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A B S T R A C T 

In this work, we study the dynamics of two less massive objects moving around a central massive object, which are all embedded 

within a thin accretion disc. In addition to the gravitational interaction between these objects, the disc–object interaction is also 

crucial for describing the long-term dynamics of the multibody system, especially in the regime of mean-motion resonances. 
We point out that near the resonance the density waves generated by the two moving objects generally coherently interfere 
with each other, giving rise to extra angular momentum fluxes. The resulting backreaction on the objects is derived within the 
thin-disc scenario, which explicitly depends on the resonant angle and sensitively depends on the smoothing scheme used in 

the two-dimensional theory. We have performed hydrodynamical simulations with planets embedded within a thin accretion 

disc and have found qualitatively agreement on the signatures of interfering density waves by measuring the torques on the 
embedded objects, for the cases of 2 : 1 and 3 : 2 resonance. By including in interference torque and the migration torques in 

the evolution of a pair of planets, we show that the chance of resonance trapping depends on the sign of the interference torque. 
F or ne gativ e interference torques the pairs are more likely located at off-resonance re gimes. The ne gativ e interference torques 
may also explain the 1 per cent − 2 per cent offset (for the period ratios) from the exact resonance values as observed in Kepler 
multiplanet systems. 

Key words: accretion, accretion discs – gra vitational wa ves – Planetary Systems – planets and satellites: dynamical evolution 

and stability. 
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 I N T RO D U C T I O N  

ean-motion resonances (MMRs) generally arise for a system with 
wo (or more) point masses orbiting around a common massive 
bject. The mutual gravitational interaction between the two point 
asses gives rise to resonant dynamics of the resonant degree of

reedom of this system when the period ratio is close to j + k : j 
Murray & Dermott 2000 ), where both j, k are integers. This general
etting applies for various astrophysical systems at different scales, 
ncluding satellites orbiting around planets (Peale 1976 ), planets 
rbiting around stars (Petrovich, Malhotra & Tremaine 2013 ), and 
tars/stellar mass black holes orbiting around supermassive black 
oles (Yang et al. 2019 ; Peng & Chen 2023 ). F or e xample it is known
hat the satellites Mimas and Tethys of Saturn are in a 4 : 2 resonance
ith their mean motions being n M 

: n Te = 2 . 003139 (Murray &
ermott 2000 ). The Kepler mission has detected thousands of 
lanets, some of which (although much less than expected) belong 
o multiplanet systems that exhibit resonant period ratios as well 
Lissauer et al. 2012 ; F abryck y et al. 2014 ; Weiss et al. 2023 ;
uang & Ormel 2023 ; Dai et al. 2024 ). On the other hand, the AGNs

active galactic nuclei) may capture stellar mass black holes from 

he nuclear star cluster through the density wave generation (Tanaka, 
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 akeuchi & W ard 2002 ; T anaka & W ard 2004 ). The embedded stellar
ass black holes may be gravitationally captured into binaries within 

he AGN disc (DeLaurentiis, Epstein-Martin & Haiman 2023 ; Li 
t al. 2023 ; Rowan et al. 2023 , 2024 ; Wang, Zhu & Lin 2024 ;

hitehead et al. 2024 ), which subsequently become sources for 
round-based gravitational wave detectors (e.g. Li et al. 2021 , 
022 ; Dempsey et al. 2022 ; Li & Lai 2022 , 2023 ; Kaaz et al.
023 ; Lai & Mu ̃ noz 2023 ). They may also migrate towards the
entral massive black hole and eventually become extreme mass–
atio inspirals (EMRIs), which is expected to be an important or
ven dominant EMRI source for space-borne gravitational wave 
etectors (Pan, Lyu & Yang 2021 ; Pan & Yang 2021a , b ). If a pair
f stellar mass black holes are trapped into an MMR, they may
igrate together towards the central massive black hole for certain 

eriod of time until the resonance locking breaks down (Yang et al.
019 ; Peng & Chen 2023 ). This possibly lead to subsequent EMRI
vents from the same galaxy with relatively short separations and/or 
ravitational environmental impacts on the EMRI waveform due to 
he tidal resonance effect (Bonga, Yang & Hughes 2019 ; Pan et al. 
023 ). 
Starting from an initial state away from the MMR, a system may be

aptured into resonance due to additional dissipation mechanisms, 
.e. migration torques from the disc. The probability of resonance 
apture depends on factors such as the migration direction, the 
nitial orbital eccentricity, the masses of planets and central stars, 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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tc (Murray & Dermott 2000 ). In addition, Goldreich & Schlichting
 2014 ) (hereafter GS14 ) showed that by incorporating migration
orques into the long-term evolution of a pair of planets orbiting
round a star, it is possible to explain that Kepler has observed
uch less than 50 per cent multiplanet systems trapped into MMRs. 1 

he period ratios for those residing near resonances are slightly
arger than the exact resonances values, which is consistent with the
equirement that resonance capture requires convergent migration.
o we v er, the av erage 1 per cent − 2 per cent offset from the

xact resonance values for the period ratios is difficult to explain
ithin the framework of GS14 , so that it was conjectured additional
echanism is in operation to deduce the eccentricity and enhance

he period ratio offset. There are debated arguments about whether
idal damping can account for the increased period ratio offset
Lithwick & Wu 2012 ; Batygin & Morbidelli 2013 ; Lee, F abryck y &
in 2013 ). It has also been suggested that dissipation of density
aves near the planets may reverse the migration direction and/or

ncrease the period ratio offset. It is however also worth to note that
uch mechanism is likely more rele v ant for massi ve planets with
ap opening on the proto-planetary discs (Baruteau & Papaloizou
013 ). 
We notice that when there are multiple planets moving within

 disc, the total density wave generated will be a superposition
f wa ves contrib uted by each planet. In cases where planet orbital
requencies are not commensurate, the interference between different
omponents of density waves only produce an oscillatory flux that
verages to zero in time. So it is reasonable to expect no secular effect
ssociated with interfering density waves in this regime. Ho we ver,
hen the planets are trapped in the resonance regime the density
aves may stay in phase for an extended period of time so that their

nterference gives rise to additional angular momentum fluxes. The
ackreaction should also modify the resonant dynamics of the pair
f planets. 
In this work, we explicitly compute the backreaction on the planets

n resonant due to interfering density waves assuming a thin-disc
cenario. Using a two-dimensional disc perturbation theory along
ith a vertical smoothing scheme, we find that the backreaction

orque is a sinusoidal function of the resonant phase angle as
nalogous to the mutual gravitational interactions. The torque is
ainly produced in the regime where the location of a Lindblad

esonance o v erlaps with the orbit of a planet. We find that the sign
nd magnitude of the torque, ho we ver, sensiti vely depends on the
ifferent smoothing schemes used in the two-dimensional theory.
his means that the physical torque has to be computed in the three-
imensional set-up. In order to further test the predictions of theory,
e further carry out two-dimensional hydrodynamic simulations of

hese star + planets + disc systems using the FARGO3D code (Ben ́ıtez-
lambay & Masset 2016 ). By performing the simulations with a pair
f planets and with individual planet, we can extract the additional
orque due to the interference effect for the cases of 2 : 1 and 3 : 2
esonance. The result qualitatively agrees with the analytical in terms
f the location of the peak torque density, the sign of the torque, with
 factor of a few difference in the magnitude, which possibly comes
rom the approximation made in the analytical theory. 

With the interference torque included in the orbital evolution of a
air of planets, we find that a positive interference torque (that tends
o drive the inner planet outward) generally leads to higher chance of
NRAS 534, 485–501 (2024) 

 Ho we ver, a refined treatment in Deck & Batygin ( 2015 ) suggests that pairs 
f planets are more likely to be found near resonance following the formalism 

n GS14 , but considering more general mass ratios. 

a  

a

m

w

esonance locking, whereas a ne gativ e torque tends to produce more
airs of planets with period ratio away from the resonant values.
his is interestingly consistent with the fact that the majority of
epler ’s planet pairs are found away from resonant period ratios. We

urther examine the co-evolution of planet pairs with similar set-ups
n GS14 , in connection to Kepler observations. We find that for the
ame sets of planets and disc profiles, the interfering density wave
erms are able to boost the period ratio offset by more than a factor
f four, so that the observed of fset le vel ∼ 1 per cent − 2 per cent is
uch more compatible with the phenomenological evolution model

iscussed in GS14 . Therefore the interfering density waves likely
lay an important role in the morphology of astrophysical multiplanet
ystems. 

This paper is organized as follows. In Section 2 , we perform an
nalytical calculation of the backreaction torque acting on planets
ue to the interfering density waves, under the thin-disc approxi-
ation. We further derive the consequent effect on the change rate

f orbital eccentricity and frequency. In Section 3 , we carry out
ydrodynamical simulations of the multiplanet systems embedded
ithin an accretion disc to test the theory of interfering density waves.

n Section 4 , we discuss the modified resonant dynamics due to the
nterfering density waves, with or without considering the migration
orques. In Section 5 , we discuss the observational signatures of the
nterfering density waves in connection to the Kepler observations.

e conclude in Section 6 . 

 I NTERFERI NG  DENSITY  WAV ES  A N D  T H E I R  

A  C K R E A  C T I O N  

et us consider multiple objects moving within a thin disc, the
ravitational fields of which excite density waves through the
indblad resonance and the corotation resonance. Density waves
arry away energy and angular momentum, which in turn lead to
ackreaction on the objects as migration torques. These density
aves generally have different frequencies as sourced by individual
bjects, so that the interaction between one object and density
aves generated by other objects should be oscillatory, i.e. no

ecular effect in the long-term evolution. On the other hand, it has
een pointed out that density waves may be damped at co-orbital
egions of the objects due to dissipation of shocks (Podlewska-Gaca,
apaloizou & Szuszkiewicz 2012 ), so that these objects receive
dditional secular torques by dissipative interaction with density
aves. This mechanism is efficient if one or more objects have a
artial gap opened to enhance the wave dissipation (Baruteau &
apaloizou 2013 ). According to Podlewska-Gaca et al. ( 2012 ), the
esulting migration direction of planets may be reversed by this
ffect. 

With the dissipative actions (e.g. density wave emission, tides)
he multibody systems may be locked into MMRs, for which the
eriod ratios are close to ratios of integers. Notice that the analytical
reatment presented in this section draws heavily from the formalism
n Goldreich & Tremaine ( 1979 ) (hereafter GT79 ), Goldreich &
remaine ( 1980 ) (hereafter GT80 ), and Ward ( 1988 ) (hereafter
88 ). The detailed deri v ation of some of the formulas from GT79 ,
T80 , and W88 are not repeated in this section, but instead cited with

he corresponding equation numbers therein. As a sample problem
e consider an object ‘A’ moving on a fixed outer circular orbit and

n object ‘B’ moving along an inner eccentric orbit. The system is
ssumed to be locked in a m : m − 1 resonance such that 

�A = m�B − κB , (1) 

here � is the angular frequency and κ is the epicyclic frequency. 
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The individual gravitational field for object A or B can be Fourier-
ecomposed as ( s = A, B) 

ϕ s ( r, φ, t) 

= 

∞ ∑ 

� s =−∞ 

∞ ∑ 

m s = 0 

ϕ s,� s ,m s 
cos { m s φ − [ m s �s + ( � s − m s ) κs ] t} 

= 

∞ ∑ 

� s =−∞ 

∞ ∑ 

m s = 0 

ϕ s,� s ,m s 
cos { m s φ − [ � s λs − ( � s − m s ) 	 s ] } , (2) 

here we have used �s = λ̇s and 	̇ s = �s − κs ( GT80 ). The pattern
requency of the � s , m s component is 

� s ,m s 
= �s + 

� s − m s 

m s 

κs . (3) 

The coefficients ϕ s,� s ,m s 
as a function of the orbit parameters may 

e found in GT80 . In the small eccentricity limit it is proportional
o e | � s −m s | . Therefore up to the linear order in the eccentricity only
he | � s − m s | ≤ 1 terms are rele v ant. Higher multiples matter if we
o beyond the leading order effects. As object A is moving on a
ircular orbit, only � s = m s term is non-zero for the expansion of
ts gravitational potential. The second line of equation ( 2 ) is more
eneral than the first line as it does not assume the time-dependent
hase to be zero at t = 0. 
The gravitational field of the object A or B resonantly excites 

ensity waves in the disc through the Lindblad and corotation 
esonances, transferring part of the object’s angular momentum to 
he disc. In particular, the inner and outer Lindblad resonances are 
ocated at 

 ( � − �� s ,m s 
) = ±κ, m > 0 , (4) 

here m specifies the particular Lindblad resonance between the 
lanets, �, κ are orbital and epicyclic frequencies of the fluid, 
hich are slightly different from orbital frequencies of the embedded 

ompact objects. Notice that the location of the inner m : m − 1
indblad resonance of object A should be close to the radius of
bject B, i.e. 

 ( � − �m,m 

) = m ( � − �A ) = κ . (5) 

or the corotation resonance the condition is 

= ��,m 

. (6) 

The density waves produced by object A, B can be decomposed 
nto various harmonics with different azimuthal number and fre- 
uencies. Denoting ϕ 

D 

s ( s = A, B) as the gravitational potential
erturbation generated by density wave perturbations (e.g. see 
quation 16 in GT79 ), the non-vanishing interference term produced 
y the harmonics appears when the system is locked in a resonance.
he rele v ant harmonics are gi ven by (set the m A = m, � A = m A 

armonics for ϕ A and m B = m, � B = m B − 1 harmonics for ϕ B in
quation 2 ) 

 

D 

A ( r) e i mφ−i ωt = � A e 
i 
∫ r 

A d s k( s ) e i mφ−i ωt 

 

D 

B ( r) e i mφ−i ωt = � B e 
i 
∫ r 

B d s k( s ) e i mφ−i ωt e iQ 0 , (7) 

ith � A,B being the amplitudes, Q 0 being a constant related to the
nitial phase of object B’s motion relative to object A, k being the
avenumber, ω = m�A = m�B − κB and the integration bottom 

imit can be set as the location of the Lindblad resonance. Notice
hat other pairs of harmonics (e.g. the l B = m B harmonic term here)
hat do not have the same azimuthal number and frequency can not
roduce a non-zero angular momentum flux through interference, 
fter performing the angular and temporal average. On the other 
and, according to the discussion in GT79 (equation 30 therein), the
ngular momentum flux carried by a density wave is 

 J = −sgn ( k ) 
mr� 

2 

4 G 

(
1 − c 2 | k | 

πGσ

)
, (8) 

here σ is the surface density, r is the radius of wave e v aluation,
 

2 = d P / d σ is the square of the sound speed and � is the amplitude
f the total ϕ 

D . Within the thin-disc approximation it can be shown
hat F J is independent of r . In GT79 it is also shown that this
ngular momentum flux is equal to the migration torque (apart 
rom the opposite sign) that backreacts on the object generating 
he density wave, which is expected from conservation of the total
ngular momentum. 

With the superposition of density waves from object A and B,
he total angular flux at a given radius receives beating terms that
re proportional to the amplitudes of both waves. In particular, the
eating between the harmonic components described by equation ( 7 )
eads to a non-zero (average-in-time) cross-term 

 J× = −sgn ( k ) 
mr 

2 G 

(
1 − c 2 | k | 

πGσ

)
Re ( � A � B e 

i( Q 0 + C AB ) ) , (9) 

here C AB = 

∫ B 
A 

d s k( s) is the additional phase factor coming
rom the wave propagation between two Lindblad resonances. This 
dditional angular flux should correspond to additional migration 
orque acting on the objects, but the angular momentum conservation 
lone cannot determine the fraction of torque e x erted on each object.
t requires specific analysis for the value of the torque on each
assive object. In addition, in light of the equation ( 2 ) it is obvious

o see that the phase constant Q 0 should include the resonant angle
λA − ( m − 1) λB − 	 B , where λ and 	 are the mean longitude and

ongitude of pericentre, respectively. Because of the dependence on 
he resonant angle, this additional torque (similar to the gravitational 
nteractions) will introduce qualitatively different modification for 
he dynamics of the MMR, as compared to the type-I migration
orques. 

We shall explicit show that the non-zero flux cross-term indeed 
ives rise to an additional torque between one planet and the density
ave generated by the other planet. This torque generally averages to

ero in time if the planet pair is not locked in resonance, but becomes
on-zero and resonant-angle-dependent if the pair is in resonance. 
n Section 2.1 , we show that for the MMR considered here, the
ominant wave-planet coupling happens around the inner Lindblad 
esonance of planet A, which is close to the orbit of planet B as well.
his observation is further verified by the numerical simulation in 
ection 3 . In Section 2.2 , we discuss the impact of this additional

orque in the orbital e volution, i.e. ho w does it change the orbital
requency and eccentricity. 

.1 Computing the torque 

or the particular Lindblad resonance shown in equation ( 5 ), the
ele v ant terms in the summation of gravitational harmonics in
quation ( 2 ) should have m A = � A = m, m B = m, � B = m − 1. The
orresponding ϕ A,B have the temporal and azimuthal dependence to 
llow a non-zero interference torque. 

The density waves produced by the external gravitational potential 
 s ( ϕ A,m,m 

e i mφ−i ωt and ϕ B,m −1 ,m 

e i mφ−i ωt ) may be characterized by
heir associated density perturbation σs ( r) e i mφ−i ωt ( ω : = m�A =
�B − κB ), velocity perturbation ( u s ̂  e r + v s ̂  e φ) e i mφ−i ωt , and the

ravitational perturbation ϕ 

D 

s ( r) e i mφ−i ωt (e.g. see GT79 for the wave
quations go v erning these variables). In the spirit of equation (A7)
MNRAS 534, 485–501 (2024) 
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f GT79 , the torque of the external potentials φA = ϕ A,m,m 

, φB =
 B,m −1 ,m 

acting on the disc is 

 = −mπ

∫ ∞ 

0 
d r r [ φA ( r ) + φB ( r )] Im [ σA ( r ) + σB ( r)] . (10) 

s a result, the backreaction of the density wave produced by object
 on object B should be 

 B = mπ

∫ ∞ 

0 
d r r φB ( r ) Im σA ( r ) 

= −πm Im 

{∫ ∞ 

0 
d r 

[
mφB σv A 

m� − ω 

+ irσu A 

d 

d r 

(
φB 

m� − ω 

)]}
, 

(11) 

here the second line is similar to equation (A8) of GT79 . 

.1.1 Lindblad resonances 

ear a Lindblad resonance, we may use a different radial coordinate
 : = −1 + r/r L with r L being the radius of the Lindblad resonance.
t can be obtained by requiring that (see equation 4 ) 

 = κ( r ) 2 − [ m�( r ) − ω] 2 , (12) 

quals to zero at r = r L . In this near zone of the Lindblad resonance,
y solving the rele v ant wave equations the velocity perturbations can
e obtained as (appendix in GT79 ): 

 A = − κ

r L | D| � A,�,m 

∫ ∞ 

0 
d t exp 

[
i 

(
t x − αt 2 

2 β
+ 

t 3 

3 β

)]
, (13) 

nd 

 A = i sgn ( D) 
2 �

κ
u A , (14) 

here D is defined as [ r d D/ d r ] r L , α is (2 πGσr /c 2 ) r L sgn ( k), β is
 r/c) 2 r L D and � s,�,m 

is the source term in the wave equation: 

 s,�,m 

= 

(
r 

d ϕ s,�,m 

d r 
+ 

2 m�

m� − ω 

ϕ s,�,m 

)
. (15) 

ere, we have selected out the rele v ant harmonics with azimuthal
umber m and frequency ω. Near the MMR, although the frequency
f rele v ant density waves generated by object A and B are both ω,
he wave variables may differ by a phase offset Q = mλA − ( m −
) λB − 	 B . If we use object B as the phase reference, there is an
dditional factor of e −iQ multiplying the right-hand side of equation
 13 ). In addition, near the Lindblad resonance equation ( 11 ) can be
urther written as 

 B = −πmσr L 

κ
sgn ( D) 

∫ ∞ 

−∞ 

d x � B,�,m 

Re ( u A ) f ( x ) , (16) 

here the window function f ( x) is chosen such that f = 1 near
he resonance location and f ( x) → 0 for | x| → ∞ to eliminate
scillatory contributions far away. 
Let us consider the inner Lindblad resonance of object A, near

hich � B,�,m 

may be written as (equation 52 in W88 ) after taking
nto account the vertical average of the disc (so that the divergence
s remo v ed) 

 B,m −1 ,m 

= −e B 
GmM B 

a B 
√ 

π

(
a B �

c 

)
[ F 2 (0 , ξ ) − 4 F 0 (0 , ξ )] 

+ 

4 

π

GM B 

h 

√ 

π
sin f c = � d + � c sin f c , (17) 

here M B is the mass of object B, e B is its orbital eccentricity,
 B is the semimajor axis, h is the disc height, and ξ is defined as
NRAS 534, 485–501 (2024) 
= mc/r�. Notice that for thin discs c ∼ �h = �r ( h/r ) so that
� 1 for low order m. Here f c is related to r as 

r 

a B 
− 1 = γ0 − 1 = −e B γ0 cos f c . (18) 

he contribution from the � c term becomes non-zero if | 1 − γ0 | <
 B γ0 , i.e. r lies between aphelion and perihelion. The definitions of
 functions are expressed as integrals of modified Bessel functions

equation 26 of W88 ): 

 0 ( α0 , ξ ) = π−1 
∫ ∞ 

−∞ 

e −( t/ξ ) 2 K 0 ( 
√ 

α2 
0 + t 2 )d t, 

 2 ( α0 , ξ ) = π−1 
∫ ∞ 

−∞ 

e −( t/ξ ) 2 

⎧ ⎪ ⎨ 

⎪ ⎩ 

K 1 ( 
√ 

α2 
0 + t 2 ) √ 

α2 
0 + t 2 

−
α2 

0 K 2 ( 
√ 

α2 
0 + t 2 ) 

α2 
0 + t 2 

⎫ ⎪ ⎬ 

⎪ ⎭ 

d t .

(19)

n the limit that ξ � 1, we have 

 2 (0 , ξ ) ≈ 2 √ 

π

1 

ξ
. (20) 

ith � B,m −1 ,m 

and u A the torque operating on object B can be
 v aluated follo wing equation ( 16 ). The torque T B can be explicitly
ritten as 

 B , in = 

mπσ

D 

� A,m,m 

∫ ∞ 

−∞ 

d xf ( x)( � d + � c sin f c ) 

× Re 

{∫ ∞ 

0 
d t exp 

[
i 

(
t x − αt 2 

2 β
+ 

t 3 

3 β
− iQ 

)]}
. (21) 

Notice that the � d term has no explicit x dependence, so it can
e mo v ed outside of the inte gral. By using the relation that ( GT79 ,
ppendix A) 

∫ ∞ 

−∞ 

d x 
∫ ∞ 

0 
d tf ( x) exp 

[
i 

(
t x − αt 2 

2 β
+ 

t 3 

3 β

)]

≈ 2 π
∫ ∞ 

0 
d t δ( t ) exp 

[
i 

(
−αt 2 

2 β
+ 

t 3 

3 β

)]
= π, (22) 

e can identify the part of torque within T B that is associated with
 d : 

 Bd = 

π2 mσ� A,m,m 

� d 

D 

cos Q . (23) 

n the other hand, according to equation ( 17 ), the � c term in the
ntegral of equation ( 21 ) has explicit dependence on x, which only
akes non-zero contribution for the radius inside the orbital range

 ∈ [ a B (1 − e B ) , a B (1 + e B )]. This part of the integral is equal to
d x = e B sin f c d f c ) 

 Bc = 

mπσ

D 

� A,m,m 

� c 

∫ ∞ 

−∞ 

d xf ( x) sin f c � [ e B a B − | r − a B | ] 

×Re 

{∫ ∞ 

0 
d t exp 

[
i 

(
t x − αt 2 

2 β
+ 

t 3 

3 β
− iQ 

)]}

≈ mπσ

D 

� A,m,m 

� c 

∫ π

0 
e B sin 2 f c f ( x 0 )d f c 

× Re 

{∫ ∞ 

0 
d t exp 

[
i 

(
t x 0 − αt 2 

2 β
+ 

t 3 

3 β
− iQ 

)]}

= 

mπ2 e B σ

2 D 

� A,m,m 

� c Re 
[
W ( α, β) e iQ 

]
, (24) 
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here x 0 = a B /r L − 1 ∼ O( h 

2 /a 2 B ) so that f ( x 0 ) ≈ 1 2 , and we

ave defined a function W ( α, β) : = 

∫ ∞ 

0 d t exp 
[ 
i 
(
− αt 2 

2 β + 

t 3 

3 β

)] 
for

he integral in the last line. Notice that the integral in t becomes
ighly oscillatory when t > Min [ β1 / 3 , 

√ 

β/α], with α ∼ r/ ( hQ gas ),
∼ O( r 2 /h 

2 ) ( Q gas is the Toomre parameter). We expect both
1 / 3 x 0 � 1 and 

√ 

β/αx 0 � 1, so that the tx 0 term in the integral
ay be remo v ed. The resulting T B (by including both the T Bd and
 Bc components) is 

 B , in = 

π2 mσ� A,m,m 

D 

{ 

� d cos Q + 

e B 

2 
� c Re 

[
W ( α, β) e −iQ 

]} 

. 

(25) 

In general the two terms within the bracket together give rise to
 sinusoidal term in the resonant angle Q . If we adopt the same ap-
roximation that the Toomre parameter Q gas ∼ O(1) as the analysis 
n ( GT79 ), we expect β1 / 3 
 √ 

β/α and W ( α, β) ≈ √ 

πβ/ 2 αe −iπ/ 4 .
n this limit the inner Lindblad torque becomes 

 B , in = 

π2 mσ� A,m,m 

D 

[ 
� d cos Q + 

e B 

2 

√ 

πβ/ 2 α� c cos ( Q + π/ 4) 
] 
. 

(26) 

n the other hand, in the limit that the disc self-gravity is negligible,
e expect that β1 / 3 � √ 

β/α. In this limit we have 

 ( α, β) ≈
{

i�(1 / 3) 

2 × 3 2 / 3 
+ 

2 π

2 × 3 2 / 3 �[2 / 3] 

}
β1 / 3 . (27) 

lugging this expression into equation ( 25 ) we can obtain the
orresponding torque expression 

 B , in ≈ π2 mσ� A,m,m 

D 

[
� d cos Q + 0 . 64 e B β

1 / 3 � c cos ( Q − 0 . 52) 
]

. 

(28) 

For the outer Lindblad resonance of object A, � B,m −1 ,m 

is 
pproximately constant in the rele v ant resonance range, so that 

 B , out = 

π2 mσ� A,m,m 

� B,m −1 ,m 

D 

cos Q . (29) 

he expression is regular within the thin disc approximation so that 
he vertical average is not needed. Its value is given by 

 B,m −1 ,m 

= −e B 
GM B 

2 a B 

[ 

γ 2 
d 2 b m 

1 / 2 

d γ 2 
− 4 mγ

d b m 

1 / 2 

d γ
+ 4 m 

2 b m 

1 / 2 

] 

, (30) 

here b m 

1 / 2 ( γ ) are the Laplace coefficients 

 

m 

1 / 2 ( γ ) ≡ 2 

π

∫ π

0 

cos mφdφ

(1 − 2 γ cos φ + γ 2 ) 1 / 2 
, (31) 

nd the abo v e e xpression should be e v aluated at γ0 = [( m + 1) / ( m −
)] 2 / 3 in the case of a Keplerian disc. As we compare � B,m −1 ,m 

 v aluated at the inner and outer Lindblad resonance of object B,
e find that � B,m −1 ,m 

of the inner Lindblad (e.g. equation 17 ) is
arger than the one for outer resonance by a factor ∼ 1 /ξ . So the
ontribution from outer Lindblad resonance can be neglected for 
hin discs. 

In summary, the density wave generated by planet A backreacts 
n planet B mainly in the neighbourhood of the inner Lindblad 
esonance of planet A, which is also close to the orbit of planet B.
 A useful discussion regarding the difference between the fluid motion and 
he motion of the massive object can be found in sec. V of Kocsis, Yunes & 

oeb ( 2011 ). 

d  

c  

n
t
r

he backreaction torque is given by equation ( 16 ) or equation ( 25 ),
ith the latter being derived in the vertical average approximation of

he disc. Notice that when the planet pair is off resonance, there is
till instantaneous torque from the wave–planet interaction. Ho we ver, 
hey generally average to zero in time as the frequency of the wave
�A mismatches with the rele v ant harmonic frequency of the planet

otential m�B − κB . 

.1.2 Corotation resonance 

or a single object s, the torque due to corotation resonance is 

 s , co = −mπ2 

2 

[ (
d �

d r 

)−1 d 

d r 

(
σ

B 0 

)
( ϕ s,�,m 

) 2 
] 

, (32) 

ith B 0 : = � + r / 2d �/ d r . In analogy with the case of Lindblad
esonances, the interaction between density wave generated by object 
 and object B produces a corotation torque: 

 B , co = −mπ2 

2 

[ (
d �

d r 

)−1 d 

d r 

(
σ

B 0 

)
ϕ A,m,m 

ϕ B,m −1 ,m 

cos Q 

] 

r C 

(33) 

 v aluated at the location of corotation resonance r C . Notice that
 A,m,m 

here needs to be averaged over the vertical scale of the disc,
hich gives rise to ( W88 ) 

 ϕ A,m,m 

〉 = −2 GM A F 0 (0 , ξ ) 

r 
√ 

π
ξ−1 . (34) 

ince the factor F 0 (0 , ξ ) ∝ ξ for small ξ , it means that 〈 ϕ A,m,m 

〉 has
o explicit ξ dependence. On the other hand, we have 

 B,m −1 ,m 

= −e B 
GM B 

2 a B 

[
γ

d b m 

1 / 2 

d γ
+ (1 − 2 m ) b m 

1 / 2 

]
. (35) 

he resulting T B , co is approximately O( ξ 2 ) ∼ O( h 

2 /r 2 ) times
maller than T B , in , so we shall neglect this piece in the rest of the
iscussions. 

.1.3 Alternative smoothing scheme 

n previous sections, we have discussed a vertical averaging scheme 
ntroduced in W88 to regularize the torque generated around the 
o-orbital regime. In numerical simulation an alternative smoothing 
cheme is often implemented by modifying the gravitational potential 
roduced by planets, i.e. 

 s = − Gμs M 

( 
∣∣r p ,s − r 

∣∣2 + ε2 ) 1 / 2 
+ μs �

2 
p ,s r p ,s · r , (36) 

here s = A, B for each planet, the first term is the direct potential
rom the planet, and the second term is the indirect potential arising
rom the choice of our coordinate system.The smoothing parameter 
prevents the numerical divergence of the potential in the co-orbital 

egime. 
With the modified potential one can compute � s,�,m 

according 
o equation ( 15 ) and the Lindblad torque according to equa-
ion ( 16 ). Notice that equation ( 16 ) represents the total torque
cross the resonance, where its integrand represents the torque 
ensity. In Fig. 1 , we show the torque for a 2 : 1 resonance
ase, with ε = 0 . 6 h and other parameters consistent with the
umerical simulation discussed in Section 3 . We indeed find 
orque density centred around the location of the inner Lindblad 
esonance. 
MNRAS 534, 485–501 (2024) 
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Figure 1. Torque density assuming a pair of planets trapped in a 2 : 1 
resonance, with the resonance angle Q being zero and the same binary 
configuration used as the e B = 0 . 1 set-up in Section 3 . 

Figure 2. Comparison of the torque as a function of Q for two different 
smoothing schemes. The orbital configuration is the same as the e B = 0 . 1 
set-up in Section 3 . 
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In Fig. 2 , we compare the interference torques computed using
wo different smoothing schemes. The smoothing scheme consistent
ith hydrodynamical simulations is based on equations ( 16 ) and

 15 ), whereas the torque associated with the v ertical av erage scheme
iscussed in Section 2.1.1 uses equation ( 25 ). The two predictions
re different, which must come from different regularization methods
sed for contribution of disc materials in the corotation regime.
herefore an accurate quantification of the interference torque should

nclude a three-dimensional calculation. 

.2 Change rate of orbital quantities 

he additional torque due to interfering density waves affects
he orbital motion of object B. In this section, we e v aluate the
orresponding e B and ṅ B , where n B is the mean motion. We also
ssume a Keplerian disc profile to simplify the calculations, which
ay also serve as order-of-magnitude estimation for more general

cenarios. For a Keplerian disc we expect 

 = 3( m − 1) �2 
B , (37) 

nd 

β

α
= 

3( m − 1) 

M 

2 πσa 2 B . (38) 
NRAS 534, 485–501 (2024) 
o e v aluate the Lindblad torque in equation ( 25 ) � A,m,m 

is also
equired: 

 A,m,m 

= −GM A 

r A 

[
γ

d b m 

1 / 2 

d γ
+ 2 mb m 

1 / 2 

]
γ

, (39) 

here γ should be set as γ = (1 − 1 /m ) 2 / 3 . For a particular m − 1 :
 MMR between object B and A, only the density waves with

he same m are rele v ant for obtaining the ‘resonant torque’. Let us
onsider the case with m = 2 which will be further discussed in
ection 4 : 

 A, 2 , 2 = −2 . 4 
GM A 

r A 
. (40) 

or object B’s orbit, the change rate of eccentricity due to the
dditional torque is ( W88 ) 

1 

e B 

d e B 
d t 

= 

[
�m −1 ,m 

− �B − 2 e 2 B �B 

(
1 + 

d log κ

d log r 

)
r= a 

]

× T B , in 

M B e 
2 
B a 

2 
B κ

2 
, (41) 

here we only use the dominant contribution from T B , in . In the case
f a Keplerian disc and that e B � 1, the e 2 B term within the square
racket can be neglected and the ė B simplifies to 

d e B 
d t 

= 

−1 

m 

T B , in 

M B e B a 
2 
B �B 

: = − cos ( Q − Q 0 ) 

τ0 
, (42) 

o that the sign of ė B depends on the relative phase Q 0 encoded in
he cos ( Q − Q 0 ) term. In order to compute n B , we use the energy
alance equation that 

d E 

d t 
= �B T B , in , (43) 

hich naturally leads to 

˙ B /n B = − 3( GM ) −2 / 3 n 1 / 3 M 

−1 
B T B , in 

: = − 3 me B 

cos 
( Q − Q 0 ) τ0 . (44) 

n general τ0 and Q 0 should be obtained and calibrated with three-
imensional hydro-simulations. In Section 4 , we investigate the
implest scenarios with Q 0 being 0 or π (or equi v alently τ0 being
ither positive or negative) where the resonant dynamics shows
istinctive features. 

 H Y D RO DY NA M I C A L  SI MULATI ONS  

.1 Numerical set-ups 

n order to further demonstrate the effect of interfering density
av es be yond the analytical calculations, a few hydrodynamical

imulations are carried out to confirm the effect of interfering density
aves on the dynamics of the MMR pair. We use the FARGO3D

ode (Ben ́ıtez-Llambay & Masset 2016 ) to simulate the gravitational
nteraction of a pair of (or a single) planet with a two-dimensional
hin disc. The disc aspect ratio is initialized as h/r = 0 . 05 and is
onstant o v er the entire disc. As a result, we set a locally isothermal
quation of state with a temperature profile of a power-law index of
1 . 0. The surface density is set as σ = σ0 ( r/r 0 ) −0 . 5 initially, where

0 = 3 × 10 −5 M /r 2 0 is the surface density at r 0 , where M is the stellar
ass, r 0 is the typical length-scale of the disc, which can be scaled

reely to compare with observations. Such a low surface ensures that
he disc self-gravity can be safely ignored in simulations. We also
ssume an α-prescription for the gas kinematic viscosity ν = αvis h 

2 �
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Shakura & Sunyaev 1973 ). A moderate αvis = 0 . 01 is adopted to
nsure that both planets do not open deep gaps in the disc. 

A pair of planets is orbiting around the central star at a
xed orbit with the orbital semimajor axis a B = 1 . 0 r 0 and a A =
 

2 / 3 
(

1 + μB 
1 + μA 

)−1 / 3 
r 0 , where μB = 10 −5 and μA = 3 × 10 −5 are the

ass ratio of the inner and outer planets. This orbital configuration 
nsures that the two planets are in 2:1 MMR. Other planet pairs with
:2 MMR is discussed in Section 3.2.3 with a A modified accordingly. 
uch small mass ratios for both planets are chosen to ensure that the

idal response of the disc is in the Type I regime. Note that the theory
n the Section 2 should also be v alid e ven though the mass ratio of
he pair does not satisfy μA 
 μB . For our fiducial case, the inner
lanet is fixed at an eccentricity of e B = 0 . 03, while the outer one
o v es along a nearly circular orbit with e A = 0 . 001. Both planets

ave a longitude of pericentre of 	 A = 	 B = 0 . 0. The dependencies
f 	 B and e B have also been explored. The backreaction of disc force
nd mutual interaction for each planet is turned off such that both
lanets are fixed at the prescribed orbits described abo v e. In this way,
e can evolve both planets in a controlled manner, and make better

omparison with our theory. With this kind of set-up, both planets 
ave a resonance angle of Q = 0 . 0. 
The gravitational potential for each planet of the pair is described 

s equation ( 36 ). We apply a gravitational softening, with length-
cale ε = 0 . 6 h , to each planet’s potential. 

We evolve the disc in a two-dimensional cylindrical coordinate 
ith a uniform radial grid of n r = 384 points in a radial domain
etween [0 . 2 , 4 . 0] r 0 , and a uniform azimuthal grid with n φ =
40 points. A convergence test with higher resolutions [ n r , n φ] =
512 , 1024] does not show significant impact on the dynamics of the
lanet pair. Two wave-killing zones are applied at both the inner and
uter radial edge to remo v e wav e reflections near both boundaries
de Val-Borro et al. 2006 ). 

.2 Simulations results 

.2.1 Non-resonant pairs 

efore we probe the existence of interfering density waves, we first
un one planet pair simulations with their orbital period ratio is away
rom any MMR, e.g. we set a B = 1 . 0, and a A = 1 . 7. Under such
ircumstance, the resonance angle of both planets circulates about 
he full 2 π , regardless of the value of 	 A and 	 B . The time-averaged
nterference torque should vanish due to the cos Q -like dependence. 
o verify this, we further run one single planet simulations with its
rbit fixed in the same radius as the inner planet of the pair case. 
We can then track the torque acting on the inner planet for both

ases. The time-averaged radial profile of the torque is shown in 
he upper left panel of Fig. 3 . We can see that the single planet
an well reproduce the torque acting on the inner planet for the
air case, which means that the time-averaged torque induced by 
he density perturbation of the outer planet vanishes as expected. To 
urther confirm this, we also run another single planet simulation 
ith its orbit being same as the outer planet of the planet pair, and
 zero-mass inner passive particle is added to follow in the inner
lanet orbit. The torque acting on the passive inner planet, which 
s due to the density perturbation induced by the outer planet, can
e instantaneously tracked. The time evolution and time-averaged 
alue of the torques are shown in the lower left panel of Fig. 3 . It
an be clearly seen that the time-averaged interference torque due 
o the outer planet is consistently zero although the instantaneous 
orque magnitude is large. This essentially demonstrate the net zero 
nterference torque for the non-MMR pair, as expected from the 
os Q -like dependence. 

Furthermore, we test the dependence on the inner planet eccentric- 
ty, as shown in the right panels of Fig. 3 . Here, we increase the inner
lanet eccentricity to e B = 0 . 1. Similar to the low eccentricity case
n the left panels, the gravitational torques from the single planet
ocated in the inner orbit are consistent with those of the planet
air case after performing the time-averaged procedure. Note that 
he cumulative torque on the planet is positive. This is because the
ravitational torque significantly depends on the eccentricity. For low 

ccentricity orbits, e.g. the e B = 0 . 03 case, the cumulative torque
s indeed ne gativ e. When the eccentricity is much higher, e.g. the
 B = 0 . 1 case, the cumulative torque becomes positive which mainly
amps out the eccentricity, with the semimajor axis still decreasing 
n time. 

.2.2 Planet pairs with 2:1 MMR 

ow we explore the interference term when the planet pair is fixed
t the 2:1 MMR configuration and a resonance angle for the inner
lanet at Q = 0 . 0, as described abo v e. We carry out two single-planet
imulations with each one set at the orbital configuration of the inner
r outer planet of the pair, respectively. We can then calculate the
orques on the inner planets for both the single planet and planet
air simulations to probe the existence of interfering density waves. 
he cumulative radial profile of the torques for single and pair cases
ith e B = 0 . 1 are shown in Fig. 4 . There is a remarkable difference

or the time-averaged torque on the inner planet between the planet
air and single planet cases. This torque difference closely matches 
he interference torque due to the outer planet’s perturbation, shown 
s the dashed line in the same plot. This time-averaged interference
orque is not vanishing due to the approximately constant Q in the

MR regime. 
The difference of the torque between the planet pair and single

lanet cases shown in Fig. 4 can then be used to compare with
he analytical theory for the additional torque associated with the 
nterfering density wave. The torque due to the interfering density 
ave for the inner planet measured directly from simulation (the 
ifference between the blue and orange orange lines in Fig. 4 ) is
bout ∼ −2 . 9 × 10 −8 (in code unit), also shown as the black line
n Fig. 5 with Q = 0 . 0. The location of the torque jump is located
xactly at the inner Lindblad resonance for the outer planet of the
air. In order to explore the dependence of the resonance angle Q , we
urther run a few simulations with different 	 A and 	 B . The results
f the interference torque for different Q with e B = 0 . 1 are shown
s the black line in Fig. 5 . We can see that the sinusoidal-like pattern
f the interference torque with respect to Q can be reproduced from
ur numerical simulations, although the pattern does not exactly 
ollow the sinusoidal dependence with a single frequency in Q .
his may suggest that there are high orders of harmonics of Q in

he interference torque, which are neglected in the analytical theory 
hich only considered | � − m | ≤ 1 case. To filter out the high-order
armonics, we make the projection for the simulation data on to
he n = 1 component of A Tb sin nQ + B Tb cos nQ . The coefficients
 Tb , B Tb are obtained from the integration 1 

π

∫ 2 π
0 T B , sim 

( Q ) sin Q d Q

nd 1 
π

∫ 2 π
0 T B , sim 

( Q ) cos Q d Q , respectively. The n = 1 component
f the interference torque from the simulation data is indicated as the
lue dotted line in Fig. 5 . 
In the limit of the disc self-gravity is negligible, our analyt-

cal theory in Section 2.1.3 predicates that the additional n =
 component torque from the interfering density wave can be 
MNRAS 534, 485–501 (2024) 
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Figure 3. Upper left : the cumulative gravitational torque on the embedded objects as a function of r for different models with the inner planet eccentricity 
e B = 0 . 03. The blue line shows the torques for the inner planet based on the planet pair simulation, while the orange line shows the torque from the inner single 
planet case. The dotted line indicates the location of the inner planet. The cumulative torque is obtained by integrating the differential torque density o v er r 
from the inner boundary to a given r . All the torque calculations are time-averaged within 100 orbits around 1000 orbits Lower left : the time evolution of the 
interference torque on the inner planet location. The blue line shows the instantaneous torque while the orange one is the time-averaged value. We can see that 
the single planet simulation can well reproduce the torques in the planet pair simulations, which means no net interference torque on the inner planet averaged 
o v er time when the pair is out of MMR. Right panels : similar to the left ones except that the inner planet eccentricity is fixed at e B = 0 . 1. 
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stimated based on equation ( 16 ) assuming a Keplerian disc,
hich is shown as the orange line in Fig. 5 . This is roughly

onsistent with that expected from our simulation results both
n magnitude and phase dependence, although some discrepancy
xists in the phase. There are still important differences in the
ssumption made in the analytical theory and the numerical sim-
lation shown here, despite both are using the same smoothing
cheme. First, the theory assumes polytropic equation of state,
hile the disc in our simulations is locally isothermal. Second,

he theory assumes no viscosity in the disc, but a non-negligible
-viscosity is adopted in our simulations to maintain the Type
 migration regime. The slightly non-Keplerian disc due to the
ressure gradient will shift the resonance location from exactly
:1 MMR location, which may impose a considerable effect on the
orque. 

We have confirmed from simulations that this interfering density
ave is weaker for the outer planet. 
NRAS 534, 485–501 (2024) 

i  
.2.3 Other parameter dependence 

t is interesting to further explore parameter dependence of the
nterface torques. The first one is the linear dependence on the inner
lanet e B which appeared in � B,l,m 

in equation ( 16 ). To this end, we
arry out a few simulations with e B = 0 . 03, and the results for the
nterface torques are shown as red dots in Fig. 5 . On the one hand,
s we scale the o v erall torque amplitude for the simulations with
wo different eccentricities, we find that the interference torque is
pproximately linear in e B , which is consistent with the expectation
rom the linear theory. On the other hand, the relative contribution
rom high orders of harmonics seems to be weaker for the lower
ccentricity case as we compare the simulations with two separate
ccentricities. 

Second, we also perform several simulations for planets locked in
:2 MMR for both e B = 0 . 1 and e B = 0 . 03 with different Q . The
esults are shown in Fig. 6 . The n = 1 component of the simulated
nterference torques are shown as the dotted line, and the theoretical
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Figure 4. Similar to the upper right panel of Fig. 3 with e B = 0 . 1, but for 
the case when the planet pair is in 2:1 MMR with a resonance angle of 
Q = 0. The dashed line shows the time-averaged interference torque due to 
the density wave generated by the outer planet acting on the inner planet. All 
the torques are averaged within 100 orbits around 1000 orbits. We can see 
that after the planet pair being captured into MMR, there exists significant 
torque difference for the inner object between the single planet and planet 
pair simulations. 

Figure 5. The interference torque as a function of the resonance angle for 
the inner planet. The black line shows the case where the inner planet has 
an eccentricity e B = 0 . 1 while the red line corresponds to the case where 
e B = 0 . 03. Considering the linear dependence of the interference torque on 
e B , we scale up the red line by a factor of 3.3. We can see that this linear 
dependence of the interference torque on e B is quite well. The dotted line 
is the projection on to the n = 1 component for the simulated interference 
torque, and the solid orange line is the theoretical predication to compare 
with the dotted line. 
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Figure 6. Similar to Fig. 5 but for 3:2 MMR. Note that the orange curve has 
been multiplied by a factor of 3 to match the magnitude of n = 1 curve from 

the simulation data. 

Figure 7. Similar to Fig. 4 , but with the outer planet mass ratio of μA = 

6 × 10 −5 , which is a factor of two larger. 
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redication based on equation ( 16 ) is represented as the solid orange
ine. The linear dependence on e B is quite similar to the 2:1 MMR
ase. Ho we ver, in order to match the torque magnitude for the
imulation data, the theoretical curve in Fig. 6 has been multiplied 
y a factor of 3. The phase offset between the theory and simulation
urves is also larger than that of 2:1 MMR. This suggests that there
ay exist important factors that lead to such deviation, with some 

ossible reasons discussed abo v e. 
Third, we further examine the mass ratio dependence for the 

nterference torque, which should be proportional to the mass of the 
oth planet (ref. to equation 16 or equation 21 ) for the dependence
n � A,m,m 

and � B,l,m 

). We increase the mass of the outer planet by a
actor of two, and fixed the other model parameters as in Fig. 4 . The
esults are shown in Fig. 7 . We can see that the interference torque
s quite similar to that of Fig. 4 except that the magnitude is also a
actor of two larger, as expected. 

In summary, by considering the comparison between the numer- 
cally extracted torque and analytically predicted torque, i.e. the 
ocation of the torque jump which locates at the inner Lindblad
esonance, the torque amplitudes, the linear dependence on e B , planet
ass, and the sinusoidal-like pattern of the additional torque term, it

s fair to state that the existence of the interference torque is evident.

 MODI FI ED  R E S O NA N T  DY NA MIC S  

s discussed in Section 2 , for a pair of massive objects embedded in
n accretion disc and trapped within an MMR, the interfering density
aves produces a backreaction torque that depends on the resonant 

ngle Q . Such Q -dependence likely introduces qualitatively different 
esonant dynamics from those systems involving only gravitational 
nteractions, or those only include constant (in the resonant angle) 
MNRAS 534, 485–501 (2024) 
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Figure 8. The phase space trajectories of a 2 : 1 resonance with k = 2 k crit . 
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igration torques. We address the associated dynamical signatures
n this section. 

Without including the torque from interfering density waves, the
quations of motion for the pair of objects considered in Section 2
as already been discussed in GS14 , in which case the outer object A
tays at a fixed circular orbit ( ̇r A = 0) and the inner object B migrates
utwards. The equations of motion including the effect of interfering
ensity waves for n = λ̇B , e (the eccentricity of the inner planet e B ) 3 

re 

˙ = 3( m − 1) β0 μ
′ en 2 sin Q − n 

τn 

+ p 

e 2 n 

τe 

− 6 en cos Q 

τ0 

ė = β0 μ
′ n sin Q − e 

τe 

− cos Q 

τ0 
, (45) 

here β0 is approximately 0 . 8( m − 1), μ′ : = M A /M, μ : = M B /M ,
he p-related term may be contributed by remote first-order Lindblad
esonances and corotation resonances. For illustration of principles
e take the same value p = 3 as used in GS14 . On the other hand,

he change rate of mean motion and eccentricity due to single-body
igration torques approximately scale as 

1 

τn 

∼ μ
σa 2 

M 

(a 

h 

)2 
n, 

1 

τe 

∼ μ
σa 2 

M 

(a 

h 

)4 
n . (46) 

The resonant dynamics can be determined by combining equation
 45 ) with the definition that Q = mλA − ( m − 1) λB − 	 B and the
quation of motion for 	 B : 

˙  B = −β0 μ
′ 

e 
n cos Q . (47) 

.1 Without constant migration torques 

et us first consider the case with the normal migration torques turned
ff, i.e. removing τe , τn -related terms in equation ( 45 ). Although
his assumption is made to present a simplified discussion on the
esonant dynamics, it becomes a reasonable approximation if μ′ 

, although in this case n ′ is generally time-dependent. If the τ0 -

elated term is also absent, the equations of motion is compatible
ith the resonant Hamiltonian ( GS14 ): 

 = ke 2 − 3 

4 
( m − 1) 2 e 4 + 2 β0 μ

′ e cos Q, (48) 

ith 

 : = 

3 

2 
( m − 1) 2 e 2 − β0 μ

′ 

e 
cos Q + 

Q̇ 

n 
, (49) 

eing a constant in time. The conjugate canonical variables are Q and
 

2 . Defining a critical k as k crit = 3 4 / 3 (( m − 1) β0 μ
′ ) 2 / 3 / 2, the phase

pace contains one stable fixed point for cases with k < k crit and two
xed points plus one unstable fixed point for k > k crit (Murray &
ermott 2000 ; Goldreich & Schlichting 2014 ). In Fig. 8 , we show

e veral representati ve phase space trajectories in terms of a set of
escaled canonical variables { e cos Q/μ′ 1 / 3 , e sin Q/μ′ 1 / 3 } . The blue
nd black curves are ‘libration’ trajectories around a fixed point
t e max ≈ 1 . 96( β0 μ

′ ) 1 / 3 on the positive side of the real axis. The
ed curve is a large ‘rotation’ orbit. The orange curve is a ‘rotation’
rajectory around the other stable fixed point at e min ≈ 0 . 093( β0 μ

′ ) 1 / 3 

n the ne gativ e side of the real axis. 
NRAS 534, 485–501 (2024) 

 We drop out the subscript ‘B’ hereafter unless otherwise noted since we only 
ocus on the dynamics of the inner planet. 

f  

t  

o  

r  

d  
Now with the τ0 term included, it contributes to another Q -
ependent driving source that has 90 ◦ offset from the mutual
ravitational interaction. The ratio of magnitudes is 

1 

| τ0 β0 μ′ n | ∼ 0 . 4 

(
σa 2 /M 

10 −3 

) (
a/h 

10 

)2 

∼
( α

0 . 1 

)−1 
(

Ṁ 

0 . 1 Ṁ Edd 

)−3 (
M 

10 5 M �

)( a 

10 3 M 

)5 . 5 
(50) 

hich may be comparable to one depending on the properties of the
isc and the location of the object, so that the resonant dynamics
ay be significantly affected. In the first line, we have noticed that a

ignificant fraction of protoplanetary discs in the Lupus complex
bserved by the Atacama Large Millimeter/Submillimeter Array
as disc gas mass to star mass ratio around 10 −3 (Ansdell et al.
016 ). In the second line we have assumed a α disc profile around
 supermassive black hole (Kocsis et al. 2011 ), with Ṁ being the
ccretion rate of the central black hole and Ṁ Edd being the Eddington
ccretion rate. 

In Fig. 9 , we present the evolution in the regime that | μ′ nτ0 | 
 1,
o that the force due to interfering density waves is much weaker than
he gravitational interactions between the two objects. In addition,
s discussed in the Section 3 , the sign of the backreaction torque
epends on the detail three-dimensional structure of the gas flow
ear the inner Lindblad resonance, which is not resolved in this
tudy. As a result, we consider two cases with τ0 β0 μ

′ n ′ = ±20,
espectively. One common feature of these two scenarios is that the
umerical evolution no longer preserves the area in the phase space
f the canonical variables, so the evolution is no longer Hamiltonian.
In the case that τ0 β0 μ

′ n ′ = 20, we find various initial data all
ead to an asymptotic libration state with increasing eccentricity. In
act, on the right-hand side of the ė equation in equation ( 45 ), the
ime average of β0 μ

′ n sin Q is slight larger than the time average
f cos Q/τ0 , so that the libration regime drifts towards to the
ight. On the other hand, in the case that τ0 β0 μ

′ n ′ = −20, we find
ifferent kinds of final states. For the black and red trajectories, the
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Figure 9. The evolution of the four trajectories presented in Fig. 8 with τ0 β0 μ
′ n ′ = 20 (top panels) and τ0 β0 μ

′ n ′ = −20 (bottom panels). The colour scheme 
is chosen such that it is consistent with the phase–space trajectories in Fig. 8 as initial data. 
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ystem evolve to a rotation state around the origin with increasing 
ccentricity in time (similar to the red curve in Fig. 8 with increasing
mplitude). The blue trajectory instead lands on another rotation 
tate with shrinking eccentricity in time (similar to the orange curve 
n Fig. 8 with decreasing amplitude). 

Mathematically we can approximately describe the end state of 
he black and red trajectory as follows. Without the τ0 -related terms,
he rotational orbits around the origin can be written as 

n = n 0 + εδn cos Q + O( ε2 ) , 

e = e 0 + εδe cos Q + O( ε2 ) , 

 = ω 0 t + O( ε) (51) 

here ε is a book-keeping parameter and we only keep terms up to
he linear order in ε. In addition, according to the fact that 

˙
 = mn ′ − ( m − 1) n + 

β0 μ
′ 

e 
cos Q, (52) 

e can immediately identify that ω 0 = mn ′ − ( m − 1) n 0 . Together
ith equation ( 45 ) (with τ0 , τn , τe -related terms remo v ed), we find

hat 

n = −3( m − 1) β0 μ
′ e 0 n 2 0 

ω 0 
, 

δe = −β0 μ
′ n 0 

ω 

. (53) 

0 
In order to describe the secular evolution, we can use the evolution
f conserved quantities k, H: 

d k 

d t 
= 3 e ̇e τ0 −

2 n ′ 

n 2 
ṅ τ0 = 

3 e cos Q 

τ0 
, 

d H 

d t 
= e 2 

d k 

d t 
+ 

d e 2 

d t 

(
k − 3 

2 
e 2 + β0 μ

′ /e cos Q 

)

= 

3 e 3 cos Q 

τ0 
− 2 e cos Q 

τ0 

(
k − 3 

2 
e 2 + β0 μ

′ /e cos Q 

)

= −2 e cos Q 

τ0 

(
k − 3 e 2 

) − 2 β0 μ
′ cos 2 Q 

τ0 
. (54) 

After plugging the approximate solution in equations ( 51 ) and ( 53 )
nd performing average over oscillation cycles in the resonant phase 
 , we find that (with m = 2) 

 ̇k 〉 = −3 μ′ β0 n 0 

ω 0 τ0 

(
1 + 

3 n 0 e 2 0 

2 ω 0 

)
, (55) 

hich is also useful for the analysis in Section 5 . On the other hand,
he orange curve eventually evolves to a state that 

βμ′ n sin Q ≈ cos Q 

τ0 
, 

mn ′ − ( m − 1) n + 

βμ′ 
e 

n cos Q ≈ 0 , (56) 

.e. ė , Q̇ ≈ 0, so that the quasi-stationary values of e, Q can be
etermined as functions of n . Notice that here n is still time-
ependent according to equation ( 45 ) (with 1 /τe , 1 /τn set to be zero),
MNRAS 534, 485–501 (2024) 
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M

Figure 10. The evolution of eccentricities and periods with τe = τn / 50 (top row), τe = τn / 100 (middle row), and τe = τn / 200 (bottom row) respectively, 
according to equation ( 45 ) but with τ0 terms turned off. The scaled mass of object A is assumed to be μ′ = 10 −4 and τn is set to be n ′ τn = 10 5 . The inset of 
panel (a) shows the evolution of the resonant angle Q , which is bounded at late times. 
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o that this point drifts in time. In addition, from the second line of
quation ( 56 ) one can find that at equilibrium the offset of period
atio mn ′ /n − ( m − 1) is inversely proportional to the eccentricity,
.e. smaller eccentricity corresponds to larger offset of the period
atio (see also the related discussion in Section 3 ). This is a rather
eneral point as long as Q is bounded. 

.2 With migration torques 

ith the results from Section 4.1 , we can now discuss evolutions
n the more general settings, with the migration torques turned on.
n GS14 with no τ0 -related terms in the equation of motion, it is
hown that there are three parameter regimes of interest. The system
s trapped in resonance with fixed Q and e for 

′ > 

( m − 1) √ 

3 m 

3 / 2 β0 

(
τe 

τn 

)3 / 2 

, (57) 
NRAS 534, 485–501 (2024) 
nd for 

′ < 

( m − 1) 2 

8 
√ 

3 m 

3 / 2 β0 

(
τe 

τn 

)3 / 2 

, (58) 

he system is trapped in resonance in finite duration ∼ τe . When the
esonance locking breaks down the system evolves with monotoni-
ally changing period ratios and decreasing eccentricities. Between
hese two limits the system asymptotes a state with finite libration
mplitude. Notice that the actual transition between resonance
ocking and rotational orbits in the phase space may significantly
iffer from the analytical criteria in equation ( 58 ) for small μ′ and/or
n , because the adiabatic approximation used to derive the analytical
ormulas may break down ( GS14 ). 

In Fig. 10 , we present the evolution of a pair of planets according to
quation ( 45 ) but with the interfering density waves terms neglected.
hese figures essentially show the same qualitative features as
g. 5 in GS14 . In the top row where τe = τn / 50, the system exits



Interfering density waves 497 

Figure 11. Similar set-up as Fig. 10 but with τ0 set to be −τn / 10 on the left column and τn / 10 on the right column. 
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he resonance within ∼ τe time-scale and follows with monotonic 
eriod ratios afterwards. Notice that although the period ratio is 
onotonically changing in this regime, we find that the resonant 

ngle Q is bounded (also see related discussion in Section 3 ). This
s because the contribution from mn ′ − ( m − 1) n is cancelled with
˙  B . It is also particularly interesting because if Q stays bounded, the
nterfering density wave effect stays in operation even if the period 
atio is out of resonance-locking, as discussed in Section 3 . In the
iddle row with τe = τn / 100, the system undergoes finite amplitude 

ibration in the phase space–time, so that both the eccentricity and 
eriod ratio oscillates around a fixed value. In the bottom row 

ith τe = τn / 200, the system asymptotes to a state with a fixed
ccentricity ∼ 0 . 03 and a period ratio offset ∼ 0 . 005. 

With the τ0 terms included, the evolution may be modified 
ignificantly. In Fig. 11 , we present the case with the same parameters
s in Fig. 10 but with τ0 = ±τn / 10. For the positive τ0 cases, the
ystem preferably lends on an asymptotic state with constant resonant 
ngle and eccentricity (not shown in the plot). The period ratios are
lso asymptotically constant with ≤ 0 . 3 per cent difference from 2. 
n the other hand, for the ne gativ e τ0 case, the system no longer

xhibits finite amplitude libration as shown in panel (c, d) of Fig. 10 ,
ut instead loses the resonance locking without keeping bound Q .
he period ratios are monotonically decreasing for the cases with 
e = τn / 50 and τe = τn / 100, but oscillating around a fixed value
or τe = τn / 200. In the latter case the phase–space trajectory is
ualitatively similar to the red trajectory in Fig. 8 . Based on this
articular system set-up, it seems ne gativ e τ0 more likely drives the
ystem f ar aw ay from resonant period ratios, which is a phenomenon
o be understood from the Kepler observations (Deck & Batygin 
015 ). 
In order to understand the ‘end state’ of the system with the

nfluence of τ0 terms for a larger range of parameters, we perform a
eries of numerical evolutions using equation ( 45 ) but with different
e and τ0 . For each set of evolution we extract the period ratio at the
nd of the simulation, with t end n 

′ = 5 × 10 4 . In the top left panel of
ig. 12 , such an evolution is shown for 1 /τ0 = 0. We find that roughly
MNRAS 534, 485–501 (2024) 



498 H. Yang and Y. Li 

M

Figure 12. The end state at n ′ t = 5 × 10 4 where the period ratios are extracted for various τ0 . The inset for each plot provides a zoomed-in illustration for the 
finite amplitude libration regime and the possible fixed point regime. 
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etween τn /τe ∼ 180 and τn /τe ∼ 70 the ‘end-state’ period ratios
ho w v ariations at the fixed end-state time, which is the consequence
f finite-amplitude libration (i.e. the middle panel of Fig. 10 ). With
maller τn /τe than 70 the period ratio is significantly smaller than 2,
hich corresponds to the non-resonant regime. On the other hand, for

n /τe > 180, the period ratio barely oscillates, which corresponds to
he fixed point regime. 

As the ne gativ e τ0 terms are included, the transition between
he non-resonant regime and the libration regime shifts to lower
n /τe , as we can find for the cases with τ0 = −τn / 10 , −τn / 5. In
ddition, as | 1 /τ0 | increases, a new non-resonant regime appears
n the middle of the regime with roughly constant period ratios,
s shown in panel (c, d) of Fig. 12 . The presence of additional
on-resonant regimes is consistent with our earlier observation that
e gativ e τ0 s tend to drive more system configurations away from
he resonant period ratios. On the other hand, for positive τ0 ,
.e. τ0 = τn / 10 as shown in the panel (b), most of the parameter
ange correspond to a system in resonance locking. Positive τ0 

ikely enhances the chance of resonance locking. In summary, the
nclusion of τ0 terms in the evolution equations gives rise to more
omplex structures in the parameter phase–space of such pairs of
lanets. 

 OBSERVA  T I O NA L  IMPLICA  T I O N S  

he multiplanet systems disco v ered that by the Kepler mission have
hown interesting observational signatures (F abryck y et al. 2014 ).
irst of all, most planets are found to reside away from MMRs.
econdly, for these found trapped in resonances, the period ratios are
sually 1 per cent − 2 per cent larger than the exact resonance. By
NRAS 534, 485–501 (2024) 
ntroducing the damping terms in the eccentricity and semimajor axis,
S14 manages to explain why it is rare to find planet-pairs trapped in

esonances. Ho we ver, their formalism suggests much smaller offsets
of period ratios) from the exact resonance for these pairs trapped in
esonances. 

In order to explain the period ratio offset, it was suggested that
he tidal damping of eccentricity may play a role (Lithwick &

u 2012 ; Batygin & Morbidelli 2013 ), although Lee et al. ( 2013 )
laims that tidal damping cannot account for the measured offsets
ith reasonable tidal parameters. On the other hand, the work by
odlewska-Gaca et al. ( 2012 ), Baruteau & Papaloizou ( 2013 ) suggest

hat the density waves from the companion damped around the
lanet may contribute to larger period ratios, which is possibly more
fficient if a gap opens by the planet. In this section, we investigate the
ffect coming from interfering density waves, without introducing
xtra dissipation mechanisms. 

We extend the formalism discussed in Section 4 by including
he dynamical evolution for both the inner and outer objects. The
volution equations are (we are dealing with a 2 : 1 resonance)
 GS14 ) 

˙ B = 1 . 89 μA n 
2 
B (1 . 19 e B sin φB − 0 . 428 e A sin φA ) 

+ 

n B 

τnB 

+ 

3 n B e 2 B 
τeB 

− 6 e B n B cos φB 

τ0 
, 

˙ A = − 6 μB n 
2 
A (1 . 19 e B sin φB − 0 . 428 e A sin φA ) + 

n A 

τnA 

+ 

3 n A e 2 A 
τeA 

, 

ė B = 0 . 75 μA n B sin φB − e B 

τeB 

− cos φB 

τ0 
, 

ė A = − 0 . 428 μB n A sin φA − e A 

τeA 

, 
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Figure 13. The period ratio of the evolution of a pair of planets with μB = 

0 , μA = 10 −4 (with τ0 terms remo v ed). The damping time-scales are assumed 
to be τnA = 10 5 yr and τeB = τnA / 100. The value of τeA is not important 
as the eccentricity of object A is negligible in the quasi-stationary state. The 
system is initially released at r A = 0 . 49 and r B = 0 . 3 au, with the star mass 
being 0 . 31M �. 
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Figure 14. The evolution of a pair of planets with the same system parameters 
as in Fig. 13 , except that the τ0 terms are turned on. For the red dashed line 
τ0 is set to be −τnA / 20 and for the black solid line τ0 is set to be −τnA / 30. 
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˙  B = − 0 . 75 μA n B 
cos φB 

e B 
, 

˙  A = 0 . 428 μB n A 
cos φA 

e A 
(59) 

ith φA,B : = ϑ − 	 A,B : = 2 λA − λB − 	 A,B . Notice, that in equa-
ion ( 59 ) we have only included the interfering density wave term τ0 

or the evolution equations of object B for simplicity. This is a good
pproximation as later on we shall focus on the limit that μA 
 μB .
n addition, the evolution equation for ϑ is 

˙
 = 2 n A − n B , (60) 

hich together with equation ( 59 ) provide seven evolution equa- 
ions for seven variables n A , n B , e A , e B , 	 A , 	 B , ϑ . Let us now
onsider the case with μA 
 μB discussed in GS14 . By setting 
B = 0 , μA = 4 × 10 −4 and τeB /τnA = 0 . 022, the period ratio can

each a level ∼ 1 . 5 per cent . However, most of the Kepler pairs near
he 2 : 1 resonance has μA being much smaller than 4 × 10 −4 , so that
t was conjectured that additional eccentricity damping mechanism 

ay be in operation. 
In Fig. 13 , we are presenting an evolution using equations 

 59 ) and ( 60 ) (but with τ0 terms remo v ed) similar to fig. 12
f GS14 . The μA is assumed to be 10 −4 , which is a factor of
our smaller than the value used in GS14 , and τeB is set to
e τnA / 100. In the stationary state the system undergoes large 
mplitude librations, with the average period ratio offsets from 

 by about 0.3 per cent, which is clearly much smaller than
epler observations. This is consistent with the findings in GS14 , 

hat μA has to be set with values higher than those observed 
n order to explain the 1 per cent − 2 per cent period ratio off- 
ets. 

In Fig. 14 , we present the evolution of planet pairs with interfering
ensity wave terms included. We find that with τ0 ∼ −τnA / 30 is the
atio offset can achieve the 1.5 per cent level without the requirement
f increasing the mass μA . This τ0 corresponds to 

1 

| τ0 β0 μ′ n | ≈ 0 . 18 , (61) 

o that the equi v alent force coming from interfering density waves
s about 20 per cent of the mutual gravitational interaction for the
esonant dynamics. The quasi-stationary part of Fig. 14 can be 
nderstood as follows. This state is similar to the rotational state
s depicted by the red and black trajectory in Fig. 9 (e), although here
he rotation amplitude is stationary due to the contribution from both
0 and τeB related terms. If we follow the expansion in equation ( 51 )
or n B and e B , we find that the unperturbed trajectory (without the
eB , τnA , τ0 terms) leads to 

n B = −9 μA e B0 n 
2 
B0 

4 ω 0 
, 

δe B = −3 μA n B0 

4 ω 0 
, (62) 

here ω 0 = 2 n A − n B0 . The corresponding conserved quantity k for
his system is given by 

 = 

3 e 2 B 
2 

− 3 μA cos φB 

4 e B 
+ 

Q̇ 

n B 
. (63) 

ow we treat the terms associated with τ0 , τeB , τeA as perturbations,
nd find that 

˙
 = 3 e B ̇e B + 

2 ̇n A 
n B 

− ṅ B 

n B 
= −6 e 2 B 

τeB 

+ 

3 e B cos Q 

τ0 
+ 

1 

τnA 

. (64) 

he stationary state requires that the time average of k̇ is zero, i.e.
 ̇k 〉 = 0, which leads to 

1 

τnA 

− 6 e 2 B0 

τeB 

− 9 μA n B0 

4 τ0 ω 0 

(
1 + 

3 n B0 e 
2 
B0 

2 ω 0 

)
= 0 . (65) 

ropping the subdominant term in the bracket we obtain the period
atio offset as 

 

2 n A 
n B 

− 1 〉 = 

ω 0 

n B0 
≈ 9 μA 

4 

τnA 

τ0 

(
1 − 6 e 2 B0 τnA 

τeB 

)−1 

, (66) 

hich is approximately −1 . 5 per cent for τ0 = −τnA / 30 (in the
symptotic state e B0 ∼ 0 . 03), agreeing well with the numerical
 volution. It is e vident that strong torque from the interfering
ensity w aves w ould lead to larger period offset. It is also possible
hat the interfering density waves provide the eccentricity damping 

echanism to allow large period ratio offsets as observed in Kepler
ultiplanet systems. 

 C O N C L U S I O N  

n this work, we have discussed a new type of disc–mass interactions
or a pair of point masses moving within an accretion disc. When the
rbital phases of the masses are locked into a nearly constant resonant
MNRAS 534, 485–501 (2024) 
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ngle, the interfering density waves produce an extra piece of angular
omentum flux that does not average to zero over orbital time-scales.
sing a two-dimensional theory with the same vertical averaging

cheme in W88 , we compute the backreaction of the disc on to the
lanets near an MMR. We find that the backreaction torque is mainly
ontributed by the disc materials around the Lindbald resonance
ocation close to one of the planets. The excitation amplitude � blows
p for a standard two-dimensional theory but can be regularized by
arious smoothing schemes, e.g. the one discussed in W88 . For the
articular 2 : 1 inner resonance we compute the rele v ant torque acting
n the inner planet due to this mechanism. 
We have designed a set of hydrodynamical simulations to verify

he analytical predictions. The simulations are also intrinsically two-
imensional, so that another smoothing scale ε is introduced in the
ravitational potential following common practise in the literature
f disc simulations. Interestingly, the analytical theory with this
moothing scheme predicts a different torque. We perform a first
imulation with a pair of planets following prescribed motion either
n the 2:1 and 3:2 MMR state or the out-of-resonance state, and
easure the corresponding disc gravitational force on the planets.
e also perform separate hydrodynamical simulations with either

he outer planet or inner planet alone, but with orbital parameters the
ame as in the first simulation, and measure the disc backreaction. In
his way, we can subtract the torques and obtain the additional torque
ue to the coupling between the inner planet and the density waves
enerated by the outer planet. We find that indeed the additional
orque is mainly produced in the inner Lindblad resonance which
s close to the orbit of the inner planet, with total value being

−2 . 9 × 10 −8 in code unit. Notice that the analytical theory predicts
 ne gativ e torque which is roughly consistent with the numerical
alues. Other signatures of the interference torque, i.e. the radius of
ocation, the eccentricity and mass dependencies, the Q dependence
re all consistent with the analytical theory. Because the sign of the
orque depends on the smoothing scheme as discussed earlier, it is
lear that the actual torque sensitively depends on the detailed three-
imension gas structure in the corotation regime of the inner planet.
n the future, we plan to perform a study in the three-dimensional
cenario both with the analytical theory and numerical simulations
o resolve the discrepancy. We have introduced an ef fecti ve τ0 which
an be both positive and ne gativ e (corresponding to positive and
e gativ e torques respectively) in the discussion of orbital dynamics
n Sections 4 and 5 . 

With the new torque due to density wave interference, we have
nalysed the dynamics of a part of planets within and outside of
he resonance regime. We find that positive τ0 tends to drive more
ystems into the resonance regime, whereas negative τ0 more likely
rives the systems away from the resonant period ratios. Indeed
n Kepler ’s observation most planet pairs are found to be away
rom the resonant period ratios. GS14 proposed an explanation by
ntroducing dissipation terms in the orbital evolution equations but
eck & Batygin ( 2015 ) have pointed out that the model is in-

ufficient to explain the data by considering more general mass
atios. It is therefore interesting to examine whether the interfering
ensity wave effect can explain the large population of off-resonant
airs – an direction to explore in the future (Ge et al. 2022 ).
n the other hand, we also find that ne gativ e τ0 can lead to a

tate with stable period ratio with 1 per cent − 2 per cent offset
way from the exact resonant values. This is another observation
ignatures of planet pairs in Kepler ’s data which can not be
aturally explained in GS14 . Here, the interfering density waves
rovide an promising mechanism to produce relatively large period
atio offsets, but more e xtensiv e studies in the relevant parameter
NRAS 534, 485–501 (2024) 
pace are necessary to test whether it is fully consistent with
ata. 
At this point, it may be interesting to generalize the effect due

o interfering density waves to ‘resonant dissipations’ for systems
nder resonance as density wave emission is one form of dissipation
n a resonant process. The essence of this effect is that dissipative
echanisms may dynamically depend on the resonant angle, so that

hey may introduce non-trivial influence on the resonant dynamics.
 or e xample one may imagine that the tide-driven migration in
lanet–satellite systems may exhibit similar phenomena. The planet
ides excited by the satellites (Goldreich & Sciama 1965 ) may
oherently interfere with each other to produce additional resonant
issipation. In EMRI systems rele v ant for space-borne gravitational
ave detection, with a single stellar mass black hole orbiting around
 massive black hole an orbital resonance may still arise because
f the beating between different degrees of freedom of the orbit
Flanagan & Hinderer 2012 ; Yang & Casals 2017 ; Bonga et al. 2019 ;
an et al. 2023 ), which have different cyclic frequencies in the strong-
ravity regime. The main dissipation mechanism for these systems
re gra vitational wa ve radiation. The beating of gra vitational wa ves
f different harmonics near the resonance may give rise to an extra
esonant dissipation that depends on the resonant angle and modify
he resonant dynamics in a non-trivial manner. 
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