic time and setting ¢’ = ¢/8, E' = E/A. Since this is so,
J may simply be set equal to unity and equations (5.6.1) and (5.6.2)
solved in their present form.)

One objective, difficult to achieve, is to make E veally small enough
so that the inertial boundary layer is much thicker than the viscous
layer. Fig. 5.5(a) shows the time-averaged results of four calcula-
tions as E decreases bute remains fixed. As non-linear terms become

e




256 THE THEORY OF ROTATING FLUIDS

more important, the centre of the main gyre shifts northward (see
the discussion on p. 243). A second gyre forms in the top corner and
a counter-current is produced on the eastern side of the main stream.
Fluid motions in the boundary layer and the interior become

20

Fig. 5.5. The time-averagedstreamlines, W,, inarectangular basin due to the sinu-
soidal wind-stress in (5.6.4), {20l. In (a) € = 1-28 107? and the Ekman number is
made progressively smaller; (i) E = g5, (ii) E = gf20, (jii) E = g/40, (iv) E = ¢/60.
In (), the Rossby number is increased from &€ = 0-32 1073, E = g/60 in (i) to
e = 128 1078, E = g/60 in (ii).

more inseparable from each other even though the boundary layer
approximation remains valid over a large part of the enclosure.
Fig. 5.5 (b) shows that increasing the Rossby number intensifies the
secondary gyre and the inertial counter-current. The main stream
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does not truly separate from the wall, but propagating vortices do
appear in the current north of the critical latitude. The effect of
viscous processes, though reduced, is critical and every streamline
passes through a region of intense dissipation.

Veronis[z16,217] simplified the numerical problem by using a
velocity drag law so that —E&, replaces EV2Q, in the momentum
equation (i.e., —E®B, instead of EV*%B; in (5.6.2)). The number of
boundary conditions must be diminished accordingly and, with
these modifications, it is possible to study a strongly non-linear
regime.

Veronis considers a square ocean basin, o < x,y < T, subjected
toa wind-stress .V x§ = —fBsinx siny, (5.6.5)

which corresponds to a centred, high pressure area. Parameter fmay
again be absorbed into a redefinition of € and E, or equivalently, we
can simply make £ = 1.

The assocmted steady, linear problem with the simpler drag lawis

B(2 1 2 ) g+ 2o 6.6)
et oy Wot 5o —sinx siny, (5.6.
andy,, = oontheboundary. Thesolution, given by Stommel[1g3], is
siny
Wo = i [zL sinx+cosx

b o ey ke @], (567)

oo — 1+ (1+4E2
with 8y g =— % (5.6.8)
A boundary layer analysis provides the approximate formula
Yo = (1 +cosx—2e*)siny; (5.6.9)

fig. 5.6 (@) shows constant streamlines for E = o-05.

The ultimate steady solutions of the non-linear, initial value
problem are obtained numerically. The details of the numerical
analysis cannot be presented here, but the results are shown in
figs. 5.6 and 5.7. The graphs are arranged in the order of increasing
importance of the non-linearity and in fig. 5.7(8), the thickness of
the inertial boundary layer is eight times that of the viscous layer.

The centre of the main gyre, ahigh pressure area, shifts northward
in response to non-linear processes, The increased pressure gradient

17 610
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to the north tends to press the current onto the boundary and an

intensification is noted in that region. The southern part of the

current - relaxes into a wider stream because the pressure is

diminished there. As non-linear effects increase in magnitude,
a jet forms along the northern boundary, and ultimately on the

eastern side as well. In that stage, the solution resembles the free

mode found by Fofonoff[so], see p. 245. '

™

Yo /1841 {R ¥,/1-836]

I
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(a) ()

Yo/1-797
(d) (e)
Fig. 5.6. Streamline patterns asthe Rdssbynumberis increasedlzr7l. (@) A€ = o001,

" E = o055 (b) 4& = 0003, E = 005; (¢) &8 = 0'05, E = 005; (d) & = 0T,
E = o-05; (¢) J&¢ = 01, E = o025. -

W, /3164

As a {fluid particle moves northward in the western boundary
layer, its relative vorticity decreases to compensate for an increase
in planetary vorticity. The oscillation in the northwest corner
develops because inertia makes the particle overshoot the latitude
at which it should re-enter the interior of the ocean with negligible
relative vorticity. The particle returns to this equilibrium position
by passing through a region of intense dissipation where the appro-
priate adjustment is made in the level of relative vorticity. A typical
display of the regions of positive and negative relative vorticity is
shown in fig. 5.7(b), which correspends to fig. 5.6 (c) and (d).-
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Since there is a mass efflux from the northern boundary layer, the

oscillations seen there can be ascribed to the escape, propagation,

. and interior penetration of Rossby waves formed at the western wall
(see p. 250 and Moore[128]).

Separation from the coastline is not indicated by any of these

results, In fact, quite the contrary occurs; the limiting circulation

™

Z

0 T 0 T

@

Fig. 5.7. (@) Streamlines for a highly non-linear motion ¢ = 02, E = o'025.
(b) Regions of positive vorticity (shaded) and negative vorticity corresponding
to the circulations shown in fig. 5.6(c) and (d).

1 In this connection, it should be noted that Bryan’s computations do not
penetrate the non-linear regime sufficiently to allow much inference about
purely inertial jets. On the other hand, the simple model analysed by Veronis
may, by its vefy structure (the reduced equation with undisturbed initial
conditions) preclude any final steady state that is not of the Fofonoff type.
The guestion of inertial jets and separation is still open,

7z
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pattern, fig. 5.7(a), contains an intense inertial jet on three sides
of the boundary and is very similar to a frec mode. It would be
interesting to include topographic changes in the ocean basin for
this might force separation to occur. Work in this direction is in
progress.

Niiler{z38] examined the problem of forced circulation from an
analytical standpoint. His procedure involves an appropriate scaling
of the equations of motion and expansions in powers of a parameter
related to the Ekman number. Fofonoff’s free mode arises from this
development as a sort of natural resonance produced by the applied
stress. Moreover, analysis of the higher order field yields a circula-

- tion. condition which removes the indeterminacy of the purely
inertial theory (the arbitrary function F(y)).

The effect of topography on a free inertial jet has been studied by
Warren[222] in connection with the meanders of the Gulf Stream.
If the path of the current, and not its structure, is of prime concern,
a rather simple theory can be constructed that yields surprisingly
good results.

The assumptions are made that the narrow current carries a con-
stant mass flux and that its curvature is very large compared to its
width. With the neglect of viscous effects, the equation governing
the motion is the consetvation of potential vorticity,

= F(y,)- ‘ (5.6.10)

The vorticity in a meandering jet whose radius of curvature is large
can be expressed in terms of the streamline curvature, €. If (§;, €5, 2)
-is a “natural’, orthogonal co-ordinate system with &, a constant on
streamlines, then this relationship is :

LB, x CQp+ 8&0, (5.6.11)
, 98y

where £, is the speed of the current. Equation (5.6.10) can then be
written as

b0, + 5g°+f = HF(y,). (5-6.12)
The simplest approximation results by applying the preceding
equation to only the central streamline ,, defined by (¢/8,) QQ =o0.
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This is equivalent to the assumption that conditions arg uniform
across the width of the stream. If (%, §(X)) are the co-ordinates of §,,
and £, H = .# on each streamline (mass conservation),then(s.6.12)
is very nearly the same as

@A +TH = H* F(@,) (5.6.13)
with H=HE3),

The function F(J,) is evaluated at a position of zero curvature on
the jet, i.e., a point of inflexion. More sophisticated equations, of the
same type, can be developed by taking appropriate averages across
the stream width. The known properties of the stream can then be
introduced and utilized in a manner similar to that employed
in momentum-integral methods. This is essentially Warren’s
procedure.

The ocean depth is a prescribed function of position, and the
numerical integration of the ordinary differential equation (5.6.13),
a prototype for the entire class, is a relatively simple task, Warren’s
results apply to conditions encountered by the Gulf Stream, and
the calculations are in good agreement with many of the meander
patterns actually observed, fig. 5.8. This is fairly strong evidence
that the free stream is topographically controlled.

If the increased pressure gradient tends to intensify the northern
part of the current due to non-linear interactions, but an adverse
depth gradient or some other effect separates it from the coastline,
then the free jet must find a favourable topography to ride north-
ward. A free jet, flowing northward with deep water to the east,
experiences an increase in either mean velocity or breadth as it
moves into shallowwater, in order topreserveagivenmasstransport.
Either change results in an imbalance in which the Coriolis force
exceeds the local pressure gradient and the stream is forced to
return to deeper water. A current moving into deeper water is
forced back for similar reasons; the pressure gradient overcomes the
Coriolis force. The topographic gradient tends to stabilize the
motion of the current proceeding northward, but makes it meander



42°N L

a°

38°

36°

",

—

68° 66° 64 62° 60°

58°

40°N ﬂ\ﬂh\ ;
/)
\
38° o D o
A
/
7
36°
W 70° 68 - 66° 64° 62° .
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aboutan equilibrium depth. A slow drift eastward into deeper water
is dictated by vorticity conservation.

Calculations of a free, time-dependent jet and the analysis of the

meanders observed in the laboratory are incomplete at this time.

5.7- Flow between concentric spheres

Fluid motions in a rotating spherical annulus have been the
object of a great deal of research in the expectation that they
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resemble atmospheric and oceanic circulations. As long as the
annular gap-width is small compared to the radius, the flows are
indeed analogous in many problems with homogeneous fluids.
Examples have already been presented which confirm this; more
are given in this section. (It should be recognized that the con-
centric sphere configuration is challenging and interesting in its
own right.) Experience with this particular geometry seems to
indicate that a higher a priori probability of success is attached to
experimental efforts than to theoretical investigations. However,
neither approach is easy. Purely dynamical analogies of geophysical
motions are somewhat simpler because analytical difficulties attri-
butable solely to geometry can be avoided. «

Motion between concentric spheres differs appreciably from that
inside a single sphere. The total vertical depth is a discontinuous
function of cylindrical radius in the former case, but not in the
latter, and this has a pronounced effect on the nature of the internal
modes. For example, the inviscid geostrophic mode is discon-
tinuous across the surface of a vertical cylinder circumscribing the
inner sphere. It would not be too surprising to find that some of the
inertial waves also exhibit singular behaviour. Explicit formulas for

. all the eigenmodes in the spherical annulus do not exist. Bryan’s
transformation, p. 64, the essential step in the solution procedure
for the spherical container, does not apply and for this reason very
little is known about the inertial waves.! However, the narrow-gap
annulus is a somewhat simpler geometry to analyse and it has been
shown by Stern[:84] and Bretherton[15] that in this case there is a
class of inertial modes trapped in the vicinity of the equator. These
correspond to the trapped Rossby waves found by Longuet-Higgins
which were discussed in section 5.3.

The entrapment of waves was described qualitatively by
1 Certain of the spherical modes given by (2.12.7) are also proper modes for any

spherical annulus. This subclass corresponds to the index setting z = k413
the modes and eigenvalues are
. . 2
O = zr* &1#8 =— fork>=a2
zre e, = ¥t or.k = 2
~ For large %, these modes are essentially confined to the equatorial region; their
phase speeds are identical to those of the trapped inertial waves discussed on
p. 253. W. V. R. Malkus points out that each of these special solutions also
satisfies the full non-linear equations, as well as those incorporating radial
stratification.
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Bretherton in terms of a ray theory and his presentation is
followed here. This theory is restricted to wavelengths, 27/K,
that are small compared to the separation distance H, i.e., KH > 1.
Because of this, the spherical curvature in the azimuthal direction
is relatively unimportant, and locally, the analysis is comparable to
that for the concentric cylinders geometry shown in fig. 5.9(a).
We continue with a discussion of this simpler container shape.

>e >

(@) &

Fig. 5.9. (a) Ray paths of the lowest order Rossby wave trapped near the
equator[ssl. (b) A higher order trapped mode.

The properties of inertial wave propagation are set out in §4.2
and many of the results obtained there on energy flux, etc., are of
use now. The following deductions are especially pertinent: the
direction of the ray is always parallel to the local group velocity ; the
group velocity is perpendicular to the wave vector; the angle
between the ray direction and the rotation axis is preserved in a
reflexion off a boundary, see fig. 4.1,

The lowest order mode is described by the ray ABCD of
fig. 5.9(@); a2 more complex mode is shown in fig. 5.9 (). Ray AB,
which makes an angle @ with the rotation axis, is the direction of
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energy propagation of a plane wave whose wave vector is perpendi-
cular to the ray. Moreover, the frequency of this plane wave,
according to (4.2.11), is then

' A=2R-R =20sin0 (5.7.1)
in dimensional units. This ray undergoes multiple reflexions at
positions B, C and D on the outer boundary and returns to its point
of origin, A. The angle ® with the vertical axis remains the same for
each straight segment.

The maximum northward penetration of the wave, distance BP,
is approximately (Hry)? if H < 1,. Therefore, the inertial wave
frequency, as calculated from (5.7.1), is

H\#
r-a (@)
Yo
These results are all in agreement with those obtained by Stern[184].
in a more analytical fashion.

Thus far, the only requirement imposed is that the ray makes a
closed circuit. In addition, the wave must also return to point A
with its original phase if it is part of a genuine mode. To prove that
this is possible, the travel time about the circuit and the wave period
are computed. The former is proportional to KH(EH /1,y Q%, while
the latter is the order of (H/r,)# Q. Since I > 1, a very slight
change in wave number can modify the travel time by several com-
plete periods. Suitable values of k can easily be found for which the
wave will return with exactly the correct phase and this implies the
existence of trapped inertial modes.

A series of experiments to produce Rossby waves in a spherical
annulus were conducted by Fultz[s6,57], Fultz and Long64],
Long[i14l, Frenzen[ssl, and Fultz and Frenzeni63l. The basic
apparatus, shown in fig. 5.10, consisted of two concentric, rigidly
mounted glass hemispheres. Various obstacles, placed in the gap
between the spheres, were connected fo a separate driving shaft so
that they could revolve at a rate different from that of the container.
Relative motions produced in this manner were made visible by a
suspension of white tracer particles. The obstacles were usually
circular cylinders cut to fit the spherical curvature and their width
ranged to 20° of latitude. The heights of the objects varied from half
the gap-width to the full separation distance.
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Turning the obstacle more slowly than the spheres, generates a
relative westerly flow past it while a larger rotation rate means a -
relative easterly motion. Since Rossby waves drift to the west, an
oncoming westerly flow can confine the waves downstream and
freeze the disturbance into a steady pattern. A relative eastetly flow
accentuates upstream propagation.

The characteristic patterns observed during the westerly flow
past a 20° diameter, full-depth obstacle at 30°, 45° and 60° latitude

Inner flask l A

! Circular
l obstacle

Fig. 5.10. A schematic of the apparatus used to examine flow
T past an obstacle in a spherical annulus.

were summarized by Frenzen[ssl. At low latitudes, a strong steady
wave pattern is observed in the downstream' direction, fig. 5.1I. -
The wave amplitude is seen to be larger than the body diameter and
a small, closed anticylone occurs in the first ridge. At 45°, in the -
mid-latitudes, a similar wave pattern is observed but with a smaller
amplitude and no counter-vortex. At high latitudes, 60°, no steady
wave pattern is discernable. Instead, a periodic array of moving
" cyclonic vortices develops; each forms at the obstacle and even-
tually attains a diameter roughly equailing that of the body. 7
Relativé easterly motion does not produce a wave pattern. In this
case, the obstacle drags along all the fluid in its path and little flow
occurs outside the latitudinal band occupied by the cylinder.
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Fig. 511, (a) Streamlines traced from a streak photograph of a four-wave pattern

generated by westerly flow past an obstacle at 30° latitude with &€ = o-o78.
five-wave pattern at 30° latitude; & = 0-063.

Gacing p. 166)



Fig. 5.12. A streak photograph of a slow easterly current relative to the go°
half-depth zonal barrier. The hemisphere is seen looking straight down the
rotation axis [63].
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Similar results are found when the body does not fill the entire gap
between container walls,

Fultz and Frenzen repeated these experiments with a half-depth
meridional barrier which extended from the pole to the equator.
Results for westerly flow are qualitatively similar to those obtained
- with a cylindrical obstacle. However, an easterly current veers
sharply northward after going over the barrier and then appears to
cusp. The pattern repeats all the way about the sphere, fig. 5.12.
Whether or not the cusps have any relationship to trapped Rossby
waves is not known.

Itis an extremely difficult and complex task to obtain a reasonably
detailed solution to any of these problems. Wave motion,- non-
linear interactions, inertial boundary layers along the ridge and
elsewhere, a fairly complicated geometry—in fact, the whole gamut
of rotational phenomena and complications are involved. It should
not be surprising then to find that progress on the theoretical front
has been somewhat retarded. A start in the development of a theory
was made by Long[r14] who considered certain implications of
vorticity conservation in a steady flow field.

Let the equations of motion be written with respect to the co-
ordinate system fixed in the obstacle which rotates with frequency Q.
The rotation rate of the annulus is then O = Q(1+¢) and posi-
tive ¢ signifies a westerly wind relative to the body. The radius
of the inner hemisphere, 1,, is taken as the characteristic length so
that the scaling rule is [y, Qgl,eQ,1,]. For reasons of simplicity,
and because this is only an exploratory study, the model equations
of § 5.3 are used as the basis of discussion. For a constant gap-width
H, the equations are V.Q— o,}

Q-V(EB+1) =0,

where £ is the tangential velocity vector averaged over H and V is
the surface gradient. With the introduction of a stream funection,

(5-7-2)

2 =tx Py, ' (573
the system can be integrated once to obtain the familiar conservation
law P2+ =F(y). (577-4)

‘There is no way at present to determine the arbitrary function F(y)
without analysing viscous effects. This has been a continuing source
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of difficulty and, as before in §§ 4.6 and 5.4, a ‘reasonable’ choice is
made so that a particular class of solutions can be studied with
maximum simplicity. An appeal to ‘upstream’ conditions is even
less reliable than in the uniform motion problems of chapter 4
because the streamlines here form closed circuits. However, let

Y = \VOO'H/I: '
where ’ W, = —cos ()

is the undisturbed stream function (when there is no obstacle). If it
is assumed that the flow is undisturbed along some meridian where
¥ = o, then it follows that

F(yo) = 2(1+¢) cos O, (5-7-5)
or F(y) = —2(1+¢9)y.
"The equation for the disturbance stream function is then
S 0 —sin® aﬁ+ L9 2/f+ Eigiﬁ—O (5-7-6)

sin © 20 sin? @ o062

Solutions of this equation are wave-like for a relative westerly flow,
€ > o, but are of a boundary layer character for ¢ < o. The problem
is entirely similar to that studied by Fofonoff[so] for oceanic circula-
tions (see §5.3).

The spherical harmonics P, ;(cos ®) €1 are solutions of (5.7.6)

iti )
when € is positive and at1)  1te

2 -

(57-7)

For the hemisphere, @ = o is the condition at the equator so that
n—m = 2k-+ 1, in which case

2
= (m+2k) (m+2k+3)° (5.7:8)

This relationship of the Rossby number to the longitudinal wave
number of the inertial waves was verified experimentally by Fultz
and Frenzen[6s], fig. 5.13. Waves corresponding to k = o are the
dominant ones excited. “

The solution for an easterly wind, which must involve inertial
boundary layers, has not been analysed successfully. This inter-
esting problem should be tractable with the methods and informa-



DEPTH~-AVERAGED EQUATIONS 269

tion presently available. A second theoretical attack is warranted
and there is reasonable prospect for success.

Pearson’s numerical work on the spherical annulus problem was
described briefly in § 3.5. There seems to be no reason why the same
techniques would not work as well in the case of a thin spherical
annulus. The behaviour of the fluid near the equator when the
inner sphere rotates would be of considerable theoretical interest
and might even shed some light on the dynamics of the Cromwell
Equatorial Current, see Knauss [¢7, 98], Robinson [168].

~- o
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Fig. 5.13. Results of the experimental verification[63], of (5.7.8) which relates
the Rossby number € to the wave number m, for & = o.

The Cromwell Current has stimulated much theoretical and
experimental research. Inthe experiments of Bakerand Robinson [z],
the fluid within a closed basin that is a section of a spherical annulus
is driven by rotating the bounding spheres at different speeds. The
basin can occupy any position on the surface with respect to the
rotation axis; in particular, it can be placed so that it straddles the
equator. Several oceanic phenomena have been observed in this
apparatus including the western boundary layer, a broad, geo-
strophic, mid-ocean circulation and an equatorial undercurrent.

Carrier[26] examined an equatorial flow controlled by viscous
processes in an annulus of very small width, H. His analysis shows
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that viscous processes alone tend to distort the velocity profile in a
manner that appears to lead to a surface current and subsurface .
counter-current. .

Much will yet be discovered about flows in the equatorial regions
from continuing research on all three fronts, numerical, experi-
mental and analytical. Accordingly, this section must conclude in
a rather incomplete state, its purpose served if the open problems
and the current research trends have been at least partially
illuminated. :
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CHAPTER 6
STABILITY

6.1. Introduction

A steady viscous laminar fluid motion is stable with respect to
infinitesimal disturbances if all such disturbances ultimately decay
to zero leaving the basic flow unchanged. Conversely, a given motion
is unstable if the effects of any small disturbance lead to the develop-
ment of either another laminar flow or a state of turbulence. (A more
general concept of stability, one that applies to time-dependent
motions or finite amplitude disturbances, will not be required.)

This chapter is limited, for the most part, to a discussion of the
infinitesimal stability of fluid motions examined in previous sections.
Accordingly, much peripheral material on the stability of rotating
flows has either been mentioned briefly when necessary or omitted
entirely. This is also true of those topics which, though relevant,

receive extensive coverage elsewhere. The last category includes

the stability of rotating fluids in the following circumstances:
between concentric cylinders; heated from below; in a magnetic
field; constituting a self-gravitating medium. Most of these topics
may be found in the treatise of Chandrasekhar[sc], (see also
Lambzos] and Lyttleton[zz1]). The works of Lin[112], Stuart1g7]
and Drazin and Howard[39], are cited as general references for the
subject of hydrodynamic stability.

Though the scope of this investigation is severely restricted,
there remainsa wide variety of interesting and important instabilities
that occur in quite ordinary circumstances. Some of these have been
studied at great length and are thoroughly understood. With others,
the very fact that the underlying mechanisms are not as evident,
motivates their presentation here as part of a survey of common
instabilities. .

6.z. Rayleigh’s criterion

A very simple type of inviscid rotational mstab1hty results when
the fundamental balance of the centrifugal force and the radial
pressure gradient is upset in an axisymmetric motion. This was
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first discussed by Rayleigh[r60] but the best physical description.
given next, is due to Kdrman [o4].

Suppose that an axisymmetric disturbance appears in an inviscid
region of a rotating fluid where the principal balance of forces is
that just mentioned. Suppose further that fluid elements at radii r,,
and 1, 1, > 1;, are caused to interchange by the disturbance. Then
the flow is inherently stable if the force field tends to restore the
particles to their original positions and it is unstable otherwise.

Since angular momentum is conserved, the particle initially at
r; with absolute velocity v; attains the velocity (r;/r,)v; in moving
out to radius r,. The centrifugal force on this element, (r2 vi)/r3,
opposes the inward force of the equilibrium pressure field, whose
magnitude is vj/r,. Thus, if ,

ve:  1ivi
- > e
rO rO

the net force on the particle is directed radially inwards and acts to
restore the original undisturbed motion. On the other hand, the
basic flow is unstable if

(T vo)? < (1; V)3, (6.2.1)

in which case slight deviations are accentuated by the force im-
balance. Hence, Rayleigh’s criterion, (6.2.1), asserts that a steady
laminar motion is unstable when the square of the absolute circula-
tion about the rotation axis decreases with increasing eylindrical

- radius. The mathematical derivation of this condition was provided
by Synge[r98] and is discussed in [rrz].

Rayleigh’s criterion is of central importance in the stability theory
for fluid motion between concentric cylinders which revolve at
different rates. (Although viscosity is necessary to establish the
primary flow, it Gecupies a subsidiary position in stability considera-
tions for a wide parametric range.) This problem was first studied
by Taylor [z04] from both an experimental and a theoretical stand-
point. A great many papers have appeared since (see [30] and [30] for
a partial list of references); the linear stability theory is fairly com-
plete. The definitive experiments of Coles [35] seem to end that
particular avenue of research while providing a continuing stimulus
for theoretical efforts on the non-linear aspects of the problem.

Only a few of the results of these investigations will be described
and briefly at that. The present state of knowledge is summaarizeci
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in fig. 6.1, which is taken from the work of Coles. The data is
arranged according to the values of the Ekman numbers defined by

E, =~ v
° Q2 0,13’
where Q, and Q; are the rotation rates of the two cylinders of radii
1, and 1y, r, > r;. According to Rayleigh’s criterion, instability
should occur when E,>E,

E, =

(to the lgft of the dashed line in the figure), but viscous processes
tend to stabilize the flow thereby modifying this condition, especially

Doubly periodic flow 4000

Singly
periodic
flow

Second -
boundary

Taylor
boundary

t ! i 1 _ {
—4000 —2000 0 2000 4000

=1
LD

Fig. 6.1. Different regimes in circular Couette flow from visual observations
(rough cylinders, r,/r; = 1°135; v = o'x1 cm?fsec), [35]. Ekman numbers E,,
E, are defined in the text. Circled Ictters refer to photographs in fig. 6.2.

at large positive values of E,. Actually, instability is first observed
along the Taylor boundary and has the form of toroidal vortex cells
which are regularly spaced along the longitudinal axis. Thestructure
of this periodic wave shows no variation in the azimuthal direction.
Experimental and theoretical agreement on the stability border line
is exact for all practical purposes. A second boundary line in the
unstable (and definitely non-linear) regime demarcates waves that
ate doubly periodic in the circumferential direction from those
which are singly or non-periodic. Higher modes can occur and for
E7! large enough there is a transition to turbulence. Photographs

18 GTO
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of the flow at conditions corresponding to positions marked @);
and (©) in the diagram are shown in fig. 6.2. As the Ekman number
of the inner cylinder is decreased, the motion passes from complete
stability through a number of stages of instability, corresponding
to the excitation of higher order harmonics, and finally to a turbulent
state. Energy feeds continually from the low to high frequencies by
complicated non-linear interactions, a process typical of transition.

Most of these phenomena are discernible in spin-down experi-
ments if the Rossby number is larger than a'small but critical value.
A simple qualitative demonstration to illustrate these effects and
others of importance, can be arranged from the equipment
described in §1.1. Specifically, the fluid, rotating rigidly within
a right circular cylinder, is illuminated by an open lamp, so that the
suspended aluminium particles are easily observed onabroad surface
section of the vertical wall. The rotation rate of the container is
impulsively decreased and within a few revolutions, regular Taylor
vortices appear as shown in fig. 6.3. These develop into a more
complicated pattern that lacks axial symmetry and ultimately decays
as spin-down is achieved.

The relationship of these wave forms to the instabilities that occur
in the concentric cylinder configuration seems clear although a
detailed and explicit identification has not been made. Fluid in the
sidewall boundary layers is, in effect, contained between the rigid
outer casing and an inner ‘cylinder’ consisting of the inviscid core
which rotates almost steadily at the original frequency for a con-
siderable time span. The width of this ‘annulus’ increases during
the transient evolution and this marks a corresponding variation in
the relative difference of the two Ekman numbers. However, the
changing character of the instability with time, as indicated in
fig. 6.3, appears due to other causes.

The development of an unstable and possibly turbulent flow in
the boundary layer can be a mieans of exciting the inviscid inertial
modes. If the frequencies of the unstable modes are less than 2 (2, the
disturbance can be propagated away from the container walls.
Fig. 6.4 corresponds to fig. 6.3 (c) but is made with slit-beam lighting
to illuminate the interior. The unstable zone near the lateral wall is
clearly visible and so are characteristic cones which emanate from
this disturbance to permeate the inviscid core. These characteristics
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Fig. 6.2. Photographs of the flow, between cylinders, [35], at conditions
marked @, ®, © in fig. 6.1.

(facing p. 274)
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Fig. 6.3. Instabilities observed on the vertical surface of a cylinder during spin-
down. Plate (a) corresponds to the initial state of rigid rotation; plates (b), (¢),
(d) show the transient evolution.
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Fig. 6.4. The disturbance at the wall, created by impulsive spin-down, propi-
gates throughout the fluid medium. The characteristic cones observed in the
interior are apparently produced by an excitation at a single definite frequency.
This photo corresponds to plate (¢) of fig. 6.3.
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seem to correlate with a single excitation frequency, most probably
the dominant unstable mode in the boundary layer. This specu-
fation requires confirmation but the main point has been made
and should be emphasized. With theright conditions, the mechanism
of wave propagation enables a locally unstable or turbulent flow to
affect the entire contained fluid. This also seems to happen in con-
nection with the unstable Ekman layer, the next order of business.

6.3 Stability of the Ekman layer: experiments

The motion in a cylindrical annulus, whose inner and outer
vertical walls are, respectively, asink and source of fluid, was analysed
in§2.19. The mass transport was found to take place entirely within
the boundary layers. The relative interior flow is a geostrophic
potential vortex, the strength of which is related to the net efflux
according to (2.19.39). Furtherrgore, the horizontal Ekman
boundary layer on z = o, (f = —k), is divergence free and its
structure is given by (2.6.12):

§ = [k x qysin (E}z) — gy cos E-z)]emH (6.3.1)

The stability of this Ekman layer, established in the manger
described, was studied experimentally by Faller[46], Faller and
Kaylor[47], and Tatro and Molls-Christensen[199]. The nvestiga-
tions of the former authors involved a water tank with a free surface
and measurements were made by visual observation of the motion
after the insertion of permanganate dye erystals. The latter utilized
air as the working medium and a completely closed cylindrical
annulus; very accurate measurements were made with assemblies
of hot wire anemometers that traversed the flow.

~ The presentation here is based primarily on the experiments of
Tatro and Molls-Christensen for two reasons. First, their apparatus
is the exact counterpart of the theoretical model discussed earlier.
(The physical dimensions of the annulus are as follows: height—
3inches, outer radius—36 inches, inner radius—3 inches.) Secondly,
. their measurements are undoubtedly the most accurate to date.

The basic experimental procedure of Tatro and Molls-
Christensen is to scan the flow with a hot wire anemometer
whose signal is monitored on a recorder. The first objective is to
examine the stable laminar flow established and to compare the

18-z
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results with theory. A slight discrepancy is noted in as much as the
geostrophic flow is always somewhat weaker than predicted, and
this is a consequence of non-linearity, a finite Rossby number.
-Since the structure of the boundary layer depends critically on the
local external flow field, the stability problem is characterized in
terms of a Rossby number and a Reynolds number based on the
local measured values:
£= %i, Ry = 6TVI (6.3.2)
Here, Vyis the relative azimuthal component of the interior velocity;
d is the local value of the boundary layer thickness which is com-
puted by measuring the vertical co-ordinate z of the maximum

radial velocity and using the formula

Component Vy can be related to the mass flux at the outer wall
and the linearized form of this relationship is (2.19.39). However,
this is not really necessary, even though, in fact, the different flows
are established by varying the source strength, &.

In the actual experiments, & is increased by increments and all
other conditions are held fixed. Records of the voltage are made at
several points in the layer for each value of the flux and one of these
isshown in fig. 6.5 (4). At relatively small values of &, the recording
line is essentially straight but at some point in the increase, an
oscillation appears. The lowest value of the flux at which the oscilla-
tion is observed is taken as the critical point. The quantities Vy and &
are measured and the critical values of ¢ and Ry determined.

The results of these experiments, fig. 6.5 (a, b) for example, show
conclusively that there are two different types of instability asso-
ciated with this boundary layer. These are designated as Class A
and Class B instabilities according to the order in which they
appear.! The waves of both families form a series of horizontal roll
vortices whose spacing is related to the depth of the boundary layer.
Class A waves, as observed by Faller and Kaylor[47], are shown in

* The designation in the literature is based on the order in which the instabilities
were discovered. Thus, Faller’s type I is Class B and his type II is Class A.
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Reynolds number
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Fig. 6.5. (@) A record of hot wire voltage by Tatro and Moll6-Christensenfzosl
which, shows the onset of instability and Class A waves. (b)) The wave form
undergoes a second change at Ry & 126 which corresponds to the development
of Class B modes.
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fig. 6.6. The local orientation of these waves is anywhere from o° to
—8° with respect to the geostrophic flow; the wave lengths vary
between 256 and 336 and the phase speed is approximately 016V,
directed radially inward. Fig. 6.7 shows the critical Reynolds
number plotted versus the Rossby number; the relationship is

approximatel
Pp mate y R = 563 -+ 58-45@), , (6.3-3)
Classes A, B unstable
140 —
130 |- R{PI=1245+366: ®
120 © e
110 -
100 |- Class A unstable
&£ ool . R = 563+584 ¢
- /"’ *
80 |- o3 %
70 |- 2
60 / Stable
50 —
L L 1 1 1 !

02 04 06 08 10 12
&

Fig. 6.7. The critical Reynolds number vs. Rossby number for
Class A and Class B instabilities [19g].

‘Waves of this family develop first and are very sensitive to the value
of &. As ¢ increases, the disturbance ceases to be confined to the
boundary layer and the effects propagate throughout the interior,
fig. 6.8, much like the process pictured in fig. 6.4 of the last section.
Since the primary frequency of the disturbance is greater than 2Q),
a non-linear wave interaction within the boundary layer resulting in
a lower frequency wave may be responsible for the interior
excitation.

Class B waves form an angle of almost exactly 14-6° with respect
to the geostrophic flow. The wavelength is 11-8¢ and the phase
velocity is 0:034Vy directed radially inward. There is only a slight
dependence of critical Reynolds number on the Rossby number
given by R®) = 1245 +3-66e®. (6.3.4)

This family of waves is shown in fig. 6.9 (2), and both sets appear in




i ‘ Fig. 6.6. A photograph by Faller and Kaylor [47] showing
Class A waves and turbulence at smaller radii.

(facing p. 2783
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fig. 6.9 (). The spatial relationships are summarized in fig. 6.10,
where the different types of waves are displayed schematically. ‘

‘The analysis of turbulent transition is still incomplete. Pre-
liminary observations indicate that turbulent bursts do appear and
that transition may depend on the relative development of the
different kinds of waves, [47].

Vertical position (cm)

05

Hot wire voltage

Tig. 6.8. Record of hot wire voltage with height showing the penetration or
propagation of the disturbance into the interior[199}.

The fact that the instabilities depend only on the local external
flow field implies that they are a general feature of all rotational
boundary layers and not just a singular manifestation in a particular
configuration. This is confirmed by theinvestigations of the K4rmén
boundary layer on a disk that rotates in stationary air, Theodorsen
and Regierfzo6], Smith[180], Gregory, Stuart and Walker[77].

e e e
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Indeed, the last cited reference was really the first thorough experi-
mental and theoretical examination of Class B waves.

It is relatively easy to demonstrate that the transient Ekman layer
can go unstable in either spin-up or spin-down. Permanganate
crystals dropped about the periphery of a uniformly rotating
cylindrical container produce a thin annular layer of dyed fluid at
the bottom plate, fig. 6.15(@). During spin-down, this coloured
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Fig. 6.10. Diagram of the two instability classes to illustrate the measured wave -
lengths, phase velocities and wave front orientations.

fluid is drawn radially inward by the efflux from the Ekman layer
and within a few revolutions, a series of rolls develop, plate (5). (The
classification of these waves, A or B, isuncertain.) The waves amplify
considerably and by the time spin-down is achieved, the dyed fluid
occupies an almost perfectly circular lens, of modest thickness, at
the bottorn of the tank. This ‘disk’ is separated from the outer
wall by a ring of clear fluid drawn down from the vertical surface
of the cylinder. (The remaining plates of fig. 6.15 concern a spin-
down experiment with a stratified fluid to be discussed shortly.)
Spin-up can exhibit the same type of instability but the techniques
of visualization must be altered slightly.

If the Reynolds number defined in (6.3.2) is written in terms of
the Ekman number, a gross but general criterion for the onset of



’ "

Fig. 6.9. (a) Class B waves observed by Faller and Kaylor 47l
(b) Class A waves with intermittent Class B bands.

(facing p. 280)
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instability can be derived. Let e = (V,/ QL) and 8 = (y/ Q)% then

Ry ==¢E-3

where E = v/QL? as usual. According to (6.3.3) b
instability may first be expected when 33) oundary layer

=7 =56 (6.3.5)
Fore=o1and1, E = 41078, £:107% and these estimates show that
-rotational flows remain laminar for exceedingly small values of the
Ekman number. The extensive use of laminar b

d :
theory is thereby vindicated. undary layer

6.4 Stability of the Ekman layer: theory

We turn now to a theoretical discussion of the instabilities
described in the last section. Since both the length and time scales
of the phenomena in question are closely related to the thickness of
the boundary layer, it is advantageous to make the equations of
motion dimensionless using the scaling rule

[} ) o]

The Reynolds number, Ry; = ¢E—3, is then the only parameter that
appears explicitly in the fundamental equations:

V'q:o,
Ry 2‘1+‘1'Vq +2kxq=—Vpive (6.4.1)
\ét q=—Vp+Viq,

The stability of a steady laminar motion, q,(t), which satisfies
(6.4.1) and all prescribed boundary conditions, can be determined
by considering the growth characteristics of any small disturbance,
eq'(t, t), superposed on the mean flow. If the velocity and pressure
functions are written as

q = q(v) +eq'(z, 1),

P = Ppe(t)+ep'(t,1),
then the substitution of these expressions in (6.4.1) and the linear-
ization of the equations with respectto the smallamplitude parameter

e results in
Vg =o,

} (6.4.2)

a r ’ ’ i 14 A7/ 7
Ry (’azq +4,°Vq'+q ~qu)+zk><q =—Vp'+Viq.
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The disturbance velocity satisfies homogeneous boundary condi-
tions which, together with the preceding equations, constitute the
linear stability theory. The object now is to determine whether this
homogeneous system has natural modes which amplify with time.
If this proves to be the case, then the basic flow is unstable because
a small disturbance in background noise would receive energy from
the mean motion sufficient to grow beyond the bounds of validity
of alinear theory. A new, stable, larminar motion could result from
the interaction, or a transition to turbulence might take place. (T'o
prove instability, only one unstable mode need be found. A motion
is stable if it can be shown that every possible type of small distur-
bance ultimately decays to zero.) ' '

"The manner in which energy is transferred to the disturbance
from the steady flow is illuminated by establishing the following
relationship from the invariant form of (6.4.2):

0
1Ry 5Efq’-q’dV+REqu-q’xqu’dV

+J-(V xq') (Vxq)dV =o. (6.4.3)‘

The first term represents the time rate of change of the total kinetic
energy in the perturbation; the last is the rate at which disturbance
energy is dissipated by viscous processes. The middle expression
is the rate of conversion of energy from the basic flow into the
perturbed motion through the action of the Reynolds stress. Were
it not for the last mentioned process, there could be no source of
energy for secondary motions and all disturbances would eventually
attenuate. However, the Reynolds stress presents a means of
counteracting dissipation if Ry is large enough (larger than some
critical value) and the velocity components are phased properly to
make the sign of the stress integral positive.

To examine the stability of the Ekman layer, the extent of the
fluid domain may be supposed infinite, bounded by a single plane
wall. The experimental results indicate that the observed in-
stabilities are dependent mainly on local flow conditions and this
is incorporated into the analysis as a simplifying approximation.
The local, interior velocity field is assumed to be constant and .
uni-directional, just 8 in scaled units. The structure of the boundary
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layer instability consists of two-dimensjonal vortex rolls and it is
advantageous to align the horizontal co-ordinates so that ¥ measures
distance along the bands and y is in the normal direction. The local
x axis is obtained from the direction of the intetior velocity 8 (see
fig. 6.10) by a rotation through a positive or counter-clockwise
angle cc: 6 = cosa 1—sinaj.

With respect to cylindrical co-ordinates, the local x co-ordinate is
directed circumferentially for small « whereas y is a radial co-
ordinate (which increases as r decreases). 'The complete velocity
profile in the laminar boundary layer is then

'q, = u,1+v,] = [cosa—eZcos(o+2)]7
—[sina—e?sin(a+z)]] (6.4.4)

and it is the instability of this motion that is of greatest interest.
(Note thatq, = §+qy in (6.3.1).)

The nature of the observed disturbances motivates a search for
two-dimensional waves that are independent of the x co-ordinate.
In this case, the continuity equation permits the introduction of a
stream function defined by

V=g, W= | (6.4.5)

Furthermore, a disturbance is assumed of the form

u'(y,2,t) = U(z)expik(y— ct),}

Y(y,2,t) ="Y(z) expix(y —ct), (6.4.6)

and the replacement of these expressions in the ¥ components of the
momentum and vorticity equations leads to the following ordinary
- differential equations:
dzu

G K2U+zjz—\?—n<RE[(v, U~ ‘{’(11 ]"0’ (6.4.7)

2 2 2
(«d——Ka) ‘i’—mRE[(vf c)(d Kz)‘i’ Yddzzf] sz.:o.

dz
(6.4.8)
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~ The boundary conditions at the plate are simply

U=o, Y= g—: = 0; (6.4.9)
those at infinity, the outer edge of the boundary layer, require the
perturbation velocity components to decay to zero. Lilly[110] applies
the outer constraints of zero stress

ou’ oV

= =
and zero vertical velocity, w’ = o. These are consistent with the
previous conditions and are perhaps especially appropriate for a
symmetrical internal state as in the flow between concentric disks.

Equations (6.4.7) and (6.4.8) with boundary conditions constitute

an eigenvalue problem in which the phase speed ¢ is the charac-
teristic value, ¥ and U are the eigenfunctions and «, x, Ry are
specified parameters. For each natural mode, ¢ is a single-valued
complex function of the basic parameters. Should the imaginary
part of ¢ be positive for one or more of these modes, as expected,
then a positive amplification is implied and the wave is unstable.
The neutral stability surface, :

S c(et, K, Rg) = 0 ’ (6.4.10)

forms the boundary between stable and unstable conditions and
the critical Reynolds number at which instability is first encountered
is the smallest absolute value of Ry on this surface. The determina-
tion of this number, and the associated values of & and k is the prime
objective of the stability analysis.

The occurrence of instabilities at rather large Reynolds number
motivates an asymptotic analysis of (6.4.7) and (6.4.8). The lowest
order theory, corresponding to Ry = o0, consists of

Y du
=T & (6-4-11)
dz d?v,
(Vf—C)(“ag—z—Kz)\V—\P "az—; = Q. (6.4.12)

The equations uncouple because rotational effects are completely
suppressed in this limit; the formulation reduces to a classieal
inviscid stability problem whose long history is detailed in [zz2].
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A necessary condition for inviscid instability was derived by
Rayleigh [158]. If (6.4.12) and its complex conjugate are multiplied
by Yt/(v, —c') and ¥/(v, — ¢) respectively, the two can be subtracted
and integrated over the entire range of the vertical co-ordinate with

the result ) w Y d,
o (Ve — O (v, — ') dz

(The boundary conditions allow the elimination of all other terms
which arise from exact integration.) If #»c > o, then the integrand
cannot be positive in the entire interval and this means that at some
interior point

dz=o. (6.4.13)

dv,

= O (6.4.14)

Hence, an unstable laminar flow must necessarily have an inflexion
point. (This conclusion does not hold for stable flows, ¢ < o,
for reasons connected with a turning point analysis and the limit
Ry —00. The fluid motion is required to be the limit of a real viscous
flow; but see Lin[z12] for a full explanation.) Fjortoftiso] extended
this condition by showing that it is also necessary for |(d/dz)v,]
to be a maximum at the point of inflexion.

The physical basis of inviscid instability was explained by Lin[x11]
(p. 58 in [112]) in terms of vortex filaments as follows. Suppose
(d/dz) v, does not change sign—1let it increase with increasing z—
then a particular fluid element displaced downwards will have an
excess of vorticity over that of the surrounding parallel shear flow.
This is so because the motion is inviscid. Other fluid elements to the
right of thisidisplaced vortex in fig. 6.11 will be shifted upwards by it
into regions of higher vorticity. Those to the left are displaced down-
watds so that the net effect of the redistribution is to induce an
upward velocity on the original filament. (Analogous conclusions
hold when the particular element has a relative vorticity deficit.)
Thus, the filament is restored towards its equilibrium position and
stability is implied. However, when (d/dz) v, has an extremum, the
interchange of fluid elements across the extremum does not involve
either an excess or defect of vorticity. The restorative action is then
severely restricted, so much so that the motion is not necessarily
stable, in which case the distortion may amplify. Thisis the meaning
of the necessary condition for instability expressed in (6.4.14).
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"The Ekman layer velocity profiles shown in fig. 2.1 have numerous
inflexion points each of which may give rise to instabilities. Note
that for small «, v, is identified with the radial velocity component
on a circular plate and it is the structure of this component which is
the incipient cause of the unstable waves. The first inflexion point
lying nearest the plate is the most prominent and Stuart’s analysis (in
[77]) of the inviscid instabilities generated in this region gives results
in good agreement with the observations of Class B waves. The

Fig. 6.11. A vortex filament, centre, which is displaced downwards in 2 uniform
shear, acquires vorticity and induces the elements at A and B to move as shown.
"The modified vorticity distribution tends to restore the centre filament to its
original position,

theoretical value of orientation angle is 13-5°, corresponding to the
observed value of 14:6°, but the wave number of the most unstable
mode is too large. Viscosity evidently has a minor influence in the
determination of o, but seems to be quite essential in the selection
of k. The omission of the last termn in (6.4.8) reduces it to the Orr—
Sommerfeld equation and the numerical work of Lilly[:rol con-~
firms that Class B waves are governed mainly by this class1cal
equation.

Class A waves are missed entirely by an analysis of inviscid
instabilities because they arise from a more complicated interaction,
an overturning thatinvolves the Coriolis and shear forces. Stern[83]
established the possibility of such an instability which draws its
energy from the non-geostrophic component of the primary flow.
Lilly, by means of a highly simplified analysis, explicitly exhibited
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unstable waves associated with the Coriolis force and designated
them as ‘parallel instabilities’. These vanish at high Reynolds
numbers when the Coriolis and shear forces tend to uncouple.
Another very simple theoretical demonstration of Class A instability,
given by Stuart in a ptivate communication, consists of setting
v, =0 and (d/dz)u, = constant, in (6.4.7) and (6.4.8) and then
determining the parametric conditions which sustain bounded
oscillatory solutions in the infinite domain, |z| < c0. If ¥ = e~
then it follows directly from (6.4.7) and (6.4.8) that

d 3

I [ (ZUKREdiz{_‘wz) ]
—1 = | — (12 2 JE U .
iex o (W +x)+ o 3

a positive growth rate is indicated for

o 4u2+(u2+K2)3
du,
2K -5—

dz

Rs

This model quickly illustrates that there is a close connection

- between the circumferential velocity component and Class A waves,

and reveals that the growth factor decreases to zero as Ry increases.

"The numerical solutions of the complete boundary value problem
by Faller and Kaylor [47] and Lilly{ro] confirm the presence of two
distinct classes of unstable waves. The location of the Class B
vortices coincides with the first inflexion point of the radial velocity
profile; Class A disturbances arise mainly from the constant shear
of the azimuthal velocity component and are centred much nearer to
the plate. These and other results arein good quantitative agreement
with observations. ’

Lilly made extensive calculations of the complete system con-
sisting of (6.4.7) and (6.4.8), the boundary conditions (6.4.9), and

_ev_au

Y=g =%~°

at z =o0. The results of these computations are exhibited in
fig. 6.12. The first diagram, a plane cut of the surfaces of constant
I (e, K, Ry) at Ry = 65, shows the regions of stability and in-
stability (shaded) and the point of maximum growth rate. These
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particular values correspond to Class A disturbances. The slices
at Ry = 110, 150, 500 show a continual shift of the unstable zone to

angles of positive orientation and to small phase speeds, both
symptomatic of the emergence of Class B modes. Waves of the
second kind prevail completely at high Reynolds number. Fig. 6.13
illustrates the maximum growth rates with corresponding phase
velocities of the most unstable solutions as a function of Rg. Class A

Fig. 6.12. The growth rates, k% ¢ (solid lines) and phase velocities (dashed lines)
of the most unstable modes as functions of wave numbet, K, and orientation
angle &: (@) Rg = 65; (§) Rg = 110; (¢) Ry = 150; (d) Rg = 500. Shaded
regions indicate instability and o locates the position of maximum growth rate.
Resulis by Lillylxzol.

modes appear at the critical value Ry = 55 and those of Class B
develop at a later stage, Ry; = 170. Obviously, the theory is in sub-
stantial agreement with experiment.

6.5. Vertical shear layers

The stability of the transient sidewall boundary layer was
discussed in §6.2 as an illustration of Rayleigh’s criterion. There it
was shown that the form of the observed disturbance is much the
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same as the regular horizontal rolls which develop between rotating
concentric cylinders.

Free, vertical shear layers are also susceptible to instabilities,
whose source may be the inflexion pointsinthelocal structure of the
tangential velocity component. Hide[82] studied the stability of free
shear layers surrounding an internal disk that revolves at a slightly
different rate from that of the external casing. As the rate differential
increases, the layer becomes unstable. When the frequency of the
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Fig. 6.13. Maximum growth rates and the corresponding phase velocities of the
most unstable modes versus Reynolds number{zrol. The two straight lines are
associated with the two classes of Ekman layer instability.

disk is greater than that of the container, a series of symmetrically
placed, vertical (two-dimensional) vortex rolls develop on the shear
layer. Fig. 6.14, a photograph taken from the top of the tank looking
down, shows four such waves. The layer is also unstable when the
disk rotates more slowly than the container but the form of the
disturbance is different, being more irregular and not as sharply
defined.

This investigation indicates that instabilities arise when the
Rossby number exceeds a definite critical value (which may depend
on the location of the disk). Busse[z3] has recently studied in-
stabilities of this sort and the essential arguments in this, as yet,
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unpublished analysis can be restated in a manner that invites

generalization.
If all the variables are made dimensionless according to the

scaling rule [L, Q~%,¢QL], then the equatlons governing the per-
turbation field (see (6.4.2)) are S

Vg =o,
2 g eV, )+ (Vxa0) <’ U xad) (65.)
t+2kxq = - —Vp'+EViq’,
* with the boundary condition, ' = oon 2.

Consider first, motion within a right circular cylinder and let the
basic laminar state be a purely zonal flow, -

q,=V(r)6. . (6.5.2)
Since the total depth is a constant, geostrophic motion exists in a
multiplicity of forms other than that given above and the interactions
of these can produce instabilities. T'o examine this possibility, set
e = Ry E%, t = E-#7, and expand all variables in powers of E}, i.e.,
q’ = qu(x,7)+Eqq(+... + o+ ... (6.5.3)
From here on, the development parallels that in §2.6; for example,
the expression that corresponds to (2.6.17) is

4 Z 3 r r " F
@i = 2V [ ait Ral(V x ) x g+ (V x5) x 1) +-As ),
| (6:5-4)
where A is arbitrary. Satisfaction of the boundary conditions (see
(2.6.13)) at the end plates of the cylinder,z =0,z =1, leads to a
compatability equation for qg which is

kv th‘l‘REk VX[(quf)XQO"'(VX(Io)XQf]
+2k-Vxq} =o; (6.5.5) .

at the vertical sidewall, q-f = o. If the disturbance is assumed to
be of the following form. : , .
' g5 = 3 x V[g eimt-e], (6.5.6)

the substitution of this in the foregoing yields a stability equation
for ¢ having ¢ as an eigenvalue. This is the problem studied by




Fig. 6.14. A regular -pattern of vertical vortices develop in the shear layer
surrounding a disk which rotates a little slower than the ambient fluid This
photograph by Hide [82], was taken from the top looking down.
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Busse who reports good agreement with Hide’s experiments when
q, models the structute of the free E¥ shear layer. ‘

Consider next, the situation in which the total depth has a varia-
tion that is small, but much larger than the thickness of the Ekman
layer. Let the end plates of the cylinder bez = 1 and z = —ad(x, ).

The stretching and tilting of vortex lines is the main agent in the
instability process (see also [224]) and such action can be produced
either by Ekman layer suction, as in the preceding case, or by purely
topographical and inertial effects, as in the present example. To
examine this type of inviscid instability of a geostrophic flow, we
return to (6.5.1) and set E = o, € = Ry «. Furthermore, let

q = (Q)+aQ;+...) expit(cA® +oBA® +...).

The analysis now parallels thatfin § 2.16; Qj is one of the geostrophic
modes in the right circular cylinder whose specific form is dictated
by the boundary value problem for Qj. The expression that corre-
sponds to (2.16.8) is

Qi =$AP(z—1)VxQ
+§Rp(z—1) V< [(V xq.) x Q4+ (V x Qg) X q,] + A%, Y)- (6.57)

To satisfy the boundary conditions at the end plates, the velocity,
Q; = 1k x V@, must be a solution of

Ok -V % Q)+ R k- V x [(V xq,) x Q)+ (Vx Q) xq,]
—2Vh-Qy =0, (6.5.8)

subject to Qg-fi = o on the lateral wall. This is the direct analogue
of (6.5.5) and only the mechanisms of vortex line stretching differ
(the last terms on the left-hand sides of the respective equations).

It was shown in § 2.16 that the variety of geostrophic motions that
can exist in a cylinder is severely restricted when the bottom surface
is sloped slightly. For example, the disturbance represented in
(6.5.6) would become a Rossby wave in the new configuration. Itis
anticipated, therefore, that the instability manifested in the viscous
theory is associated with a Rossby wave in the distorted geometry.
In particular, let » = (r) and @ = ¢(r) e, (the Rossby wave that
corresponds exactly to (6.5.6)). The substitution of this into (6.5.8)

results in an eigenvalue problem for ¢ and A which determines the

19-2




202 THE THEORY OF ROTATING FLUIDS

properties of the instability. Similar equations receive much atten-
tion in meteorology; a recent discussion of the problem with an
extensive bibliography is given by Drazin and Howard[39].

The conclusions are these: For a constant-depth container, the
critical Reynolds number is some multiple of the ratio ¢/E# and the
disturbance phase speed is proportional to E%. In a container of
slightly variable depth, the critical Reynolds number depends one/,
and the phase speed of the disturbance is proportional to . When
the depth variation is not small, either the critical number is a
multiple of ¢, or the wavelength of the disturbance becomes short
enough so that viscous shear terms are no longer negligible.

Taylor-Proudman columns are extremely sensitive to low condi-
tions, and instabilities of the type just described may occur on the
surface of the pillar. Moreover, when the external Rossby number
exceeds a very small critical value, the column cannot hold rigidly
to the protuberance that produced it. In this event, the column,
after tilting, may be torn off the obstacle, thenceforth, to appear as
a system of shed, longitudinal vortices migrating about the tank.

As a last example, it is observed that precession of a spheroid
produces free internal shear surfaces, the stability of which may
have some bearing on the problem of the geo-magnetic field created
by motion in the core of the earth. It seems clear that future investi-
gations of the stability of this particular flow, and indeed of all the
linear motions discussed earlier which exhibit internal shears, may
well have important and unexpected ramifications.

6.6. Stratified fluids -

The transient motion of a stratified fluid seems to be notoriously
Prone to instabilities of all sorts. A simple qualitative experiment,
that of spin-down, demonstrates this clearly.

A stratified fluid (salt in water) is in a near equilibrium state
within a uniformly rotating, cylindrical container. Permanganate
Crystals are dropped about the periphery of the container to form
a dyed band of fluid at the bottom, fig. 6.15 (@). The rotation rate
of the container is decreased a modest amount so that the coloured
Water is convected inwards to replace the fluid emitted into the
interjor from the Ekman layer, fig. 6.15(8,¢). Ordinary Ekman
layer instability is readily observed in this phase of motion which
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Fig. 6.15. The coloured rim of fluid, plate (@), is a thin layer on the base plate of
a rotating cylindrical container that is filled with a stably stratified solution of
water and salt. During spin-down, (), waves are observed in the Ekman layer.
The dyed heavy fiuid is drawn into a thin circular disk, (). This is separated
from the wall by clear, lighter fluid that has been convected downwards along
the boundary. Within a short time, waves develop on the disk, {d), () and {{),
and complete mixing is effected.
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lasts several revolutions following the impulsive change. In
fig. 6.15(d), the dyed fluid occupies a perfectly cylindrical disk at
the bottom of the cylinder which is separated from the outer wall
by a ring of clear water brought down from above. If there were no
density differences, this pattern would persist for a considerable
time, affected only by diffusive processes. However, the dyed fluid
is heavier than the colourless liquid in the outer ring, a situation
analogous to having heavy fluid over light fluid in a gravitational
field. (The outwards centrifugal force plays the role of gravity.)
The configuration is unstable and within a few minutes what seems
to be rotationally modified Rayleigh-Taylor waves (Rayleighrsol,
Taylor[205]; see also Chandrasekhar[30]) develop at the outer edge
of the disk of dyed fluid, fig. 6.15(d). These become more pro-
nounced, fig. 6.15 (¢), until complete mixing with the lighter fluid
on the base plate is accomplished. In spin-up, much the same
happens. Heavy fluid is transported up the vertical cylinder in the
initial transient stage, and ultimately collapses in the gravitational
field. Steady, driven motions may also exhibit instabilities of the
same kind.

We will not undertake an analysis of this type of breakdown; the
main point here is to emphasize that extreme caution is called for in
the analysis of laminar motions of a stratified fluid. Instabilities
within the boundary layers may affect the mixing of fluids of different
density and, thereby, drastically change the manner in which the
motion develops. The validity and applicability of laminar theories
for rotating; stratified fluids must then be subjected to close scrutiny
and some extra effort is almost mandatory to resolve questions of
inherent stability.

6.7. Thermal convection in a rotating annulus

This section should be regarded only as an introduction to amuch
studied but still current field of activity. Although a complete
exposition is not attempted, it is hoped that a foundation, and the
incentive, for further study will be provided by even this short
descriptive survey of some of the notable results achieved.

The ultimate objective of the research in this area is to understand
the manner in which the atmospheric circulation transports the
heat provided by the sun, poleward from the equatorial latitudes.
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A simple laboratory model for this intricate process consists of a
uniformly rotating, fluid filled, cylindrical annulus, fig. 6.16, whose
vertical surfaces are maintained at different constant temperatures.
The horizontal plates may be thermal insulators. An impressed
radial temperature difference, T, — T > o, corresponds roughly to
conditions at the equatorial and polar latitudes as indicated by the
insert in fig. 6.16. :

Most of the experimental work utilizing arrangements of this
type were initiated by Fultz and Hide, and elaborated upon by their

Fig. 6.16. A schematic drawing of the annulus experiments with an insert to
show the relevance to the atmosphere. The vertical walls of the annulus are
maintained at constant temperatures and the hotizontal end plates are insulated.
The apparatus rotates uniformly,

students and colleagues; Fultz[s8, 50, Hide[8o,8:], Bowden and
Eden[:4], Fowlis and Hide[sz=], Riehl and Fultz[163, 1641. ‘

The usual procedure is either to vary the magnitude of the
temperature differential or the rotation rate. Since the configuration
and applied boundary conditions are symmetrical about the rotation
axis, a symmetrical laminar motion should also exist, atleastin a cer-
tain range of parameters. This spiral flow is shown in fig. 6.17(a, b),
photographs by Hide[s:]. Howevér, as the rotation rate or
temperature difference is increased, this symmetric state becomes
unstable and a number of other distinct, non-symmetric flows
develop. All of these involve a nearly steady, slowly drifting wave
pattern with an associated jet-stream, fig. 6.17 (¢, d, ¢, f). The jet is
a rather narrow, rapid current possessing a strong span-wise tem-
perature gradient. The number of waves tends to increase as O




)

Fig. 6.17. Photos by Hide 811 of the vatious types of instability observed in
the appatatus of fig. 6.16. Plates (¢) and () show regular spiral flow. Plates (¢),
(d), () and (f) illustrate the different wave regions; (g) shows the state of
vacillation and (&) is a pattern of irregular eddies.
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increases, but eventually a fluctuation sets in, plate g, which in turn,
evolves into a set of irregular eddies shown in plate /. Four definite
regimes are to be identified: symmetrical flow, steady waves,
vacillation, irregular flow. Visual evidence and temperature records
show that the wave patterns extend almost throughout the entire
depth of fluid. The interior horizontal velocity and temperature
vary almost linearly with vertical height (see p. 125), and there is, of
course, a small circulation induced by the impressed temperature
differential. In this connection, it is important to point out that the
secondary flow may actually produce a primary temperature field
that differs markedly from a purely static distribution. The implica-
tion is that non-linear processes, convection in particular, are
probably essential to the formation of the basic state.

It appears that the most efficient means of transporting heat
depends strongly on the rotation rate and the temperature dif-
ference. The process may be one of ordinary conduction and/or
convection by means of the high speed current which moves
alternately from the hotto the cold surfaces, acquiring and depositing
heat. Both of these motions have their analogues in the circulation
of the atmosphere. For example, the symmetric flow may be identi-
fied with that of the trade winds near the equator, but what is really
quite remarkable is the correspondence of the internal jet with the
atmospheric jet-stream in the middleand highlatitudes. Lorenz[z19]
observed that these laboratory wave motions were in fact similar to
those discussed in connection with the large eddies, or cyclones, in
the atmosphere, (see also Charney[32]). (The meteorological terms
‘baroclinic waves’ and ‘baroclinic instability’ are used often to -
designate these disturbances.) Once again, a rather simply con-
ceived experiment is able to reproduce phenomena of global
significance. 7

The immediate objective of experimental and theoretical investi-
gations is the delineation of the various flow regimes and the deter-
mination of the conditions underlying their existence. Fortunately,
the regions are quite distinct and reproducible. However, the corre-
lation of data from different experiments and investigators is a non-
trivial problem because there are many independent dimensionless
parameters that can be arbitrarily assigned. It is rather surprising
then to find that just two ‘universal’ parameters are sufficient for
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this purpose, as long as the media have the same kinematic viscosity
and Prandtl number. With this restriction, Fultz[62] has shown that,
the results of different experiments (see Fowlis and Hide[s2]) define
a single neutral stability curve in the plane whose co-ordinates are

L Ap  4Q%r,—1)* (r,~1\*
(l'oi—l-';)_za(?’ L V"Zil— OTl , (see fig. 6.18).
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Fig. 6.18. The data from different experiments of Fowlis and Hide[s2], define
a single neutral stability curve in the plane with co-ordinates, as shown.
L =14 cm, 1,—1r; =2'54 cm, v = 101 X10-%cm?sec?; ——~-L =
5:c0cm; —— L = 1oem, E

(A family of dissimilar curves is generated when v is varied and a
complete flow characterization with just two parameters seems
impossible.)
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The domain of stability may be divided into upper and lower
regions of symmetrical flow. The distinction is based on the
mechanism chiefly responsible for the suppression of wave distur-
bances. A preponderant vertical stability of the primary flow is
associated with the former according to Lorenz[xzo, 120], whereas
viscous dissipation is the stabilizing process in the latter.

The delineation of the different wave regimes within the area of
instability is a complicated task. The typical spectrum may involve
unsteady flows, regions where different wave numbers exist, and
hysteresis effects agsociated with the transition from one wave
number to another. T'ransition curves on the diagram, fig. 6.19, were
obtained by Fultz[62] by allowing the radial temperature differential
to increase slowly, keeping Q constant, until a change in wave
number occurred. A similar set of transition curves, slightly dis-
placed by liysteresis effects, results when the temperature is allowed
to decrease slowly. (‘'The rotation rate can also be changed by small
increments, but it seems that varying the temperature is the best
method of studying the spectrum.)

A wave number of seven is the most attainable in this particular
configuration before irregular motion develops. However, the maxi-
mum wave number is definitely related to the dimensions of the tank
and Hide[8o, 81] deduced from his experimental data that k. is
accurately given as the nearest integer to the value of

Moreover, the minimum wave number observed is usually about
five integers less, Kppax—Kangn < 5,
but this is a rule of thumb rather than a rigorous proposition.
Theoretical work on this problem has the same objectives as the
experimental programme. Progress has been hampered by the
inability to determine the basic flow state accurately enough to
undertake a stability analysis. It is not surprising then to find that
current theories provide a reasonably correct qualitative description
of the instability mechanism whereas quantitative agreement with
experiment is still rather poor.
Most of the experiments deal with flows in which the coupling of
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the temperature and velocity fields is strongly non-linear. This isa
formidable barrier for theoreticians because even the analysis of the
strictly linear problem, aspects of which were explored in §2.21, is
~ far from simple or complete (see Robinson[167] and Hunter [9o]).

10
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Fig. 6.19. Experimental results of Fultz[62] with an annulus of dnnensmns,

%, = 4-898 cm., 1y = 2:442 cm., L = 13'00 cm. The different wave reglmes

are shown in the region of mstablhty and the number of waves observed is
indicated. The spectrum was obtained by decreasing the positive teraperature

differential.

It is natural then, in view of these difficulties, to base a stability
analysis on a relatively crude model of the primary velocity and
temperature distributions. The description may be improved, in
stages, when necessary. Idealized models of this sort have been
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advanced by Kuof{ros, roz2], Brindley{:8], Lorenz[izo], and Barci-
lonf4] (see also Eady[4o]) and still more sophisticated theoretical
models can be expected in the effort to eliminate discrepancies with
experiments.

Several important results can be deduced readily by postulating
the interior temperature field to vary linearly with both vertical and
radial distance. In this case, the velocity is also a linear function of
z, asshown by theanalysis on p. 125. An examination of the stability
of this type of interior flow, reproduces the general qualitative shape
of the neutral stability eurve displayed in fig. 6.18 and also the
formula for the number of waves observed, Barcilon[4l.

Potential energyis released as the fluid particles move between the
surfaces of constant pressure and temperature. Most of the energy
transferred to the disturbance is dissipated in the viscous boundary
layers, a process that must be included in any realistic discussion of
flow stability. The analysis in [4] incorporates the dissipation pro-
duced by the Ekman layers, but there has been, as yet, no successful
attempt to evaluate the effects of the vertical shear layers. These may
be very important to the total energy balance. However, in this
respect, much also depends on the eventual success in relating the
vertical gradient of the interior temperature with the impressed
horizontal temperature differential. ,

Davies[37] and Rogers[171, 172] embarked on another tack and
obtained exact, jet-like solutions of the inviscid, non-linear equa-
tions of motion. These are very informative and provide a means
of determining the wave number from the quantity of heat to be

‘transported. The wave form is usually that which will transport the
maximum amount of heat. Although solutions of this type should
~ prove indispensable to a study of the non-linear stability problem,
much difficult work is required to connect the interior regime with
the flow at the side walls.

All of these problems are still in the domain of active research. It
seems fitting then to conclude this presentation on an open note and
to allow future developments to write their own story.



NOTATION GUIDE

Each of the symbols listed below has a unique definition or inter-
pretation which is employed consistently throughout this book.
The symbol is introduced on the page indicated.

Other symbols are defined explicitly in each of the sections
where they appear but their meanings in different sections are
generally unrelated.

English

a dimensionless tank radius, p. 82.

B as a subscript, to denote the evaluation of a function on
the bottom surface of the container, e.g. fip.

cp specific heat at constant pressure, p. 12.

€ curvature, p. 207.

D a diffusivity coeflicient, p. 15.

9 differential operator, p. 182.

€ eccentricity, p. 74.

E Ekman number, p. 7.

fr internal Froude number, p. 15.

f(x,¥) equation of the top surface of the container, p. 38.

Fg Froude number, p. 13.

F Fourier transform, p. zo7.

g gravitational acceleration, p. 12.

g(x,y) equation of the bottom surface of the container, p. 38.

@ differential operator, p. 102. ‘

k; metric coefficient, p. 24.

h(x,y) total height, p. 44.

H true depth, p. 236.

i A1

z summation index.

i unit vector in the x direction.

I imaginary part of.

j summation index.
) unit vector in the y direction.
k sumrmation index.

k unit vector in the z direction.
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length scale, p. 4.

Laplace transform, p. 56.

summation index.

mass flux, p. 107.

summation index

unit normal vector, pp. 10, 24.

forcing function, p. 7o.

an integer.

order symbol, p. 26.

reduced pressure, pressure, p. 6.

pressure, p. 5.

Assoc. Legendre polynomial, p. 64.

in all forms, the fluid particle velocity, p. 5.
geostrophic velocity, p. 40.

interior velocity, p. 26.

boundary layer velocity, p. 26.

velocity amplitude function, p. ro.
cylindrical co-ordinates.

unit radial vector.

real part of. ,

Reynolds number, p. 276,

‘Reynolds’ number, p. 183.

arc length, increment of arc length, pp. 19, 48.
Laplace transform parameter, p. 56.
frequency factor, p. 40.

decay factor, p. 42.

unit.step function, p. 102.

source distribution, p. 96.

time, p. 6.

as a subscript, to denote the evaluation of a function on
the top surface of the container, e.g. fiy.
ternperature, p. I2.

temperature perturbation, p. 14.

wall temperature, p. 126.

components of velocity in cylindrical co-ordinates (x, 8, z).
velocity deviation, p. 176.

tangential wall velocity, p. 46.

azimuthal velocity component.
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volume, volume element, p. 52. "

velocity component in z direction.

cartesian co-ordinates.

an unscaled boundary layer co-ordinate, p. 110.
an unscaled boundary layer co-ordinate, p. 103.
an arbitrary function, p. 9s.

dimensionless excitation frequency, p. 0.
force potential, p. 6.

group velocity, p. 187.

phase velocity, p. 187.

geostrophic contour, p. 44.

~ depth variation, p. 88.

differential operator, p. 216.

Coriolis parameter, p. 236.

body force, p. 6.

depth-averaged horizontal velocity, p. 228.
depth-averaged horizontal velocity, p. 231.
spherical radial co-odinate.

position vector, p. 6.

salinity, p. 17.

wind-stress curl, p. 228.

uniform free stream velocity, p. 29.

in all forms—vorticity.

relative vorticity, p. 7.

absolute vorticity, p. 19. , ,
depth-averaged, vertical velocity component, p. 228.
depth-averaged, vertical velocity component, p. 231.

inclination angle, p. 85. .
coefficient of thermal expansion, p. 12.
bulk viscosity, p. 11.

-constant approximation for the derivative of the Coriolis

Pparameter, p. 237.
integration contour, p. 1g.
circulation or switl, p. 19.
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boundary layer thickness, p. 36.
scaled angular velocity deviation, p. 69.
as an incremental value, e.g. Ap.
gradient.

surface gradient, e.g. see pp. 228, 267.
Rossby number, p. 7. )

in all forms, a boundary layer co-ordinate, e.g. see p. 32.
azimuthal angle co-ordinate, (r, 8, z).
unit circumferential vector.

spherical polar angle, p. 64.

wave numbetr.

wave vector, p. 186.

scaled frequency or eigenvalue, p. 10.
dynamic viscosity, p. II.

kinematic viscosity, p. 4.

orthogonal curvilinear co-ordinates, p. 24.
fluid density, p. 6.

density deviation, p. 14.

Prandt] number, p. 15.

surface area, p. 10.

summation symbol.

a long time variable, p. 40.

a geometric factor, p. 167,

in all forms, a pressure function.
geostrophic pressure, p. 40.

pressure amplitude, p. 10.

a ‘stream’ function, p. 31.

a stream function, e.g. see p. 101.
frequency of excitation or precession, p. 3.
rotation frequency, p. 3.

uniform angular velocity, p. 6.
time-dependent, angular velocity, p. 69.

. density ratio, p. 15.

thermal conductivity, p. 15.
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I stress component, p. 155.

JaI surface stress, p. 227.

Special symbols

T complex conjugate, e.g. QF, p. 52.

2

to denote a boundary layer function, e.g. g, p. 26.

~ asymptotic equality, p. 27.

A to denote a unit vector, e.g. k.

|| absolute value; length of a vector, e.g. [t = 1.
I scaling rule, p. 8.

& depth-average, p. 54.

= approximate equality, p. 27.

approximate equality, p. 27.

>—~  the Jacobian, p. 216.
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SUBJECT INDEX

absolute vorticity, 19

angular momentum, 35, 39,272, passim

apparatus, I; see also experiments

asymptotic series; see perturbation
© theory, boundary layer theory

baroclinic waves, 295
Bernoulli’s theorem, 217
beta-plane approximation, 237, 252
Bédewadt boundary layer, the, 138
related to the Ekman layer, 138
stability of, 139
body co-ordinates, 69
boundary conditions, 6, passim
boundary layer
as a free shear layer, §2.18
as an inertial jet, §5.4
demonstrated, 4
on a disk, §3.3
on 2 sphere, §3.5
on an infinite plate, 32, §3.2
" stability of, §6.3
survey, 3, 8
see also Ekman layer, inertial bound-
ary layer, vertical shear layer
boundary layer function, 26, 4o
boundary layer methods; see matched
asymptotic expansions, pertur-
bation theory
boundary layer theory
co-ordinate system for, 24
equations for mass and momentum,
25, 26 -
examples of linear, theory, Chapter 2
examples of non-linear theory,
Chapter 3
justification, 38, 281

see also Ekman layer, inertial layer

boundary layer thickness, 32, 156, 159,
242, 250

Boussinesq approximation, 16

buoyancy force, 14, 124

centrifugal acceleration and force, 6,
12, 293, passim
characteristic cones
demonstration of, 3, 274
formula for, 10, 202
see also the oscillating disk

cxrcule_ltion, 19, passim; see also mean
circulation, swirl
classiﬁf:ation of rotating flows, 28, 185
coefficient of thermal expanision, 1z,
I5
coluranar motion, 2,9, 43, 223
at large Rossby numbers, 174, 222
evolution of, 197, 223
stability of, 292
see also geostrophic motion, Taylor-
Proudman column
concentric cylinders, 113, 272, 204
concentric disks, 35, 84, 127, 149, 160
concentric spheres, 105, 106, 153, 263
and Rossby waves, 265, 268 -
and trapped inertial waves, 263
container shape; see under specific
heading
convection, 13, 126, §6.7
Coriolis force, 7, 11, 238, 287, passim
Coriolis parameter, 236
analogy with depth variation, 237,
243
counter-rotating disks, 145, 147
critical latitudes, 62, 68, 180, 191
Cromwell current, the, 269
curvature, 207, 260
cyclonic vortices, 266
cylindrical container, the, §2.15
experiments, 83 :
geostrophic mode in, 82
inertial modes in, 82, 84
viscous effects, 84
see also -concentric cylinders

decay factor
defined, 42
for inertial modes: in a cylinder, 853
in a sphere, 66; in a spheroid, 74
general formula for, 57.

" depth-averaged equations

and boundary layer approximation,
227 :

and mean circulation theorem, 54
for inviscid motion, 228, 231
for Rossby waves, 233
for vertical boundary layers, 230
with time variation, 232

dispersive waves, 187
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dissipation
of geostrophic motion, 49
of inertial modes, 58
of plane waves, 191, 199
of Rossby waves, 9o, 249
of steady circulations, 255
see also decay factor
Doppler shift, zoz

eccentricity, 74
eddy viscosity, 235
eigenvalue, 10, 51
inviscid spectrum, 52, 59, 63, 83
viscous spectrum, 83
see listings under specific configura-
tions
Ekman layer, the .
stability of, §§6.3, 6.4
steady structure of: and wvertical
shear layers, 102; formula for
flux, 46, 92; on a flat plate, 31; on
an arbitrary surface, 46; on
moving boundaries, 9z, 227; with
sources and sinks, g6
unsteady structure of: and inertial
waves, 56; formation time, 33
see Chapter 3 for non-linear modi-
fications
Ekman layer flux
in transient flows, 57
induced by moving boundary, 92
induced by surface stress, 227
with mass injection, 96
Ekman layer thickness, 32, 46
Ekman number, 7
Ekman spiral, 33
energy density, 191
equations of motion
for a stratified fluid, §1.4
for an incompressible fluid, §1.2
equatorial jet, 150, 269
Ertel’s vorticity theorem, 22, 23
for depth-averaged equations, 230
for oceanic model equations, 236
experiments
boundary layer on a sphere, 150
Ekman layer instability, §6.3
flow between concentric spheres,
265
flow past a body, 213, 220
inertial modes in a cylinder, 83
oscillating disk and characteristics, 3
precession of a sphere, 175
Rayleigh—Taylor instability, 293
resonance in a sphere, 67, 68, 81

SUBJECT INDEX

Rossby waves: in a sliced cylinder,
90; in a spherical annulus, 265-8

source-sink flows, 117

spin-down instability, 2735

spin-up, 4, 49, 50

Taylor-Proudman columns, 2, 51,

74
thermal instability, §6.7
tornado model, 117
western boundary layer, 117, 123
wind-driven circulation, 123, 243

forced motion )
by boundary layer suction, §2.17
general solution foz, 70, 78
resonance, 71, 75, 80
with sources and sinks, 96, §2.19
Fourier transform, 207
free shear layers, 3, 202
see vertical shear layers
frequency parameter
defined, 40
expansion for, 42
Froude number, 15

geostrophic contout, 44
geostrophic mode, 40, §2.6, 60,
passim
geostrophic motion
defined, 40
discussed, 44~5, 60, 92, 96, 106~7,
passim
see also geostrophic mode, columnar
motion
group velocity, 187, 205
and wave number surface, 208
for Rossby waves, 247, 249
Gulf Stream, the, 238, 242, 261

heat transport, 295
Helmholtz’s theorem, 21
hysteresis, 297

inertial boundary layer, §5.4
and Rossby waves, 250, 259
as a free jet, 260
as part of a non-linear mode, 245
basic equation for, 240-1
~ existence criterion, 241
on a northern boundary, 245
on a western boundary, 244, 256,
258
on an eastern boundary, 244
separation, 242, 259
thickness of, 242
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inertial boundary layer (cont.)
viscous effects, 240, 242, 256
vorticity field, 258
inertial co~ordinates, 6
inertial modes
as plane waves, 3, 186, 191
as Rossby waves, 86
critical latitudes for, 62, 19x
defined, 10, 40
existence, 59
in a cylinder, 82
in a sphere, 64
in a spherical annulus, 263—4
spectrum, 52, 59, 01, 63, 83
theory of, §2.7, 191
inertial waves; see inertial modes
initial conditions, 72
initial value problem, the
formulation, §2.5
solution, §2z.10
internal Froude number, 15
inviscid instability, 284—5
role of inflexion points, 285
vorticity mechanism in, 285

Jacobian, the, 216
jet-stream, the, 295

Kiérmén boundary layer, the, 134
compared to the Ekman layer, 136
similarity form, 136
transient evolution, 137

Kelvin’s theorem, 21

Lagtange’s theorem, 21

Laplace transform, 31, 56, 59, 193

linear theory
for a stratified fluid, 16
for almost rigid rotation, 28
with a uniform current, 29

matched asymptotic expansions, 8
-see boundary layer theory
material coefficients for water, 15
mean circulation theorem, 54, 61
meanders, 123, 243, 261
meridional mass transport, 156, 158
metric coefficients, 24
modal expansions, 55, 58
models
of atmospheric circulation, §6.7
of oceanic circulation, §§2.20, 5.4
morentum-integral methods, §3.6,
164
monoclastic point, 211

325
neutral stability surface, 284
non-linear wave interaction, 175, 251—
2

normal modes, 1o

see also inertial modes
normal vector, 38
notation guide, 300.

oceanic model equations, 235
- dimensionless form of, 236

numerical analysis of, §5.6
order symbol, 26
orthogonality theorems

for inertial modes, 53

for the geostrophic mode, 55
oscillating disk, the

experiment, 3

theory, §4.4
Oseen linearization, the, 29, 219

parallel instability, 287
perturbation theory
in powers of the Ekman number:
for the geostrophic mode, 42;
for the inertial mode, 42-3; for
the initial value problem, 40, 162;
limitations and critique, 41, 59, 62
in powers of the inclination angle, 87
in powers of the Rossby number, 16,
28, 171, 183
see also boundary layer theory
phase velocity, 187, 205, 247
plane waves
absorption of, 191
and columnar motion, 195~7
as Rossby waves, §5.5
at critical latitudes, 191
dissipation of, 191, 249
group velocity of, 205, 247
in 2 uniform stream, 2035
phase velocity of, 205, 247
reflexion of, 188-9, 248-9
planetary vorticity, 237
Poincaré’s problem, 51
polar reciprocal surface, 209
potential motion
in steady flows, 107
potential vortex, 116, 159
to adjust initial conditions, 72
potential vorticity, 23, 230, 244
precession
and resonance, 178
angular velocity of, 69
experiments, 71, 175
non-linear effects, §3.9
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precession (cont.)

of a sphere, 72~3, 179-80"

of a spheroid, 74, 177

resulting from a body force, 68—9

resulting from a boundary layer

flux, 768

steady, 179

unsteady, 176

with vertical shear layers, 175
pressure equation, 29

for inertial waves, 51

with a uniform current, 30

with stratification, 18, 127

radiation condition, 207
radiation from boundary layers, 274-5,
278
Rayleigh’s criterion .
for centrifugal instability, 272—3
for inviscid instability, 285
Rayleigh~Taylor instability, 293
reduced pressure, 6, passim
reflexion
of plane waves, 188~91
of Rossby waves, 247—9
fesonance
in a sphere, 67-8, §2.14
in a spheroid, 75
in forced motions, 71, 77
non-linear effects, 178, 260
Reynolds number, 183, 2,76
Reynolds stress, 282
rigid rotation, 28, passim
Rossby number, 7
Rossby waves, 44; §§2:16, 5.5
and the western boundary layer,
24930, 259
as plane waves, 246—7
in a rectangle, 251
in a sliced cylinder, §2.I6
in a spherical annulus, 2523, 268
in unstablé flows, 291

salinity, 17
scaling rule, 8
secondary flow
across geostrophic contours, 49, 93
in pon-linear spin-up, 165
produced by boundary layers, 4,32,
35, 47, 139
sidewall boundary layer; see vertical
shear layers
similarity solution -
for rapidly oscillating bodies, zor,
202

for the boundary layer on a plate;
§3.2 .
for vortex motions, 181, 183
singular perturbation theory; see
perturbation theory
sliced cylinder, the
inertial boundary layer in, 243
spin-up of, §2.16
steady forced circulation in, §2,17,
243
slow motion
along trotation axis, 29; of a disk,
§4.3; non-linear theory, §4 6
perpendicular to rotation axis, 2, 174
source-sink flow, 66, §2.19
specific heat, 11, 15
spherical container, the .
experiments, 6677, 81, 175
geostrophic mode in, 63
inertial modes in, 64
precession of, 73, 179~8o
resonance in, 8o
spin-up from rest, 168
viscous effects, 66 ‘
spherical surfaces, §3.5; see also the
spherical container, concentric
spheres -
spin-down, 34, 161
instability, 161, 274
of a stratified fluid, 2923
see spin~up
spin-over, 67
spin-up
and vortex line stretching, 3%
between concentric disks, 34
general linear solution, §2.10
in a sliced cylinder, 89
in an arbitrary container, 39, 58-9
in the non-linear range, 4, §3.7
physical mechanism for, 4, 356
see also initial value problem
spin-up from rest ’
basic approximation, 165, 168 :
experiment, 4, 168
formulation, 162
in a cylinder, 167
in a sphere, 168
stability of fuid mo'aons
defined, 271
enetgy transfer, 282
in a centrifugal force field; 2472
in a cylindrical annulus; 2734
ina temperature field, §6.7
inviscid instability, 285
stability of a stratified fluid, 293
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stability of the Ekman layer
classification, 276
-ctriterion for, 281
experiments, §6.3
theory for, §6.4
stability of vertical shear layers, 289
static equilibrium, 12
stationary phase, method of, 207
stratlﬁed non-rotating fluids
analogy with homogeneous rotating
fluids, 17, 30
equations of motion, 18
stratified rotating fluids
equations of motion, 11
in oceanography, 234
linear theory, 16
principal effects in, 124—5
stability of, 293
when convection is dominant, 124
when diffusion is dominant, 126
with a temperature differential,
128—9
stream function, 31, 101, 142, 182, 216,
219, 230, 240
stretched time co-ordinate; 171
swirl, 155, 216
see also circulation

Taylor-Proudman column, the
critical Rossbynumber for, 199, 206,
213, 222
experiments, 2, 501, 174
in slow motion problems, 197, 206,
. 2T4~-15 ’
non-linear effects - on,
200
stability of, 292
transient development, 195-8,
viscous effects, 199
see also columnar motion, geostro-
phic mode
Taylor-Proudman theorem, the, g, 37,
218
thermal conductivity, 11, 15
thermal instabilities, §6.7
thermal wind equation, 125
total height (depth)
analogy with Coriolis parameter,
118, 237, 243
defined, 44
special conﬁguratlons, 60
transverse waves, 186
trapped waves, 253, 2633
turbulence, 68, 157, 161, 168, 274—5
turbulent shear, 157

175, 199—

327
uniform motion; see slow motion

uniform vahdlty, 39, 41, 171
upstream conditions, 214~15, 222~3

vacillation, 293
vertical shear layer, 2, 51, §2.18
between concentric disks, 101-5
between concentric spheres, 106,
153
in 2 precessing sphere, 175
in a stratified fluid, 130
non-symmetric structure of, 11x
stability of, 289
types of, 98~100
with source-sink flows, 111, 115
viscosity coefficients, 11, 15
viscous boundary layer theory, §1.6
see boundary layer theory
viscous dissipation; see dissipation
vortex line stretching, zo, 37, passim
vortex rolls, 283
vortex tubes, 20
vorticity, §1.5
defined, #7: absolute, 19, 234,
passim; potential, 23, 260; rela-
tive, 19, passim
equation for, 7, 20
mechanism in inviscid instability,
285
related to the stream function, 217
vorticity diffusion, 20-1
vorticity theorems, 21~3

wave motion
as characteristic cones, 3
_as plane waves, 186
experiments, 3, 83, 9o, 213, 265—
6

in a temperature field, 297
in a uniform curtent, 219
in boundary layers, §6.3
trapped, 253, 263
see also inertial waves, Rossby waves,
stability
-wave number, 186
‘wave number surface, 208
wave vector, 186
western boundary layer, the
experiments, 117, 123, 243
in source-sink flows, 117
mechanism of intensification, 250
result of an applied surface stress,
123, 2557
separation, 123, 261
see inertial boundary layers
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