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The eccentricity evolution from density wave interaction between a planetesimal and a 
Keplerian disk is studied. While it is known that Lindblad resonances both interior and 
exterior to the perturber’s orbit excite its eccentricity, we show that corotation reso- 
nances in these regions become ineffective at eccentricity damping if the object is embed- 
ded in a continuous disk without a gap. However, under these conditions another class of 
Lindblad resonances exists that has not been included in earlier treatments of this prob- 
lem. These operate on disk material co-orbiting with the perturber and become the most 
important source of eccentricity damping. We employ a model problem to obtain esti- 
mates of the various disk torques and conclude, therefrom, that the eccentricity ulti- 
mately suffers decay. The limitations of this model are also discussed, as is the need for 
further studies. 0 1988 Academic Press, Inc. 

I. INTRODUCTION 

In an important paper, Goldreich and 
Tremaine (1980, hereafter referred to as 
GT80) studied the semimajor axis and ec- 
centricity changes that are produced by the 
reaction torque of a disk perturbed by the 
gravitational field of an orbiting object. 
They demonstrated that a perturber, orbit- 
ing near a ring, will recoil from the ring and 
suffer a damping of its orbital eccentricity. 
Interestingly, the eccentricity damping de- 
pended on a slight (i.e., -5%) dominance of 
the corotation torques over competing 
Lindblad torques, which work to increase 
e. In addition to obvious planetary ring ap- 
plications, such density wave interactions 
may have played an important role in the 
early Solar System. Indeed, this was recog- 
nized by Goldreich and Tremaine (GT80), 
who extended their results for a finite ring 
to the case of a planet orbiting within a con- 
tinuous disk, intended to represent the so- 
lar nebula. They argued that although the 
planet repels both interior and exterior por- 
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tions of the disk, gradients in the disk’s 
properties should lead to a differential 
torque of order - h/r times the disk-planet 
torque from either side, h being the disk 
scale height. This results in an overall radial 
drift of the orbit and estimates of this rate 
as well as that for eccentricity damping 
were then made for Jupiter. 

Hourigan and Ward (1984) and Ward 
(1986) pursued the question of radial migra- 
tion further, pointing out its possible impor- 
tance to the planetary accretion process. In 
models where accretion occurs through 
stochastic collisions among planetesimals 
(e.g., Safronov 1972, Wetherill 1980), the 
preponderance of accretion time occurs in 
the terminal stages, where objects are few 
and relatively remote. Under certain condi- 
tions, accretion time scales could be short- 
ened considerably by increased radial mo- 
bility. Of course, aerodynamic drag has 
long been suggested as a source of orbital 
decay for smaller objects (Whipple 1972, 
Weidenschilling 1977, Adachi et al. 1976). 
However, density waves appear to provide 
a complementary mechanism that domi- 
nates in the large size range. 

It is natural to suspect that this comple- 
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mentary behavior extends to orbital eccen- 
tricities and inclinations as well, both of 
which are known to be damped by aerody- 
namic drag (e.g., Safronov 1972, Adachi et 
al. 1976). In this context, the eccentricity 
damping predicted in GT80 does not seem 
surprising. Curiously, however, Borderies 
et al. (1984) have subsequently concluded 
that bending wave interactions with a ring 
increase the perturber’s inclination, a be- 
havior which, itself, may provide important 
constraints for early Solar System models. 
The perturber’s inclination increases be- 
cause vertical resonances are analogs of 
Lindblad resonances, while there are no 
corresponding analogs of corotation reso- 
nances in the vertical problem. Goldreich 
and Tremaine (1981) have further proposed 
that the observed ring eccentricities of the 
Uranus system may be due to a partial 
weakening of corotation torques through 
saturation effects. This suggests that the 
damping of eccentricities in the solar neb- 
ula bears careful reexamination with partic- 
ular emphasis on verifying the strength of 
the corotation terms. 

II. RING AND DISK TORQUES 

We begin by briefly reviewing existing 
calculations of ring and disk torques and 
their effects on the eccentricity. The varia- 
tion in the perturber’s eccentricity due to a 
disk reaction torque, T,, is given by (GT80) 

1 de -- = 
e dt W,S - .n,) 

_ 
(1) 

The pattern speed firs associated with 
torque T, is R,, = &, + (1 - m)qIm, where 
fir, and K~ are the guiding center and epicy- 
cle frequencies of the perturber of mass Mr, 
and a and e denote the semimajor axis and 
the eccentricity. For a Keplerian disk, R2 = 
~~ = GMaIr3, fli = K$ = GMOIa3, and Eq. 
(1) simplifies to 

’ e2 I 
T, 

Mpe2a2fl,’ (2) 

The disturbing potential V = -GM& - rP( 
is Fourier decomposed into the form V = 
X~_a;EZ=O$~,, cos(m0 - [ma, + (1 - 
m)K,]t}, with rP locating the perturber and 0 
being an azimuthal coordinate measured in 
the plane of the disk. The potential ampli- 
tudes +l,m are proportional to eI1-“l. Figure 
1, adapted from GTSO, shows the positions, 
relative to the perturber’s semimajor axis, 
of those resonances with 11 - ml 5 1. For 
each potential term there is both an inner 
and outer Lindblad [K~ = m2(R - CI,J2] and 
a single corotation [R = a,,] resonance. 
The potential amplitudes are 

4 
GM 

m,m = - p &Z(YO) a (34 

+ (1 + 2m)b;j2 
1 

, (3b) 

where b;;Z(ro) are Laplace coefficients (e.g., 
Brouwer and Clemence 1961) and y. = r/u. 
[Eqs. (3a) and (3b) ignore the indirect part 
of the disturbing function as well as direct 
axisymmetric terms (m = O).] 

The strongest Lindblad resonances are 

e:m+1 e=m P=m-i 

1 1 1 

a(1+4/3m)-- - - - - -t- -. 

a(l+2/3m) - - - - -Z - _s-__ 

t 
Y 0 c I 

a 

I 
a(l-2/3m) - - Z- - l - - - - - 

a(l-4/3m) - - A- - - - - - - 

FIG. 1. Positions of II - ml 5 1 resonances in a 
Keplerian disk relative to semimajor axis a of the per- 
turber. The symbols o, c, and i denote outer Lindblad 
resonances, corotation resonances, and inner 
Lindblad resonances, respectively (adapted from 
Goldreich and Tremaine 1980). 
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those with I= m and can significantly influ- 
ence the semimajor axis (GT80, see also 
Ward 1986). However, they produce a con- 
tribution to e of order 0(em2)(@)(uu2/ 
MO), where p = MpIMo and u is the disk’s 
surface density. This contribution is down 
by a factor (l/m) from II - ml = 1 reso- 
nances discussed below. In addition, inner 
and outer 1 = m resonances oppose each 
other, further weakening their importance 
for the eccentricity of a perturber embed- 
ded in a disk. 

The strongest corotation resonances (1 = 
m) fall at the perturber’s semimajor axis, as 
do the outer (inner) Lindblad resonances 
with 1= m + 1 (I = m - 1). Torques derived 
by standard linear techniques for a two-di- 
mensional disk [Eqs. (4) and (9) below] are 
not valid expression for resonances that co- 
orbit with the perturber. However, this is- 
sue can be sidestepped if the perturber lies 
completely outside the disk or resides in a 
gap where the surface density, (+ --, 0. Most 
applications to Saturnian and Uranian ring 
systems fall into this category (e.g., 
Goldreich and Tremaine 1978, 1981, Lis- 
sauer et al. 1981, Shu 1984), as have calcu- 
lations of protoplanet truncations of the so- 
lar nebula (Papaloizou and Lin 1984, Lin 
and Papaloizou 1986). We will return to this 
issue in Section III. 

For resonances located interior or exte- 
rior to the perturber’s orbit, substitution of 
a given potential component into the linear- 
ized equations of motion and continuity 
equation allows for the calculation of sur- 
face density perturbations. The attraction 
of the perturber for these perturbations 
then yields the sought-after disk torque. 
Such calculations are well documented in 
the literature and their results are summa- 
rized as follows. 

Lindblad resonances. For waves 
launched at an mth-order Lindblad 
nance the torque on the perturber 
(e.g., Lynden-Bell and Kalnajs 
Goldreich and Tremaine 1978, 1979) 

reso- 
reads 
1972, 

(4) 

where D = ~~ - m2(fI - f&S)2, 5!J = (r dDl 
dr),, rL being the resonance position in the 
disk [D(rL) = 01. The forcing term *I,~ is 
related to the amplitude potentials through 
the expression 

d&,m * - 2fl&,nl 
l,m = r dr + fl - a,, 

= 4h.m 
‘dr- 2&m t 4hr ( ) (5) 

where E = -sgn(Q) = ? 1 for outer and 
inner resonances, respectively. Combining 
(3b) and (5) yields 

GM, ( d2b” 112 
*\I-8,, = -e 2a y2 - 

dr2 

W2 
- 4Emy x + 4m2b” l/2 

I 

(6) 
where 91,~ has been evaluated at the reso- 
nance point, yL = (1 + &lm)2’3(1 - .zlm)-2’3 
= 1 + &(4/3m). (The use of modified Bessel 
functions Ki to approximate Laplace coeffi- 
cients is justified in GT80.) From (2) and (4) 
we find the torque to the lowest order, 

T?i-,,, = -E 3 e2u ($+)* m4 1: K,(4/3) 

+ 5&(413)}*, (7) 

and its contribution to e, 

+ 5&(4/3))*. (8) 

Note that both inner and outer resonances 
increase the eccentricity. 

Corotation resonances. For an mth-or- 
der corotation resonance the torque is (e.g., 
Donner 1978, Goldreich and Tremaine 
1979) 

RZ’ (9) 

where B = fl + (r/2)dRldr is the Oort num- 
ber. For a Keplerian disk, B = a/4. The 
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resonance locations are yc = rJrp = (1 - is/ 
= 1 + .s(2/3m) and to lowest order in 

+m-E,m = &em 2 [K, (213) + 2&(2/3)]. 

(10) 

Combining (9) and (10) for a Keplerian disk, 

T:_,,, = ; e2m3 (z)‘rIl-$ (i) 
[K,(2/3) + 2K0(2/3)12. (11) 

The contribution of the corotation torque to 
e is 

4 
= --Em2p Madr Cl 3 

= (“i [K,(2/3) 

+ 2&(2/3)]*, (12) 

to lowest order in e and m-l. Note that Eq. 
(12) has an explicit E dependence, while (8) 
does not. 

Goldreich and Tremaine determine the 
total eccentricity variation of a satellite due 
to interaction with a ringlet of width Sr, 
mass M, = 2rurSr, lying a distance Ar in- 
side or outside the perturber’s orbit by sum- 
ming contributions (8) and (12) over the ap- 
propriate range of resonances, Sm. For 
Lindblad resonances with mL - (4/3)(a/ 
Ar), SmL - (4/3)(alAr)(SrlAr), 

+ 5K0(4/3)]2, (13a) 

while for corotation resonances, mc - (2/3) 
(alAr), SmC - (2/3)(alAr)(SrlAr), and 

+ 2&(2/3)]‘. (13b) 

Integration in (13b) is necessary even for 
a very narrow ring because corotation 
torques are proportional to the gradient of 
the surface density per unit vorticity and 
this quantity varies considerably across an 
isolated ringlet with real edges. The ratio 
IdeldtlLlldeldtlc = 0.954 and 

(f 2)” + (f $)’ 

= -0.073pR (Z)l;15, (14) 

i.e., the damping effect of corotation reso- 
nances dominates by about 5%. Equation 
(14) is valid for rings lying at a distance 
from the perturber greater than the scale 
height of the ring. 

Extension of these results to a wide disk 
of material is straightforward if the disk is 
considered to be a collection of ringlets and 
the torques (4) and (9) remain valid. This 
latter condition requires c e rfi and m G ncl 
c, where c is the disperson velocity. Ring- 
lets closer to the planet than Ar - O(rlm) % 
O(C/K) will thus violate the second criterion 
and lie within what is termed by GT80 as 
the region of torque cutoff. The divergence 
of torque strength as m + CQ predicted by 
Eqs. (7) and (11) does not apply in this 
zone. Lindblad resonances with .$ = mc/rK 
Z+ 1 weaken because disk pressure dis- 
places the launch point away from the per- 
turber where the forcing function is 
weaker. Although the locations of corota- 
tion resonances are relatively unaffected, 
disk pressure still works to suppress the 
amplitude and radial extent of the disk’s re- 
sponse. Such resonances may also suffer 
significant saturation. In addition, correc- 
tions for finite disk thickness should be- 
come increasingly important for resonances 
that lie near the perturber. We denote the 
ratio of actual torque to either (7) or (11) as 
the torque cutoff function,&&). This ratio 
was numerically calculated for 1 = m 
Lindblad resonances in a Q = 00 disk in 
GT80. If we follow GT80 and assume a sim- 
ilar behavior for ]I - ml = 1 resonances, (8) 
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is easily extended to a continuous disk by 
integrating over all orders, 

where the torque cutoff parameter, en, is 
defined by 

For the problem at hand, &4 = 0.85 (Ward 
1986). Equation (15) includes contributions 
from resonances both interior and exterior 
to the orbit. Acting alone, these excite the 
perturber’s eccentricity on a characteristic 
time scale, 

7 = e/i - 1.3/_-‘~-‘(M&a2)(c/aR)4. 

(17) 

Equation (17) can be used to illustrate the 
importance of our problem for the early So- 
lar System. The following values will be 
adopted as appropriate for a minimum mass 
model of the solar nebula: MO = 2 x 1O33 g, 
a=1.5~10’~a’cm,T=T~~10~~K,o= 
o2 x IO2 g/cm2, c = 7.6 x lo3 T112 cm/set, 
and 0 = 2 x IO-’ a’_312 sec. For an Earth- 
sized object (pB = 3 x lO-‘j) in the terres- 
trial zone with ~2 - 10, T2 - 10, a’ - 1; 7 - 
2.5 x IO4 years. This time is some two to 
three orders of magnitude shorter than typi- 
cal time scales quoted for the stochastic ac- 
cretion of such an object (e.g., Safronov 
1972, Wetherill 1980). Equation (17) is also 
short compared to eccentricity damping 
by aerodynamic drag (e.g., Nakano 1987), 

Tdrag - (4/n-C~)e-‘pp1fi2-1(M. / 0 ar2)(c/rSZ)5. 
Comparison of these time scales reveals 

rdr&L - O[e-l(c/rfi)] 9 1 as long as the 
relative motion is subsonic, era e c. 

Including corotation resonances is 
slightly more subtle. One cannot simply 
extend Eq. (14) by multiplying it with a sin- 

gle cutoff function and integrating over m 
[although such a procedure reproduces the 
expression (Eq. 110, GT80) used to esti- 
mate the eccentricity damping time for Ju- 
piter]. First, Lindblad, fL, and corotation, 
fc, cutoff functions may not be identical. 
Second, Lindblad resonances are roughly 
twice the order (i.e., rnL = 2mc) of corota- 
tion resonances at any given distance from 
the perturber. Finally, Eq. (13b) already 
contains an integration and the torque cut- 
off function, f&), must be included inside 
its integrand. The sensitive nature of dif- 
ferencing two nearly equal rates makes it 
apparent that for objects orbiting within a 
scale height of the disk’s edge, reliable esti- 
mates of their eccentricity variation will re- 
quire explicit determinations of the relevant 
torque cutoff functions, a task that is under 
development now. However, for objects 
completely embedded in a continuous disk 
there is a more straightforward reason to 
question the damping power of corotation 
torques-one that is not overly sensitive to 
the cutoff functions. 

Inspection of Eqs. (8) and (12) reveals 
that while Lindblad torques always excite 
e, corotation torques may either excite or 
damp the eccentricity, depending (i) on 
whether they fall exterior or interior to the 
orbit (E = ?l) and (ii) on the sign of the 
gradient. If the perturber orbits near a free 
edge, the gradient is dominated by changes 
in the surface density so that sgn[d(a/B)l 
dr] = E. This explains why the eccentricity 
is damped by corotation torques for a per- 
turber lying either completely outside a 
disk or in a gap. However, if the perturber 
is embedded in a disk whose gradient d(crl 
B)ldr changes little across the orbit, exte- 
rior and interior corotation resonances 
largely compensate each other and (d/e)c 
must come from differential effects, i.e., 

-- 

i ) $ * [K,(2/3) + 2&(2/3)12. (18) 
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In deriving (18), d(ul0)ldr has been ex- 
panded to the lowest order about its value 
at the perturber’s orbit. Note that (ele)c < 
0 only if d2(ulLR)ldr2 < 0 and that Eq. (18) 
is smaller than Eq. (15) if d2((rlR)ldr2 G ((T/ 
fl)lh*. 

This argument suggests that planetesi- 
mals that are too small to open a gap in the 
solar nebula will not experience significant 
eccentricity damping through corotation 
torques. The critical size necessary to open 
and maintain a gap in the nebula has been 
discussed elsewhere (e.g., Lin and Papa- 
loizou 1979, 1986, Papaloizou and Lin 1984, 
Hourigan and Ward, 1984, Ward 1986) but 
for typical solar nebular models can be of 
planetary scale, I_L k O(10-6). However, we 
must remember that this argument against 
corotation torques now makes it impossible 
to sidestep the issue of co-orbital reso- 
nances, since a continuous disk implies that 
disk material occupies the perturber’s orbit. 
Unfortunately, the linearized techniques 
used to such advantage in previous analy- 
ses cannot be employed so easily for co- 
orbital resonances. 

III. CO-ORBITAL TORQUES 

A principal difficulty in treating co-or- 
bital resonances is the divergence of the po- 
tential amplitudes [(3a) and (3b)l as r + a, 
y. + 1. This is a characteristic of Laplace 
coefficients used in expanding the (direct) 
disturbing function, 

v = - fy = - F 1; by,2(Y) 
r rP 

+ C &72(y) cos m(e - 0,) 
I 

, (194 

where y = r/rp and 

cos mh dX 

l-2ycosh+y2’ 

(19b) 

and is physically artificial because it as- 
sumes that the perturbing object is a point 
mass. This problem can be largely circum- 

vented by considering the finite thickness 
of the disk, h - c/R. We replace r + r + zk, 
where z measures height above the mid- 
plane. This leads to a replacement of stan- 
dard coefficients with a generalized form 

b;fZ(Y, 4 

cos mh dh 

1 - 2y cos A + y2 + (zlrp)2’ 

(204 

which can, as before, be approximated by 
modified Bessel functions, 

&2(Y, z) 

= f Ko(k’m2(1 - y)2 + (mzlrp)2), (20b)l 

if m % 1, (1 - y)2 + (zlrp)2 -=s 1. Divergence 
at y = 1 is now avoided except when z = 0, 
reflecting the fact that even at the “same 
orbital radius,” disk material is generally a 
finite distance (i.e., in the z-direction) from 
the perturber. However, V varies consider- 
ably with height and the problem is now a 
strictly three-dimensional one, especially 
for portions of the disk within a scale height 
of the perturber. We can nevertheless de- 
fine a useful auxiliary problem that can be 
solved by a minor modification of existing 
techniques. 

We adopt a density profile p = (c+lh)c1’2 
exp[ - (z/h)2], appropriate for an unper- 
turbed isothermal disk, and vertically aver- 
age the disturbing function, 

(V) = - T [; @Y/2) 

+ C t&72) cm m(e - Opl), (21) 

where 

K&m2(1 - y)2 + (mzlrJ2) dz = - 
#2l$ 

e~(“*)2Ko(~m2(1 - y)2 + t2) dt. (22) 
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Figure 2 displays the behavior of (&) as a 
function of (Y = ml1 - y[ for various 5. We 
shall then calculate the response of a two- 
dimensional disk to such a potential. Ad- 
mittedly, this procedure is too crude to 
furnish precise values for the co-orbital 
torques, nevertheless it should provide 
valuable insight as to their sign and order of 
magnitude. 

Our strategy will be to compare a given 
&h-order co-orbital resonance with its 
&h-order interior or exterior counterpart. 
In order to make such a comparison consis- 
tently, we must apply the same vertical av- 
eraging techniques to all torques. This can 
be done for exterior and interior torques by 
replacing Laplace coefficients and their de- 
rivatives in Eqs. (6) and (9) with their aver- 
age values. For 5 % 1, the exponential term 
in Eq. (22) can be ignored and the result 
integrated to give 

(bzj2) = - emlemu; Ai 
$ (b;j2) = -& [-‘rn”e-” sgn”(1 - y). 

(23) 

In this case, forcing amplitudes are easily 
found, 

(&-& = 3ee 3 e-a; 

(T,_,,,) = -9me 3 e-“. (24) 
7T 

Note that averaging drops their power de- 
pendence on m by 1 and consequently that 
of their corresponding torques by m*. In 
general we set 

-$ (b;jr2) = sgn(l - y) $ T-‘~;;l(c~ 5) 

-$ w/2) = $g 5-‘92@, 5>, (25) 

where ?P,, = (-l)“d”&,ldcr”, i.e., 

a= ml l-71 

FIG. 2. Averaged Laplace coefficient, (b;“n), as a 

function of a = ml1 - yJ for various values of 6. Also 
shown are locations of Lindblad and corotation reso- 
nances. 

dK*(v277) - 
(Y* + t* 

dt. (26) 

Then for Lindblad resonances (a! = 4/3), 

{%(4/3, 5) 

+ 4~(4/3, 5) + 4so(4/3, 01, (27) 

while for corotation resonances (CX = 2/3), 

+ 2So(2/3, 8)). (28) 

Needed values for 8,(4/3, 5) are deter- 
mined by numerical integration and shown 
in Fig. 3. The averaged torques are found 
by substituting (27) and (28) into (4) and (9). 
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Corresponding eccentricity variations are 

( 1 
-- ~$L=;~(~)2Pfl(~){s? 

+ 491 + 4&,}:=4,3 (29) 

1 de 
( 1 

C 
-- =-E- 
e dt “3” (fy P (Z)($ ;) 

($1 + 2%)}&. (30) 

These rates are now “adjusted” for the 
torque dilution of the disk’s finite thick- 
ness. [We should emphasize that this is dis- 
tinct and separate from the torque cutoff 
phenomenon mentioned in Section II and 
which should still be applied in some form 
to (29) and (30).] 

We now perform the complimentary pro- 
cedure for co-orbital resonances. However, 
the situation is complicated by an annulus 
of disk material between the perturber’s 
perihelion and aphelion which must experi- 
ence sign reversals in the radial force each 
orbit. Hence, care must be taken that this 
trait is properly accounted for when forcing 
terms are Fourier decomposed. 

The averaged Laplace coefficient is first 
expanded about y = 1, 

M%(Y)) = (&72&=1 - qI,+ (1 - y) 

1 a2(Kf2n2) 

+ Z a72 
~ y=l (1 - r12 + . . . 

I 
(31) 

The lead term is a well-known Bessel func- 
tion integral (e.g., Abramowitz and Stegun 
1964) 

(M&=i = & lym e--(f’@&(lt() dt 

= rTT-1e@8 &(.$2/S). (32) 

Following through with previous notation 
we write @7&i = (2/V&-%)(0, 0, 
where 

So@, 8) = 1LT %o(% 5) 

= $= e~Z’8Ko(~2/8). (33) 
7r 

Similarly, the first derivative can be written 

FIG. 3. Amplitude components 9,(4/3, 5) vs 5 for 
vertically averaged exterior and interior Lindblad res- 
onances. 

a(b7d 
a7 I y=l = sgn(1 - y) -$$ lirir 

I 

m ,+.c)* ajQ-1 dt 
-m vZ7-7 

= sgn(1 - r) $E <-lS,(O, 5). (34) 
7T 

As (Y + 0, K,(m) + (a2 + t2)-12 and 
&/(a2 + P)‘” + a/(d + t2) + 7rfs(t), 
where s(t) denotes the Dirac delta function. 
Hence, sl(O, 4) = 1. Finally, the second 
derivative can be written 

a2(bSz) 

ay2 

= 

&(-) I 
2 

- ff2 
a2 + t2 

dt = z 92(0, 5). 

(35) 

The function 92(0, 5) can be approximated 
analytically for both high and low values of 
r. If 5 % 1, the exponential term can be 
ignored with little error. Changing the inte- 
gration variable to x = 1 + (tla)2 and using 
the definite integral sy x-“‘~(x - l)P-lK,,(a 
fi) dx = I’(~)(2/c~)~K,-,(ar) (e.g., Grad- 
shteyn and Ryzhik 1965), one obtains, 
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cos(mf3 
are 

- 

= 

[mf&, ? K&). Their amplitudes 

(+m,m) = ; Ao (43) 

1 R 
+ -emLAo 

2 KP 

fl 
+ iAl T emXA2. 

KP 
(44) 

Lindblad resonances. The response of 
the disk to a Lindblad term is determined 
by substituting the appropriate (4) and its 
derivatives into the equation describing ra- 
dial variations in the surface density, 

d*q 1 d7, d*W ----z+px~= -r*-p 
dx* 

+ A r $$ + Rn(t 
X [ PS 

] + m*(4), (45) 

where, for the enthalpy perturbation, n = 
c*u’/(+, (T’ is the surface density perturba- 
tion, /3 = -%*/c*, and x = y. - 1 measures 
the distance from the co-orbital point, r = 
a. The derivation of (45) and the conditions 
for its validity are described by Goldreich 
and Tremaine (1979). For the terms on the 
right we are to use (44) and its derivatives. 
Equivalently, one can first differentiate Eq. 
(38) with respect to r and then Fourier de- 
compose the results, i.e., 

$. (b1;d = + k [sgn(l - y> 
lr 

- mS2(0, E)(l - r) + . . -1 
m 

= ; B. + c Bk cos kf (46) 
k=I 

f (62 = - & & P6(1 - Y) 
P 

- m92(0, 5) + . . .I 
P 

=- ; Co + c Ck cos kf. (47) 
h=I 

We have chosen to follow this method as it 
allows for better tracking of the effects of 
the central annulus. [The first term in (47) is 
obtained by writing sgn(1 - y) = 2H( 1 - y) 
- 1, where H(x) is the Heaviside step func- 
tion, and then using the relationship 6(x) = 

dH(x)ldx.] Coefficients {Bk}, {Ck} are also 
determined in Appendix A. Values for 
d(+)ldr and d2(4)ldr2 are found from ex- 
pressions identical to (44) in form but with 
Ak replaced by Bk and Ck , respectively. The 
results to lowest order in e and 1 - y. are 

4GMP 

+ hrV% 
sin f, 

(48) 

(49) 

(50) 

Terms containing f, arise only when r lies 
between aphelion and perihelion so that 1 - 
y undergoes sign reversals. These occur 
when -x = 1 - y. = eye cos f,. Inside of 
perihelion we set f, = 0, while outside of 
aphelion, f, = 7~ in (48) and (49). Equation 
(50) applies only for 11 - yol < eye. 

The bracketed term on the right-hand 
side of (45) resembles (5) except that our 
choice of E vs I must be reversed, i.e., 

- 2em : (+,+,,,). (51) 0 

Unlike distant resonances, however, nei- 
ther term in Eq. (51) is constant but jumps 
by increments of -4eemGM,lh& across 
the co-orbital point (Fig. 5). Their differ- 
ence, however, does remain the same on 
either side, 

= -e % ($) [82(0, 0 - 480&t 01 

++% - sin f,. (52) 
rhfi 
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X/B 

FIG. 5. Forcing functions for co-orbital Lindblad 
resonances used to compute radial variations in the 
enthalpy, q. Quantities are normalized to -e(GM,,m/ 
aV%)(aWc). Case shown is for [ > I. 

Again, the last portion, *a, applies only for 
1x1 < eye. Comparison with Eq. (27) reveals 
another consequence of the reversed sign 
signature of (51). The 48, term in (27) 
comes in equal parts from each component 
of (5). The analogous quantity has canceled 
out in !Pd and the remaining terms oppose 
each other. Finally, the forcing function 
also contains the non-negligible contribu- 
tion [Eq. (SO)] from d2(&ldr2 for 1x1 < eye, 
which can be rewritten as d?,ldx. Intro- 
ducing a new dependent variable through 
the defining relationship 5 = dqldx, the 
complete equation for the enthalpy varia- 
tion can be written 

(53) 

where we can think of ‘Pd as forcing from 
the “whole” disk, while q\Ir, denotes forcing 
originating only from the central annulus. 
Integration of (53) yields a nonhomoge- 
neous Airy’s equation in 5. We shall break 
7 = qd + 7, into two parts and consider 
each in turn. 

Since to our level of approximation *d is 
constant, the solution for r)d can be ob- 
tained by the precedure outlined by Ward 
(1986) and is 

‘id = j$$ 6 %m(PMi(z) 

+ B(z) - Hi(z)} (54a) 

r*d 

i 

. dAi 
?a=-IpJ’ls 1z 

+ sgn(/3) z - sgn(p) F), (54b) 

where Ai( Bi(z) are Airy functions, Hi(z) 
= r-1 St exp[-(1/3)t3 + zt]dt, and z = 
- sgn( p)[ p )113x. Equation (54b) is oscilla- 
tory for z < 0 and asymptotically becomes a 
trailing spiral wave, 

vd=iGqd 1$“” exp [i sgn(P) (i (px3/1/2 

+; > )I 
-z % 1. (55) 

For a Keplerian disk, ‘?J = -3m(z + llm)R2 
and for m > 1, z < 0 implies sgn(x) = 
sgn(P) = -sgn@) = E. Since the co-orbital 
resonance associated with &+, is an outer 
(inner) one, E = +l and density waves 
propagate outward (inward) through the 
disk, i.e., away from the position of the as- 
sociated corotation resonance. The wave 
train carries angular momentum by advec- 
tion. The angular momentum flux at -z * 1 
is (e.g., Lynden-Bell and Kalnajs 1972) 

7Tmrv 
FA = - 

[ 
drlR dw 

D ‘% 7 - ?R -&- I > (56) 

where 7 is written in terms of its real and 
imaginary parts, 71 = 7)R + iqI. In the ab- 
sence of other disturbance, the flux carried 
by (56) would be FA = rnr20T$/l%b( and the 
corresponding torque on the perturber is 
given by T = sgn(B)F*. This is just Eq. (4) 
with q[,m + Fd. 

To solve for the disturbance generated by 
*a, we write 

{a = ,,;,,3 - (Ai [i sgn(P) !I= ‘IIr,Ai dz 

+ Ifm *,Bi dz] + B(z) Jr 9,Ai dz] (57a) 
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dBi m 
+ wW z I 

TaAi dz . (57b) z 1 

Again, integration limits are chosen to en- 
sure that r) -+ 0 as z + ~0 and that for z --$ 
-m, the pattern is a trailing spiral, 

exp [i sgn(& I/3x31’” + :)I, -z + 1. 

(58) 

However, qa(z> = 0 for ]z] =‘ e]p]“3. Fur- 
thermore, e]p1i3 4 1 for e 4 V~lr)t-“~, in 
which case we can write 

I m V,Ai(z) dz --m = Ai(0) /Te:zn U,(z) dz 

Ip11’3Ai(0). (59) 

Equation (58) is to be superimposed on (55) 
and their sum substituted into (56). This 
yields a flux FA = rnrr2u(‘Pd + _f”_, 
VaAidz)21(SJI and a torque 

- 92(0, 4) + 4%0(0, t)12, (60) 

where 9,(t) = 2(31’31’(2/3)2U3)-1, F(2/3) be- 
ing the gamma function (see Fig. 4). Since 
r)d and ?ja are coherent, there is significant 
cross-term interaction between waveforms 
and their forcing functions. This can be il- 
lustrated by examining the fine structure 
torque density (e.g., Shu ef al. 1985, Ward 
1986), 

dT 

(61) 

which tells us where the torque is exerted 
on the disk. There are two self-interaction 
terms whose disk-integrated torques are of 
sgn( - E) and two cross-interaction terms of 

sgn[-e(480 - S,)]. Thus, these groups will 
oppose each other if 490 - s2 < 0. Indeed, 
the net torque cancels everywhere if 4% - 
s2 = -8,, which is also evident from Eq. 
(60). In this case, a wave disturbance is no 
longer present and the forced response re- 
duces to 

r)d + -%-I = sgn(b) j/3(1/3 dz * d Hi(z). (62) 

The function dHildz ---, 11rz2 as -z 9 1 and 
there is no angular momentum transport. 

Torques arising from the product of 
the whole-disk-forcing function, v,j, with 
the waveforms are exerted over distances 
on the order of the first wavelength 

-aPl-“3), 

dTd 
dr= -mflvrc-2~dh(<d + [a) 

To = --8e2 7 ( ) (480 - &)(Sa - $2 

+ 4%)lP11’3Ai(z), (63) 

where we have introduced the shorthand To 
for the torque-like quantity (?rm2c/3)(GMpl 
~R)~(aRlc)~. This whole-disk torque may it- 
self vanish if s2 = 480, with the effects of 
radial and tangential perturbations oppos- 
ing each other. In this case, only the central 
annulus acts as a wave source. 

Torques given by the product of the an- 
nulus-forcing function, qIr,, with waveforms 
are exerted in the central annulus only, 

dT,_ 
dr 

- -m?nrrc-2?‘,lm([d + [a) 

= --Ee ($) S&+“, - $2 + 4%J (z sin fc), 

(64) 

and are generally stronger than (63) by a 
factor O(e-I). However, because (64) is ex- 
erted over a narrow zone, its disk-inte- 
grated contribution is 0(e2) and comparable 
to (63). The strong central torque shows up 
in the changing form of va, which can be 
written 
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[i + lh sgn(P)]Ai’(z), non-wave side 

[i + fi - W’ fi(2f, - sin 2f,)]Ai’(O), central annulus 

iAi’(z) + sgn(p)IIi’(z), wave side, (65) 

where (‘) = dldz and f, runs from (~r/2)( 1 + 
sgn(P)) on the wave side to (7r/2)(1 - 
sgn(p)) on the non-wave side. Written in 
terms of modulus and phase, Q(Z = 
*eIp11’3) CC 2Ai’(O) exp[-+i(r/3) sgn(@)], 
which reveals a phase rotation of 2~13 = 
120” across the annulus. 

We also see from Eq. (60) that for .$ + 0 
the bracketed term approaches a: - 4/rr5* 
and T approaches a constant value T + 
-&(4/3)e2~(GM,lalR)2(u~/c)4. (However, 
since m 2 1 there is a lower limit to 5 of 
cl&.) 

Substitution of (60) into Eq. (2) yields 

P,(4) - %(O, 5) + 4%0(0, 5)12. (66) 

Both inner and outer co-orbital resonances 
damp the eccentricity in opposition to Eq. 
(29). These expressions differ only in their 
final bracketed quantities which are com- 
pared in Fig. 6. For most 5 (and m) the 
damping of (65) dominates the excitation of 

(29). 

Corotation resonances. The corotation 
torque is given by Eq. (9) with (c#+,& sub- 
stituted for c$~,~, 

which is the form suitable for a Keplerian 
disk. For (&J we use (43) and (A3) eval- 
uated at y. = 1 with terms of order e omit- 
ted, 

Unlike Eq. (11) for interior and exterior 
counterparts, Eq. (68) is zero order in the 
perturber’s eccentricity. These are the 
strong 1 = m corotation terms that are 
present for a circular (e = 0) orbit. How- 
ever, because all such components have a 
pattern speed equal to the perturber, the 
first term in Eq. (1) vanishes, leaving only 
the e*-term in the bracket and 

FIG. 6. Eccentricity evolution rates, IP/elL, due to mth-order Lindblad resonances. Rates are nor- 

malized to 8, = (~~~~,/~)(~~*/M~)(u~/c)~. 
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C 
co-orbitd,m 

[d :“;;‘,““],_?!@_ (69) 

The eccentricity may be either excited or 
damped depending on the sign of the loga- 
rithmic derivative. However, if the disk is 
smoothly varying and the magnitude of the 
derivative is -O(l), (66) exceeds (69) by a 
factor -0(m2). Thus we expect corotation 
torques to be less important than Lindblad 
torques in controlling the eccentricity. 

IV. DISCUSSION 

It is important to keep in mind that Eqs. 
(29) and (66) do not actually describe eccen- 
tricity variations due to density waves in 
the solar nebula but refer, instead, to a 
model problem. Our model is a two-dimen- 
sional sheet perturbed by a vertically aver- 
aged potential function. It is unavoidable 
that important features of the disk’s behav- 
ior will be lost by this approach, especially 
those involving vertical motions and the de- 
velopment of nonlinear shocks. Neverthe- 
less, our problem is tractable with only a 
slight modification of standard techniques 
and, hopefully, preserves enough of the es- 
sential elements of the interaction to pro- 
vide some useful insight. At the very least, 
it furnishes a reference calculation against 
which three-dimensional modeling efforts 
can be compared. 

Treating a disk as two-dimensional is 
only justified if the length scale of the dis- 
turbance is long compared to the scale 
height and its Doppler-shifted frequency is 
less than the reciprocal of the vertical tran- 
sit time for sound, -c/h - R. Although the 
second criterion is generally fulfilled for 
corotation resonances whose Doppler- 
shifted frequencies approach zero, it is 
marginal at best for Lindblad resonances in 
a non-self-gravitating disk. The azimuthal 
wavelength of an mth-order potential term 
is 20(h) for .$ 5 O(l), m 5 O(rlh). For 
higher order resonances the Laplace coeffi- 
cients fall off rapidly with height so that a 

thin layer of material with z 5 r/m experi- 
ences much stronger forcing than the rest of 
the column. Vertical averaging tends to 
smooth this out, a process that becomes in- 
creasingly artificial as m + co. It seems 
likely that torques are underestimated gen- 
erally but that this error is more serious for 
co-orbital resonances, which have already 
been found dominant. For instance, one 
can examine the extreme opposite behavior 
and assume that there is no vertical com- 
munication in the disk, with each layer, 6~ 
= p&, responding to its local forcing inde- 
pendently. The total torque would then be 
found by summing the torques on each 
layer. This procedure is straightforward for 
corotation torques and results in replacing 
(&&* with (&&J in Eq. (67). For a co- 
orbital resonance with ,$ 9 1, (K&z))* + 7~/ 
t2 while (Kg(z)) + 7r3’*/24 (Appendix B). 
Hence, averaging the potential first results 
in a smaller torque by a factor -O&-l). On 
the other hand, if forcing becomes too pro- 
nounced in a thin layer at midplane, the 
density perturbation p’ may become com- 
parable to the ambient density p and shocks 
will develop. This in turn will limit the 
torque so that treating the disk as com- 
posed of independent layers probably over- 
estimates the torque. 

In any case, we expect all torques to fall 
off rapidly as t > 1 from torque cutoff ef- 
fects (GT80) and the major contributors to 
eccentricity change will be terms with 5 - 
O(l), m - O(rlh). The azimuthal spacing 
between crests of the spiral wave pattern 
from these terms will be of order -h and 
the perturber interacts strongly with disk 
material at this range. At a distance, Ir - r,l 
= h, the value of the actual potential, V = 
-GM,/Ir + zk - rPI, through the disc (i.e., 
-h < z < h) differs by only - 16-17% from 
its average (Ward 1986), (V) = -(GM,/ 
hV%) exp(lr - r,12/2h2)&(lr - r,1212h2). 

With these caveats in mind, our analysis 
suggests several observations regarding the 
effects of disk-planet tidal interactions on 
the orbital eccentricity of a perturber. 
Among those that seem relatively firm are: 
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(i) Past calculations of eccentricity damping 
rates are valid only when applied to disk 
material lying outside the torque cutoff 
zone, i.e., at a distance greater than the 
disk’s scale height. (ii) If the perturber is 
embedded in a smooth disk and is of insuffi- 
cient mass to either open a gap or otherwise 
seriously distort the local disk structure, 
corotation torques lying interior to the orbit 
largely cancel the eccentricity effects of 
those lying exterior to the orbit. However, 
Lindblad resonances in both these regions 
of the disk excite the perturber’s eccentric- 
ity. (iii) If disk material resides in the orbit 
of the perturber, strong co-orbital reso- 
nances come into play. These consist of 
both Lindblad and corotation types. (iv) All 
co-orbital Lindblad resonances damp the 
eccentricity while corotation torques excite 
or damp e depending on the sign of the de- 
rivative d(dB)ldr. (v) Co-orbital, corota- 
tion torques are zero order in e and thus 
stronger than Lindblad torques, which are 
order e2. However, since their pattern 
speed equals the perturber’s mean motion, 
the ability of corotation torques to alter the 
eccentricity is reduced. Indeed, if the sur- 
face density of the disk varies over a dis- 
tance long compared to the scale height, 
Lindblad resonances dominate corotation 
resonances in the eccentricity variation. 

The ultimate outcome will thus depend 
on a competition between co-orbital 
Lindblad resonances which damp e and 
their more distant interior and exterior 
counterparts which excite e. That these 
groups oppose each other and are of com- 
parable strength can be regarded as the 
principal demonstration of this paper. In a 
sense, this also puts us out of business be- 
cause, as stressed in Section II, a reliable 
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FIG. 7. Cumulative eccentricity evolution rates due 
to Lindblad torques, [P/e/, vs e. Interior and exterior 
resonances excite, while co-orbital resonances damp 
the eccentricity. Rates are normalized to gdisc = 
(~ccn,/3)(cru*/Mo)(anlc)4. 

differencing of two nearly equal rates re- 
quires very careful determination of their 
values. However, we have used our model 
problem to obtain crude estimates of these 
torques and the cumulative eccentricity 
variation rates found by integrating Eqs. 
(29) and (66) over m are shown in Fig. 7. 
Both rates are expected to be truncated for 
5 2 O(1) by torque cutoff effects. If effec- 
tive truncation points, emax, are nearly 
equal, eccentricity damping should prevail 
for our model problem. Caution is advised, 
however, since explicit cutoff functions are 
lacking. Their behavior as well as a realistic 
treatment of disk thickness may be neces- 
sary before this issue can be resolved with 
complete confidence. 

APPENDIX A 

The coefficients {Ak} are given by 
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where 

w72) = & 5-1 [%)(O, cf) - ml1 - YI + ; m%(O, 1)(1 - r)2 + . . .I. (A21 

Variations in rP that are not in the combination 1 - y are ignored. This normalized distance 
to the perturber will go through zero if (1 - yOl/yo < e. Inside this range, let& be the critical 
angle for which 1 - y = 0. Then eyocosfC = 1 - yoand 1 - y = ero(cosfC - cosf). Forf$ 
fC, 1 - y 9 0 and integrations involving sgn( 1 - y) must be broken into two parts. Finally, 
for distances inside (outside) the perturber’s perihelion (aphelion), (1 - yo)lyo 3 e and we 
set f, = O(T). This procedure gives 

A0 = - n% + mey0 Jr (cos f, - cos f)df - meyo Jr (cos f, - cos f)df 

+ !j (meyd292 1; (COGf, - 2 cos f&OS f + COSWdf) 

4GM = - ---& t-’ [n90 - mey0[(7r - 2f,) cos f, + 2 sin f,] 

+ E (mey0)282 
2 ( 

; + COS2fC 
11 

. 643) 

Similarly, 

A, = - 4GM, t-1 (; 

m-&G 

me 0 9-r - 2fC + sin 2f,) - 5 (meyo)282 cos f, y ( 

I 
, 644) 

and 

4GM 
AZ = - d <-’ ( meyo sin f, (cos 2f, + s sin2_fC) + i (meyJ282). (A5) 

The coefficients {I&} are given by 

Bk = ; I,” (- y) $ (b;j2) cos kf df, (A6) 

where 

r $ (b%) = -+ h-l [sgn(l - y) - ms2(1 - y) + * * -1. (A7) 
lr 

Then, 

B. = - 3 t-‘rn (- I,” d_f + I,: df - meyd% Jf (cos f, - cos .f)df) 

= 4GMP 
Tr26 C’m 17~ - Zf, - rmey0%2 cm f,). 648) 

P 

Similarly, 

B, = - 2 sin f, + ; meyoS2 , W’) 
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and 

B2=-- t-‘rn {-sin 2f,}. 

To construct (4m+~,m> and r&4,+1,, )l&, we combine {Ak}, {Bk} according to the prescrip- 
tion given (43). If only first-order accuracy is sought, terms to order e in Al and Bi must be 
kept, but only zero-order terms are needed from the rest. The result is Eqs. (48) and (49) in 
the text. In Eq. (52), these are further combined to yield the central term on the right-hand 
side of (45). The remaining forcing terms are -r2d2($)ldr2 + m2(+). The last of these can 
be ignored under the same conditions that have been already used to omit a similar term on 
the left-hand side, i.e., m 5 )pl1’3 (e.g., Goldreich and Tremaine 1979). [Indeed, including 
such terms when m % (j3j”3 is instrumental in predicting the torque cutoff, but is not 
addressed here.] By the same argument, all but the first term in r2d2(+)ldr2 can be omitted. 
However, the delta function must be included in our analysis. 

The coefficients {Ck} are 

ck = f I,” (- ?I(- j---$1 6(1 - y) cos kf df. 
5-r 

(All) 

Let Y = 1 - y = --x - eye cos f. Then cos f = -(x + y)leyo, df = &/V(ero)2 - (x + y)2, 
and 

C = 8GMP 

I 

-x+eyg 

0 
%Y) dv = 8GMp 1 

n-rghV% 
6412) 

-x-eye d(eyo)2 - (x + y)2 nv$hV% d(e-yo)2 - x2’ 

Similarly, 

and 

These expressions are valid only if (xl < e-ye, otherwise they are zero. All three coeffi- 
cients are 0~ e- ’ ; hence, to the lowest order we need only retain the middle term in the Ck- 
version of (44), i.e., 

where we have replaced x = -e-y0 cos f, and d(ero)2 - x2 = ego sin f,. 

APPENDIX B 

To compute the vertical average of K&t), the integral representation 

&j(t) = 1; c:g 

is employed in the averaging integral 

(A151 

031) 
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= & j-; ,z-(t/# [j-r y;;;y][f; y;:;y] dt (B2) 

1 

v/(x2 + l)(x’Z + 1) 
5 dt e-(“~)*[cos t(x + x’) + cos t(x - x’)], 

where the order of integration has been reversed and the cosine product written as a sum 
of cosines. The t-integral is 

I ; & e-(ti5)2 cos t(x k x’) dt = 

and 

(B3) 

(B4) 

We extend integration limits to (- m, m), divide by 4 to compensate, and change variables 
to y = x + x’, z = x - x’, 

(K;) = ; j-yrn dz ]:a dy IsI( 
e-(bi2)* + e-w2)2 

d(Y, z) My + z)2/4 + 1]“2[(y - 2)2/4 + 111’2 * (B5) 

By symmetry arguments, both exponentials contribute equal amounts, 

&~/2)* dy 

We have included .$ in both numerator and denominator in Eq. (B6). Now let ,$ + x, and 
identify 5 exp[-(ty/2)2] + 2X&%(y), 6(y) being the delta function. Then 

(B7) 
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